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THE MOST NOBLE AND PUISSANT PRINCE, 
DUKE AND EARL OF NORTHUMBERLAND, 


* 0 
EARL AND BARON PERCY, LUCY, POYNINGS, FITZPAYNE, BRYAN, 
LATIMER, AND WARKWORTH, AND BARONET; . 


LOAD LIEUTENANT AND CUSTOS ROTULORUM OF THE COUNTY OF 
NORTHUMBERLAND, AND OF THE TOWN AND COUNTY OF TUE 
TOWN OF NEWCASTLE UPON TYNE; VICE ADMIRAL 
QF THE COUNTY OF NORTHUMBERLAND; AND 
LIEUTENANT GENERAL OF HIS MAJEsS- 

TY's FORCES, COLONEL OF THE 
SECOND TROOP OF HORSE. 

GRENADIER CARDS, 

Kc. &c. &C; 


MY LORD, 


T* the high honour this Work 4 re- 
ceived in the countenance of Your Grace's 
illuſtrious Father, had not particularly encouraged 
the Author's preſumption, in thus ſecking the 
protection of his noble Repreſentative, he is con- 
vinced that he could not eaſily have found among 
che great and elevated, a character under whoſe 
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auſpices he ſhould more earneſtly have wiſhed to 


| pretgnt 1 it to the world in this its improved ſtate. 


The great progreſs of all the uſeful arts and 
ſciences in this country, ſince the happy zra of 
the acceſſion. of our auguſt Sovereign, muſt be 
aſcribed, next to his benign and munificent influ- 
ence, to that eminent countenance which ſome of 
the greateſt characters have ſhewn, by their per- 
ſonal example in the cultivation of them, not 
leſs than by their patronage and protection. 


To the hereditary fame of Your Moſt Noble 
Progenitors, Your Grace's perſonal bravery and 
military talents have added great and diſtinguithed 
luſtre. The public confidence and efteem which 
neceſſarily follow ſuch accompliſhments, ſtamp a 


value on every thing, however inconſiderable, 
which is honoured with Your Grace's patronage : 


And the accurate judgment which Your Grace 1s 
known to polleſs on all ſubjeas of extenſive 
practical utility, makes it the wiſh of ſuch as 
cultivate them, ardently to ſeek Your Grace's 
protection. 83 


With theſe impreſſions, I preſume to 2 the 
following performance at Your Grace's feet; and 
am, with the profoundeſt reſpect, 


My Lord, © 
Your Grace's _ 
moſt obedient, and 
* moſt devoted humble ſervant, 


CHARLES HUTTON: 
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Y Menſuration I underſtand the art and ſcience which 4s con- 
cerned about the meaſure of extenfion, or the magnitude 
of figures ; and it is, next to arithmetie, a ſubject of the great» 
eſt uſe and importance, both in affairs that are abſolutely ne- 
ceſſary in human life, and in every branch of the mathematics: 
a ſubject by which ſciences are citablithed, and cominerce is con- 
ducted ; by whoſe aid we manage our buſineſs, and inform 
ourſelves bf the wonderful operations of nature; by which we 
meaſure the heavens and the earth, eſtimate the capacities of 
all veſſels, and bulks of all bodies : gauge our liquors, build 
edifices, meaſure our lands and the works of artificers, buy and 
ſell an infinite variety of things neceffary in life, and are ſup- 
plied with the means of making the calculations which are ne- 
ceſſary for the conſtruction of almoſt all machines. 

It is evident that the cloſe connection of this fubject with the 
ordinary affairs of life, would very early evince its importance 
to mankind ; and accordingly we find, that the moſt celebrated 
philoſophers have paid the greateſt attention to it; and the chief 
and moſt eſſential diſcoveries | in geometry in all ages, have been 
made in conſequence of their: attempt; to improve this ſcience, 
Socrates thought that the prime uſe ot geometry was to meaſure | 
the ground, and indeed this buſineſs gave name to the ſub;ect; 
and moſt of the ancients ſeem to have had no other end befides 
menſuration in view, in alltheir laboured geomerrical diſquiſi- 
tions. Euclid's Elements are aknoft entirely devoted to it; and 
although there be contained in them many properties of geo- 
metrical figures which may be applied to other purpoſes, and 
indeed of which the moderns have made the greateſt uſe in 
moſt other ſciences; yet Euclid himſelf ſeems to have adapted 
them entirely to this purpoſe. For, if it be conlidered that his 
Elements contain a continued chain of reaſoning, and of truths, 
of which the former are ſueceſſively applied to the diſcovery of 
the latter, one propoſition depending on another, and the ſuc- 
cceding propoſitions ſtill approximating” towards ſome particular 
object near the end of each book; and when at the laſt we find 
that object to be the equality, proportion, or relation between 
the magnitudes of figures, both plane and folid ; it is ſcarcel 
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poſſible to avoid allowing this to have been Euclid's grand ob- 
jet. And accordingly he determined the chief properties in the 


menſuration of rectilineal plane and ſolid figures; and ſquared 


all ſuch planes, and cubed all ſuch ſolids. The only curve 
figures which he attempted, are the circle and ſphere ; and when 
he could not accurately determine their meaſures, he gave an 
excellent method of approximating to them, byſ ſhewing how 


in a circle to inſcribe a regular polygon, which ſhould not 


touch another circle, concentric with the former, although their 
circumterences ſhould be ever ſo near together; and, in like 
manner, between any two concentric ſpheres to deſcribe a poly- 
hedron, which ſhould not any-where touch the inner one: and 
approximations to their meaſures are all that have hitherto 
been given. But although he could not ſquare the circle, nor 
cube the ſphere, he determined the proportion of one circle 


to another, and of one ſphere to another, as well as the pro- 
* Portions of all rectilineal fimilar figures to one another. 


Archimedes took up menſuration where Euchd left it, and 
carricd it a great length, He was the firſt who ſquared a cur- 
vilineal ſpace; unleſs Hypocrates muſt be excepted on account 
of his lunes. In his time the conic ſections were admitted into 
geometry, and he applied himſelf cloſely. to the meaſuring of 


them, as well as other figures. Accordingly he determined 


the relations of ſpheres, ſpheroids, and conoids, to cylinders 


and cones; and the relations of parabolas to rectilineal planes 


whoſe quadratures had long before been determined by Euchd. 
He hath left us alſo his attempts upon the cirele : he proved 
that a circle is equal to a right-angled triangle, whoſe baſe is 
equal to the circumterence, and its altitude equal to the radius; 
and conſequently, that its area is equal to the rectangle of the 
radius, and halt the circumference ; and ſo reduced the qua- 
drature of the circle to the determination of the ratio of the dia- 
meter to the circumference ; but which, however, hath not yer 
been done. Being diſappointed of the exact quadrature of the 
circle, for want of the rectification of its circumference, which 
all, his methods would not effect, he proceeded to aſſign an uſe- 
ful approximation to it; this he effected by the numeral calcu- 
latien of the perimeters of the inſcribed and circumſcribed poly- 
gons; from which calculation it appears, that the perimeter of 
the circumſcribed regular polygon of 192 fides, is to the dia- 
meter, in a leſs ratio than that of 3% (342) to- 1, and that the 
inſcribed polygon of 96 fides, is to the diameter, in a greater 
ratio than that of 332 to 1; and conſequently much more that 
the circumference of the circle is to the diameter, in a leſs 
ratio than that of 35 to 1, but greater than that of 312 to 12 
The firſt ratio of 35 to 2, reduced to whole numbers, gives that 
of 22 to 7, for 33 :1:: 22:45, which therefore. is nearly the 
ratio of the circumference to the diameter, From this ratio of 


the 
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the cireumference to the diameter, he computed the approximate 
area of the cirele, and found that it is to the ſquare of the dia- 
meter, as 11 is to 14.—He likewiſe determined the relation be- 
tween the circle and ellipſe, with that of their ſimilar parts. 
It is highly probable that he likewiſe attempted the hyperbola ; 
but it is not to be imagined that he met with any ſucceſs, ſince 
approximations to its area are all that can be given by the vari- 
ous methods that have fince been invented. 3 

Beſides theſe figures, he hath left us a treatiſe on the ſpiral, 
deſeribed by a point moving uniformly along a right line, which 
at the ſame time moves with an uniform angular motion; and 
he determined the proportion of its area to that of the circum- 
ſcribed cirele; as alſo the proportion of their ſectors. f 

Throughout the whole works of this great man, which are 
chiefly on menſuration, he every where diſcovers the deepeſt 
deſign, and the fineſt invention; and ſeems to have been, with 
Euclid, exceedingly careful of admitting into his demonſtrations 
nothing but principles perfectly geometrical and unexception- 
able: and although his moſt general method of demonſtrating 
the relations of curved figures to ſtraight ones, be by inſerib- 
ing polygons in them; yet to determine thoſe relations, he 
does not increaſe the number, and diminiſh the magnitude, of 
the fides of the polygon in infinitzm ; but from this plain fun- 
damental principle, allowed in Euclid's Elements, viz. that any 
—_ =P be ſo often multiplied, or added to itſelf, as that 
the reſult ſhould exceed any propoſed finite quantity of the 
ſame kind, he proves that to deny his figures to have the pro- 

ſed relations, would involve an abſurdity. | 

He demonſtrated alſo many properties, particularly in the 
parabola, by means of certain numeral progreſſions, whoſe 
terms are fimilar to the inſcribed figures; but till without con- 
fidering ſuch ſeries as continued in infinitum, and then ſumming 
up the terms of ſuch infinite ſeries. 

He had another very curious and ſingular contrivance for de- 
termining the meaſures of figures, in which he proceeds as it 


were mechanically, by weighing them, or from the properties 
of the center of gravity, 


Several other eminent men among the- ancients wrote upon this 
ſubject, both before and after Euclid and Archimedes ; but their 
attempts were uſually confined to particular parts of it, and 
made according to methods not eflentially different from theirs. 
Among theſe are to be reckoned Thales, Anaxagoras, Pytha- 
goras, Bryſon, Antiphon, Hypocrates of Chios, Plato, Apollo- 
nius, Philo, and Ptolemy ; moſt of whom wrote of the quadra- 
ture of the circle; and thoſe after Archimedes, by his method, 


uſually extended the approximatio to a greater degree of accu- 


| K 2 4 Many 


vn —_—_—_1 7 'Aa C . 


Many of the moderns alſo have proſecuted the ſame problem 
of the quadrature of the circle, after the fame methods, to 
greater lengths; ſuch are Viga, and Metius, whoſe proportion 
between the diameter and TYcumference, is that of 113 to 355, 
which is within about 388888 of the true ratio; but above 
all, Ludolph van Collen, or a Ceulen, Who, with an amazing 
degree of induſtry and patience, by the ſame methods, extend- 
cd the ratio to 36 plates of figures, making the ratio to be that 
of 1 to 3*14159205358979323846204338327950288 + or 9—. 
And the ſame was repeated and confirmed by his editor Sncllius. 

The firſt material deviation from the principles uſed by the 
ancients, in geometrical demonſtrations, was made by Cavale- 
rius: the ſides of their infcribed and circumſcribed figures, they 
always ſuppoſed to be of a finite and athgnable number and 
length; he introduted the doctrine of indiviſibles, a method 
which was very general and extenſive, and which, with great 
caſe and expedition, ſerved to meaſure and compare geometrical 
figures, Very little new matter, however, was added to geo- 
metry by this method, its facility being its chief advantage. 
But there was great danger in uſing it, and it ſoon led the way 
to infinitely ſmall elements, and infiniteſimals of endleſs orders; 
methods which were very uſeful in reſolving difficult problems, 
and in inveſtigating or demonſtrating theories that are general 
and extenſive; but ſometimes led their incautious followers 
into errors and miſtakes, which occationed diſputes and animoy» 
ſities amongſt them. There were now, however, many ex- 
cellent things performed in this ſcience ; not only many new 
properties were diſcovered concerning the old figures, but new 
curves were meaſured ; aud although ſeveral of them could 
not be exactly ſquared or cubed, yet general and infinite ap- 
proximating ſeries were aſſigaed, of which the laws of their 
continuation were manifeſt, and in ſome of which the terms 
were independent of each other. Dr. Wallis, Mr. Huygens, 
and Mr. James Gregory, performed wonders : Huygens in par— 
ticular muſt always be admired for his ſolid, accurate, and very 
maſterly works. 57 | 

During the preceding ſtate of things, ſeveral men, whoſe vas 
nity ſeemed to have overcome their regard for truth, aflerted, 
that they had diſcovered the quadrature of the circle, and pubs 
liſhed their attempts in the form of ſtrict geometrical demon- 
ſtrations, with ſuch aflurance and ambiguity, as ſtaggered and 
miſled many who could not fo well judges for themſelves, and 
perceive the fallacy oi their principles and arguments. Among 
thoſe were Longomontanus, and our countryman. Hobbes, who 
obſtinately refuſed all conviction of his errors, MT, 

The uſeof infivites was, however, difliked by ſeveral people, 
and particularly by Sir Iſaac Newton, who, among his nume- 
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rous and great diſcoveries, hath given us that.of the method 
of fluxions; a diſcovery of the greateſt importance, both in 
philoſophy and mathematics; being a method ſo general and 
extenſive, as to include all inveſtigations concerning magnitude, 
diſtance, motion, velocity, time, &c, with wonderful eaſe and 
brevity ; a method eſtabliſhed by its great author upon true and 
inconteſtable principles; principles perfectiy conſiſtent with thoſe 
of the ancients, and which were free from the imperfections 
and abſurdities attending ſome that Had lately been introduced 
by the moderns : he rejected no quantities as infinitely ſmall, 
nor ſuppoſed any parts of curves to coincide with right lines; 
but propoſed it in ſuch a form as admits of a ſtrict geometrical 
demonſtration. Upon the introduction of this method, moͤſt 
ſciences aſſumed a different appearance, and the moſt abſtruſe 
problems became eaſy and familiar to every one ; things which 
before ſeemed to be inſuperable, became eaſy examples, or par- 
ticular cafes, of theories ſtill more general and extenſive; rec- 
tifications, quadratures, cubatures, tangencies, Caſes de maximzs 
& mmimis, and many other ſubjects, became general problems, 
and were delivered in the form of general theories; which in- 
cluded all particular cafes : thus, in Juadratures, a formula was 
aſſigned, which would expreſs the areas of all poſſible curves 
whatever, both known and unknown, and which, by proper 
ſubſtitutions, gave the arca for any particular caſe, either in 
finite terms, or in infinite ſeries, of which any term, or any 
number of terms, could be eaſily affigned ; and the like in other 
things. And although no curve, whoſe quadrature was unſuc- 
ceſstully attempted by the ancients, became by this method 
perfectly quadrable, yet many general methods were diſcovered | 
tor approximating to their areas, of which in all probability the 
ancients had not the leaſt idea or hope ; ; and innumerable curves 
were ſquared which were utterly unknown to them. 
The excellency of chis method revived ſome hopes of ſquar- 
ing the circle; and its quadrature was attempted with cager- 
nels. The quadrature of a ſpace was now reduced to the find- 
ing of the fluent of a given fluxion ; but this problem, however, 
was found to be incapable otag eneral ſolution infinite terms: the 
fluxion of every fluent was found to be always aſſignable, but the 
reverſe of this problem could be effected only in particular caſes: 
among the exceptions, to the great mortification of geometri- 
cians, was included the caſe of the circle, with regard to all the 
forms of fluxions attending it. 

Another method of obtaining the area was tried: of the quan- 
tity expreſſing the fluxion of any area, in general, the fluent 
could always be affigned in the form of an infinite ſeries ; which 
ſeries, therefore, defined all areas in general, and which, on 
ſubſtituting for particular caſes, was otten found to break off 
and terminate, and 10 afford an area m amte terms: but here 
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again the caſe of the circle failed, its area being ſtill an infinite 
ſcries. | by OE | | 
All hopes of the quadrature of the circle being now at an 
end, the geometricians employed themſelves in diſcovering and 
ſelecting the beſt forms of infinite ſeries for determining its 
area; among Which it is evident, that thoſe were to be prefer- 
red which were ſimple, and would converge quickly; but it 
commonly happened that theſe two properties were divided, the 
ſame ſeries very rarely including them both. The mathema- 
ticians in moſt parts of Europe now applied themſelves di- 
ligently to theſe new diſcoverics, and many ſeries were aſſigned 
on all hands, ſome admired for their ſimplicity, and others for 
their rate of convergency ; thoſe which converged the quickeſt, 
and were at the ſame time ſimpleſt, which therefore were moſt 
uſctul in computing the area of the circle in numbers, were thoſe 
in which, beſides the radius, the tangent of ſome certain arc 
of the circle, was the quantity by whoſe powers the ſeries con- 
verged ; and from ſome of theſe ſeries, the area hath been com- 
puted to a great extent of figures, Dr. Edmund Halley gave 
a remarkable one, from the tangent of 30 degrees, by means of 
avhich the very induſtrious Mr. Abraham Sharp computed the. 
area of the circle to 72 places of figures; but even this was af- 
terwärds far exceeded by Mr. John Machin, who, by means 
- bereafter deſcribed in this book, compoled a ſeries ſo fimple, 
and which converged ſo quickly, that by it, in a very little 
time, he extended the —— of the circle to 100 places of 
figures; from which it appears, that if the diameter be 1, the 
circumference will be ; : 
3*1415920535,8979323846,2643383279,5028841971,0939937510, 
5820974944, 5923078164,0628620899,8628034825,3421170679, . 
and conſequently the area will be 
*7853981633,9744830961, 5660845819,8757219492,9234934377» 
6455243730,1480769541,0157155224,9057008706,335 5292069. 
And J have lately given, in the Philoſophical Tranſactions, 
various Other ſeries for the ſame purpoſe, which are ſtill fim- | 
pler in their form, and converge more readily than thoſe above 
mentioned, | x | 
Whilſt I have been giving the preceding account of the pro- 
greſs of this ſubject, I have at the ſame time unawares been 
writing its panegyric; for, from hence it appears, that moſt 
of the material improvements or inventions in the ſcience of 
geoinetry, have been principally made for the improvement of 
menſuration ; which ſufficiently ſhews the dignity of this ſub- 
ject, a ſubject which, as Dr, Barrow ſays, „ deſerves to be 
more curiouſly weighed, becauſe from hence a name is impoſed 
upon that mother and miſtreſs of the reſt of the mathematical 
ſciences, which is employed about magnitudes. and which is 
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went to be called geometry (a word taken from ancient uſe, 
becauſe it was firſt applied only to meaſuring the earth, and 
fixing the limits of poſſeſſions), though, the name ſeemed very 
ridiculous to Plato, who ſubititutes in its place that more ex- 
tenſive name of Metrics or Menſuration ; and others after him 
gave it the title of Pantometry, becauſe it teaches the method 
of meaſuring all kinds of magnitudes,” 

But notwithſtanding the dignity and importance of this ſub- 
ject, the books which have lately been offered to the public under 
the title of menſuration, have treated it in a very unworthy 
manner, and have brought it into much contempt. It is intend- 
ed in this work, therefore, to place the ſubject in a more ta- 
vourable light, and in ſome meaſure to endeavour to retrieve 
its reputation. . | 

The work conſiſts of five principal parts, each part being di- 
vided into ſeveral ſections, every ſection containing ſeveral . 
problems or propoſitions, which are all demonſtrated after the 
ſimpleſt and ſhorteſt methods that could be deviſed ; the proceſs 
being ſometimes by pure geometry, and ſometimes by algebra, 
the method of fluxions, the method of increments, &c, accord- 
ing as the one or the other appeared beſt ſuited to the purpoſe. 
And thus, by uſing various modes of demonſtration, I was en- 
abled to make this work much more complete than it could 
otherwite have been; not only by employing that particul: 
method which would perforyythe butineſs in the ſhorte 
cleareſt manner, but which alſo would render the ſubjec 
more extenfive. However, J had not akvays my choice/of the 
method of demonſtration, the ſubject ſometimes requiring one 
mode, and ſometimes another ; for although the method of 
fluxions be generally the moft conciſe, and, in other reſpects, 
the moſt proper for inveſtigating the meaſure ot' extenſions, yet 
there are ſome things in this buſineſs which are too fimple for 
it, as well as ſome others which riſe above its reach: thus, 
the method of fluxions cannot determine the meaſure of a rect- 
angle, that determination being below its root, being prior to 
the fluxionary method of derermining areas; tor in this mode, 
that determination is ſuppoſed, and its reſult aſſumed in the very 
Notation ; for the rectangle which is conſidered as the fluxion 
of a ſurface, is denoted by its length drawn into its breadth: 
and on this account thoſe fluxioniſts, who, in their chapter of 
quadratures, attempt to determine the meaſyre of a rectangle, 
argue in a circle, or deduce as a concluſion what was neceſſarily 
ſuppoſed in the premiſes: the ſame may be ſaid with regard to 
priſms. And, on the other hand, that method alone would 
not extend to the determination of the equality of a triangle 
and hyperbola of the ſame baſe, and of an infinite length, it 
being there neceſſary to call in the aſſiſtance of the method of 
mcrements, | | g 

As 
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As extenſions are of three kinds, longitudinal, ſuperſicial, and 
ſolid, ſo in this work the ſcience is treated of as diſtinguiſhed by 
nature into theſe three principal parts; that is, fo far as the na- 
ture of geometrical figures would conveniently admit. With 
regard to right lines, plane ſurfaces, and ſolids, the diſtinction 
is general; but it does not obtain with regard to curved lines and 
ſurfaces. For, by preſerving this diſtinction ſo entire, as to de- 
termine the meaſure of all kinds of lines in the firſt part, and 
of all kinds of ſurfaces in the ſecond, I immediately perceived 
that the book could not be ſo conveniently advpted to the proper 
ſtudy of the generality of readers: on which account, in the 
firſt part, I have treated only of the meaſure of right lines; 
and in the ſecond part, only of the meaſure of planes which are 
bounded by right and circular lines, without any curve ſurfaces, 
excepting that of the ſphere, In the third part, which treats of 
folids, I have gencrally placed the problems which relate to the 
meaſures of the lines, ſurfaces, and ſolidities of each particular 
fivure, immediately after each other, becauſe the knowledge of 
the one commonly led to that of the others. The latter parts 
pf the book are employed chiefly about the applications of the 
8 problems to ſeveral intereſting practical ſubjects in 

e. 

So much for the diſtribution and order of the parts in gene- 
ral. I ſhall now proceed to deſcribe th; contents of the parts 
themſelves more particularly, | „ 

The whole work conſiſts of five parts. a 

Pax r I, Contains the menſuration of right lines and rights 
angled angles, and is divided into three ſections. 

See. 1. Contains ſeveral geometrical definitions and problems; 
fome of which are new, and, it is preſumed, they are all more 
complete, and leſs exceptionable, than thoſe inſtead of which 
they have been ſubſtituted, The problems will prepare che 
tearner for making the ſeveral figures which are afterwards 
treated of, | 

Seck. 2. Contains plane Trigonometry, or the meaſuring of 
lines and angles. All the caſes of trigonometry, both right 
and oblique angled, are here reduced to three only; by which 
means they are eaſier to be remembered, and more clearly un- 
deritood. Beſides theſe cates, which perform the buſineſs in the 
common way, by means of. the fines, tangents, and ſecants of 
angles, I have given a new and extenſive method, by which alt 
the caſes of trigonometry are performed independent of lincs, 
tangents, and ſecants, and without any kind of tables. 

Sect. 3. Contains the appheation of trigonometry to the deter- 
mination of heights and diſtances, ; in which a great variety of 
cafes and methods concerning this curious ſubject are explained. 

Parr 11. Treats of ſuperficial menſuration, or tue menſuration 
of plane figures, and is divided into two ſections. 
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| Fe#. I. Treats of the areas, &c. of fight-lined and circular fi- 
. gures ; in which, befides many things that are new and curious, 
are given an explanation of Profeſſor Machin's celebrated qua- 
drature of the circle, and the demonſtrations of ſome uſeful ap- 
proximations to the meaſures of circular arcs and areas, which 
had been given by Mr. Huygens and Sir Iſaac N ewton, without 
demonſtrations. 

Seck. 2. Contains a curious and uſeful collection of queſtions 
concerning areas, promiſcuouſly placed, and reſolved by the rules 
in the former ſections, 


Pax III. Contains the meaſuring of ſolids, and is divided 


into 8 ſections. 
Seck. 1. Treats of bodies that are bounded by right or circular 


lines, viz. priſms, pyramids, the ſphere, and the circular ſpindle; 

Seck. 2. Treats of the five regular ſolids or bodies, 

Seck. 3. Treats of ſolid rings. 

Sect. 4. Treats of the conic ſections in general ; and though it 
be ſhort, it contains ſeveral things that are new and of ow im- 
portance. 

Sc. g. Treats of the ellipſe and the figures generated by 1 in, 
viz. ſpheroids and elliptic ſpindles. 

Sect. 6. In like manner treats of parabolic lines, areas, ſurfaces, 
and ſolidities. And 

Sect. 7. Of hyperbolic lines, areas, ſurfaces, and ſolidities. 

In theſe ſections the ſeveral figures and bodies are very exten- 
fively and particularly handled, many of the rules, &c. both here 
and throughout the whole book, being new and intereſting ; and 
I have given throughout many neat approximations to the values 
ot ſeveral things which cannot be truly expreſſed otherwiſe than 
by an infinite ſeries ; which approximations . are moſtly new, 
excepting two or three that were given by vir I, Newton, and 
which I have demonſtrated here for the firſt time. 

Sed, 8. Or the laſt of this part, contains a promiſcuous collec- 
tion of queſtions, concerning ſolids, to exerciſe the learner in the 
foregoing rules. 


Paar IV. Contains, in 3 ſections, ſeveral ſubjects relating to 
menſuration in general, 

Sef, * Contains a treatiſe on the true quadrature and cubature 
of curves in general, In which are contained ſome of the moſt 
univerſal and important propoſitions that can be made in the 
ſubject. 

Seck. 2. 8 the equidiſtant-ordinate method; or, the 
approximate quadrature and cubature of curves in general, by 

means of equidiſtant ordinates or ſections. A ſubject by which 
general and finite rules are diſcovered for all figures; for ſome of 
which they are accurateiv true. and ror the others thev are verv 
near approximations Whien are otter the moſt utefui ruics that 
can be applica to many things in real practice. 
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ect. z. Contains, in a very conciſe but copious treatiſe, the 
relations between the areas and ſolidities of figures, and the 

centers of gravity of their generating lines and planes. 

Then the | OR, 

Fifth and laſt Pax r, in four ſections, contains the application of 
the general rules to the moſt uſeful ſubjects of meaſuring that 
happen in ordinary life. In theſe ſubjects very material improves» 
ments are almoſt every where made, both with reſpect to the 
matters and the diſpoſition of them. 5 

Sec. 1. Contains a very ſimple treatiſe of land ſurveying ; 
explaining the uſe of the 1 the methods of ſurveying, 
of planning, of computing the contents, of reducing plans, and 

ot dividing the ground. þ 

Seck. 2. Contains a very curious and complete treatiſe on 
gauging. As in like manner doth 3 d 

Se&. 3. On the meaſuring of artificers works ; viz, Bricklayers, 

Maſons, Carpenters and Joiners, Slaters, and Tilers, Plaſterers, 
Painters, Glaziers, Pavers, and Plumbers. . Containing the 
deſcription of the carpenter's rule, the ſeveral meaſures uſed by 
each, with the methods of taking the dimenſions, and of ſquaring 
and ſumming them up. The whole illuftrated by a real caſe of 7 
a building, in which are ſhewn the methods of entering the, 

dimenſions and contents in the pocket book, of drawing out the 
abſtracts, and from them drawing out the forms of the bills. 

$4. 4. Contains a curious treatiſe on timber meaſuring ; in 
which, among ſeveral other things, is given a new rule for mea- 
furing round timber, which not only gives the content very exact, 
but 1t 15 at the ſame time as eaſy in the operation as the common 
talſe one, either by the pen or the {liding rule. It contains alſo 
Tome curious rules for cutting timber to the moſt advantage. 1 2 

The book then concludes with a large table, of the areas of , 
circular ſegments, extended to ten times the uſual length, 

It may be neceſſary to remark that, in this book, where a curve 
or a ſpace is ſaid to be non-quadrable, or it is ſaid that the value 
of a thing cannot be expreſſed except by an infinite ſeries, or any 

uch: like expreſſion is uſed ; the meaning is, that it is not geo- 
metrically quadrable, or that its area or value cannot be expreſſed 
in a finite number of rerms, by any method yet known, or by the 
method there uſed ; but not that it is a thing naturally impoſſible 
in itſelt. For although a ſpace be not quadrable, by the methods 
yet known, it does not therefore follow that its quadrature is an 
impoffible thing, or that ſome method may not hereafter be diſ- 
covered by which it may be ſquared. All the methods uſed by 
the | ge 0: before Archimedes, were inſufficient for the 
— rature of any curve ſpace whatever; but were they there- 
ore toinfer that no eur ve could by any means be ſquared > Ar- 

"chimedes diſcovered a — "Aatuar he ſquared the para- 
bola ; and by the lately-diſcoveftd method of fluxions, we can 

fs find 
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ſind as many quadrable curves as we pleaſe. It is true we have 
not yet found the area of the cirele, and ſeveral other figures, in 
finite terms; yet for each of theſe we can aſſign infinite ſeries 
whoſe laws of progreſſion are viſible; which is more than the 
ancients could do, or perhaps ever expected could be done, if they 
even at all thought of ſuch things. And, perhaps, hereafter a 
method may be diſcovered of ſquaring any figure whatever. 
Which is the chief problem in geometry. | 

In this edition have been made many large and uſeful additions, 
in almoſt every ſection of the work; and it is preſumed that the 
whole is arranged in a more regular and perfect order than before. 


Royal Military Academy, a 
an. 24, 1788. | | 
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GEOMETRICAL DEFINITIONS AND PROBLEMS. 
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bi | POINT has no parts nor 
dimenſions, neither length, . 
breadth, nor thickneſs. EF | 
2. A line is length, without 
breadth or thickneſs. 9 
3. A face, or ſuperficies, is 
an extenſion, or a figure, of two £ | 


dimenſions, length and breadth ; ; 
but without thickneſs. 


4. A body or ſolid, is a figure of None 
three dimenſions, namely, length, 
breadth, and thickneſs. 
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Hence ſurfaces are the extremi- 


ties of ſolids; lines the extremities 
of ſurfaces ; and points the extremi- 


ties of lines. - 
5. Lines are either right, or 


curved, or mixed of theſe — 


6. A right line, or ſtraight line, 


lies all in the ſame direction, be- 


tween its extremities; and is the 

ſhorteſt diſtance between two points. 
A curve continually - changes 

its direction, between its extreme 
ints. 


8. Lines are either . ob- 


lique, n or tangential. 
9. Parallel linesare always at the 


ſame diſtance; and never meet, 


though ever ſo far produced. 

10. Oblique right lines change 
their diſtance, and would meet, if 
produced, on the ſide of the leaſt 
diſtance. ö 

11. One line is perpendicular to 
another, when it inclines not more 
on the one ſide than on the other. 

12. One line is tangential, or a 


tangent to another, when it touches 


it, without cutting, when both are 


produced. 


13. An angle is che inclination, or 


opening, of two lines, having different 
directions, and meeting in a point. 

14. Angles are right or oblique, 
acute or obtuſe. 

15. A right angle, is that which 
is made by one line perpendicular to 
another. Or when the angles on 
each tide are equal to one another, 
they are right RSS, | - 
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16 Anoblique angle is that which 
is made by two oblique lines ; and 
is either Jeſs or greater than a right 

angle. | 


17. An acute angle is leſs than a 
right angle. 5 


18 An obtuſe angle is greater than 
a right angle. 


19. Superficies are either plane or curved. 
20. A plane, or plane ſuperficies, is that with 
which a right line may, every way, coincide. But if 
not, it is curved. 5 ES 
21. Plane figures are bounded either by right lines 
or Curves, | | 
22. Plane figures bounded by right lings, have 
names according to the number of their ſides, or of 
their angles; for they have as many ſides as angles; 
the leaſt number being three. : 
23. A figure of three ſides and angles, is called a 
triangle. And it receives particular denominations 
from the relations of its ſides and angles, 


24. An equilateral triangle, is that 
whole three ſides are all equal. 


25. An iſoſceles triangle, is that 
which has two fides equal, 


26. A ſcalene triangle, is that 
Whole three ſides are all unequal, 


27. A right-angled triangle, is 
that which has one right angle. 
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28. Other triangles are oblique- 


angled, and -are either obtuſe or 
acute. 


29. An obraſe-angled triangle 
has one obtuſe angle. 


30. An acute-angled triangle has 
all its three angles acute. | 


31. A figure of four ſides and 
angles, is called a quadrangle, or a 


quadrilateral, 

. . parallelogram is a quadri- 
lateral ,which has both its pairs of 
oppoſite ſides parallel. And it takes 
the tollowing particular names. 


33. A rectangle is a parallelo- 
gram, having all its angles right 


Ones. 5 


34. A ſquare is an equilateral 


rectangle; having all its ſides equal, 
and all its angles right ones. 


1 rhomboid is an oblique- 


angled parallelogram. C 


306. A rhombus is an equilateral 
rhomboid; having all its ſides equal, 
but its angles oblique. 


37. A trapezium is a quadrilate- 
ral which has not both its pairs cf 
| —— ſides parallel. 


38. A trapezoid has only one 
pair of oppoſite ſides parallel. 


39. A diagonal is a right line 


joining any two oppoſite * of a 
quadrilateral. 
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40. Plane figures having more than four ſides are, 
in general, called polygons : and they receive other 
particular names according tothe number of their ſides 
or angles. 

41. A pentagon is a polygon of five fides; a hexa- 
gon has fix ſides; a heptagon, ſeven; an octagon, 
eight; a nonagon, nine; a decagon, ten; an unde- 

cagon, eleven; and a dodecagon has twelve ſides. 

42. A regular polygon has all its ſides and all its 
angles equal.—If they are not both equal, the polygon 
is irregular. | 

43. An equilateral triangle is alſo a regular figure of 
three tides, and the ſquare 1s one of four : the former 
being alſo called a trigon, and the latter a tetragon. 


Pentagon \ Hexagon Heptagon Octagon 


0 


Nonagon | Decagon ' Undecagon Dodecagon 


434. A circle is a plane figure 
bounded by a curve line, called the 
circumference, which is every where 
equi: diſtant from a certain point 
within, called its center. | | 


N. B. The circumference "(of 1 is often called A 


circle, 
B 3 4 56 The 
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45. The radius of a circle, is a 
right line drawn from the center to 
the circumference. f 


46. The diameter of a circle, is a 
right line drawn through the center, 
and terminating in the circumference 
on both ſides. 


47. An arc of a circle, is any 
part of the circumference. 
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48. A chondi is a right line joining 
the extremities of an arc. 
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49. A ſegment is any part 1 a 
circle bounded by an arc and its 
chord. 


A / 


50. A ſemicircle is half the circle, 
Or a legment cut off by a diameter. 
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ot, A e is any part of a circle, 
bounded by an arc, and two radii, 
drawn to its extremities. | 


52. A quadrant, or quarter. of a 
circle, is a ſector having a quarter of 
the circumference for its arc, and its 
two radii are e toy to each 
mr, 
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53. The height or altitude of a 
figure, is a perpendicular let fall 
from an angle, or its vertex, to the 
| oppoſite fide, called the baſe. 

54. In a right-angled triangle, the 

fide oppoſite the right angle, is called 

the hypotenuſe; and the other two 
ſides the legs, or ſometimes the baſe 
and perpendicular. 

55. When an angle is denoted by 
three letters, of which one ſtands at 
the angular point, and the other two ; ; 
on the two ſides, that which ſtands 
at the angular point is read in the 1 8 
middle. 
„ 6. Le circumference of ev ery 
circle is ſuppoſed to be divided into 

360 equal parts, called degrees; and 
each degree into 60 minutes, each 

minute into 60 ſeconds, and ſo on. 
Hence a ſemicircle contains 180 de- 
grees, and a quadrant 90 degrees. 
57. The meaſure of a right- lined 
angle, is an arc of any circle con- 
tained between the two lines which 
form that angle, the angular point 
being the center; and it is eſtimated 
by the number of degrees contained 
in that arc. Hence a right-a ngle 1 is 
an angle of go degrees. . 

The definition of ſolids, or bodies, will be given 
afterwards, when we come to treat of the menſuration 
of ſolids. 
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PROBLEM s. 


PROBLEM I. 


To divide a given Line A B into two Equal Parts, 


. m 
From the centers A and B, with * 
any radius greater than half j, | 
. deſcribe arcs cutting each other in A— 
m and n. Draw the line men, and 
it will cut the given line into two — 
equal parts in the middle point c. K 


PROBLEM II. 


To divide a given Angle AB e into 1200 Equal Parts. 


From the center B, with any ra- ol 
dius, deſcribe the arc ac. From A 
and c, with one and the ſame ra- 
dius, deſcribe arcs interſecting in m. 
Draw the line Bm, and it will bi- 3 
ſect the angle as * . * 


PROBLEM 111. 


To divide a Right Angle ABC into three Equal Parts. 


From the center x, with any ra- 
dius, deſcribe the arc ac. From the 
center A, with the ſame radius, croſs 
the arc Ac in n. And with the cen- 
ter c, and the ſame radius, cut the 
arc Ac in m. Then through the 
points m and n draw Bm and Bn, 
and they will triſect the angle as re- 
quired, 


855 ; | Pa 0e 
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PROBLEM IV. 


Jo draw a Line Parallel to a given Line as. 


CAsE I. When the Parallel Line is to be at a given 
: Diſtance c. 


From any two points m and n, 1 
in the line AB, with a radius equal Gome—m==p 
to e, deſcribe the arcs r and o: 
— Draw cp to touch theſe arcs, A 
without cutting them, and 1t wall 2 


be che 3 required. 


* 2. When the Parallel Line is to paſs through 
a given Point c. 


| From any poing m, 1n the line 
AB, with the radius mc, deſcribe 


the arc cn.—From the center c D 6 E 
with the ſame radius, deſcribe the f : 
arc mr.—Take the arc cn in the , * £ B 
compaſſes, and apply it from n — 


m to r. Through c and r draw 
DE, the Parallel required. 


N. B. This problem 1 is more f effected with ha 
parallel ruler, 


PROBLEM V. 


To ere a Perpendicular from a given Point A in 4 
given Line Bo. ; 


CAsE 1. When the Point is near the Middle of the Line. 
On each fide of the point a take 


any two equal diſtances am, An. 
From the centers m, n, with any — 
radius greater than am or An, de- 7 - 
ſcribe two arcs interſecting in r.— 1 
Through a and r draw the line B. — A1 


Ar, and it will be the perpendicu- 
lar as required. 


- 
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'Ca sE 2. When the Point is too near the End of the Line. 


With the center , and any radius, 

deſcribe the arc mns. From the 5 
point m, with the ſame radius, turn Te 
the compaſſes twice over on the 3 
arc at n and s.— Again, with tge „ 
centers n and s, deſcribe arcs inter- : 3 
ſecting in r. Then draw Ar, and 
it will be perpendicular as required. 


G 


1 1 

— 
1 
n 


| Another Methad. 


From any point m as a center, . 
with the radius or diſtance ma, de- 
ſcribe an arc cutting the given line 
in n and a.—Through n and m 
draw a right line cutting the arc in 

. F,—Laſtly, draw ar, and it will be 
the perpendicular as required. 


Another Method. + 


From any plane ſcale of equal 
parts ſet off a m equal to 4 parts. 
Wich center 4a, and radius of 3 
parts, deicribe an_arc.—And with 
ceater m, and radius of 5 parts, 
croſs it at n. Draw an for the per- | 
pendicular require. „% 


Or any other numbers in the ſame proportion as 3, 
4, 5, will do the ſame. . | 


„ 


p RO- 
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From a given Point a, out of a given Line Be, to let 
fall a Perpendicular. | 


CasE 1. When the Point is nearly oppoſite the Middle 
. of the Line. 


With the center A, and any ra- A 
dius, deſcribe an arc cutting j e in 

m and n.— With the centers m and 
n, and the fame, or any other ra- Bre 1 
dius, deſcribe arcs interſecting in 
r.—Draw AD r, for the . — LI 
lar required. r 


CasE 2, Whey the Point is nearly oppo te the End of 
the Line. 


From A draw any line Am to 
meet Bc, in any point m.— Biſece A 
Am at n, and with the center n, and 
radius An or mn, deſcribe an arc, by. 
cutting Bc in p. — Draw Ap the B — 
perpendicular as required. 


Anotber Method. 


From B or any point in Bc, as a 
center, deſcribe an arc through the 
point a,—From any other center 
m in Bc, deſcribe another arc 
through Aa, and cutting the former 
arc again in n.— Through A and #9 
n draw the line avn; and A Try 
will be the perpendicular as re- * 


quired. ; 
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N. B. perpendiculais may be more readily raiſed 
and let fall, in practice, by means of a ſquare, or other 
fic inſtrument. 


— 


PROBLEM VII, 


To divide a given Line à B into any propoſed Number 
of Equal, Parts. 


From a draw any line ac at 
random, and from- B draw BD 
parallel to -it—On each of 5 | 

theſe lines, beginning at a and 4 12534 5 - 
B, ſet off as many equal parts, hg SG HEE 
of any length, as aB is to be 5 
divided into. Join the oppoſite 54321 
points of diviſion by the lines 15 
4. 14, 1e: r 

ill nne aB as ** 


PROBLEM VIII. 


To div ide a given Line AB in the ſame Proportion as 
another Line CD 7s divided. 


From a draw any line a 
equal to op, and upon it trans- 
fer the diviſions of the line cp. 
Join RE, and parallel to it 
draw the lines 233, XC; 8 
and they will divide A3 as re. 14234 
quired. VV | 


Re- 
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PROBLEM 1x. 


Aa given Point A, in a given Line as, to make an 
Angle equal to à given Angle c. 


Wich the center c, and any radius, 
.deſcribe an arc mn. — With the 
center à, and the ſame. radius, de- 
ſcribe the arc rs,—Take the diſtance 
mn between the compaſſes, and ap- 
ply it from r to s.— Then a line 
drawn through a and s, will make 
the angle A equal to the angle c as 
requirèd. | 


PROBLEM X. 


At a given Point a, in a given Line AB, to make an 
Angle of any propoſed Number of Degrees. 


With the center a, and radius 
equal to 60 degrees taken from a 
ſcale of chords, deſcribe an arc, 
cutting AB in m.—Then take be- 
tween the compaſſes, the propoſed 
number of degrees from the ſame 
ſeale of chords, and apply them 
from m to n. Through the, point 
n draw An, and it will make the 
angle A of the number of degrees 
propoſed. | 


Note. Angles of more than go degrees are uſually 
taken off at twice. | 

Or the angle may be made with any divided arch - 
or inſtrument, by laying the center to the point A, 
and its radius along AB; then make a mark. n at the 
propoſed number of degrees, through which draw the 
line An as before. 


3 Ro- 
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PRO BLEM X is 


| [Part Is 


To meaſure a given Angle A. 


Deſcribe the arc mn with the chord 
of 60 degrees, as in the laſt Problem, 
Take the arc mn between the com- 
paſſes, and that extent, applied to 
the chords, will ſhew the degrees in 
the given angle. ; 


A 
* 


TB 


Note. When the diſtance mn exceeds go degrees, 
it muſt be taken off at twice, as before. 
Or the angle may be meaſured by applying the ra- 
dins of a graduated arc, of any inſtrument, to AB, as 
in the laſt problem; and then noting the degrees cut 


off by the other leg an of the angle. 


PROBLEM XII. 


To find the Center of .a.Circle. 


Draw any chord AB; and biſe&t 
it perpendicularly with cp, which 
will be a diameter. —Biſe&. co in 
the point o, which will be the 
center, | 5 


pROBLEM XIII. 


C 


To deſcribe the Circumference of a Cifcle, through 


given Points, A, B. c. 


From the middle point s draw 
chords to the other two points.— 


Biſect theſe chords perpendicularly 


by lines meeting in o, which will 
be the center. Then from the cen- 
ter o, at the diſtance oa, or oB, or 
oc, deſcribe the circle, PT 


three 


Note, 


Sect. 1.) PROBLEMS. 


Note. In the fame manner may the center of an 


arc of a circle be found. 


PROBLEM XIV, 


T, brough a given Point a, to draw 4 T angent to a- 
given Circle. 


Cas E 1. When A ts in the Circumference of the Circle. 


From the given point A, 


draw Ao to the center of the 


circle. Then through A draw 
BC perpendicular to ao, and 


it will be the tangent as re- 


quired. 


13 


\ 


B AQ 


Cask 2. When A is out of the Circumference. a 


From the given point 4, 
draw Ao to the center, which 
biſect in the pqint m.—With the 
center m, anf radius ma or 
mo, deſcribe an arc cutting the 
given circle in n.—Through 


the points A and n, draw the 
tangent BC. 


PROBLEM XV. 


To find a Third Proportional to two given Lines AB, AC. 


Place the two given lines, 
AB, AC, making any angle at 
4, and join B. —In as take 
AD equal to Ac, and draw DE 
parallel to Bec. So ſhall AE 


be the third proportional to AB 
and Ac. 


That is, AB: Ac :: AC : Ax. 


3 


A— — B 

A2 ——C 

2 
DB 


PR O- 
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| PROBLEM XVI. 


| | 

93 

| To aud a Fourth Proportional to three given Lines, AB, 
* : 4 A C, A D. 


Place two of them, aB, ac, 
making any angle at 'a, and A | 
join Be, Place ap on AB, and A 7 
draw DE parallel to Bc. So 3 
ſhall AE be the fourth * . 
tional required. A D B 

That is a A :þ 4D : 43. 5 


PROBLEM XVII. 


| To ud a Mean Proportional between two given Lines, 
| "E BY 7 . "oo 

| | "HT Join as and Bc in one 

EF ſtraight line ac, and biſect it 

| in the point 0.—With the cen- . 

; ter o, and radius 0a or oc, | D 


293 60 
= 


1 deſcribe a ſemicircle.Erect 
F the perpendicular BD, and it 5 
= will be the mean m— N 
required. | 5 | 

n is AB : BD :: BD : BC. 


- 


A | PROBLEM XVIII. 
— divide a Line aB in Extreme. and-Mean Ratio. 


Raiſe ze perpendicular to 
AR, and equal to half AB. Join 
0. With center c, and radius 

| con, croſs ac in p. Laſtly, with 

center A, and radius Ap, croſs 

AB in E, which will divide the 
line as in extreme and mean 

ratio, namely, ſo that the whole 
. line is to the greater part, as the 
1 greater part is to the leſs part. 
llbat i, AB : AB :: AE-: BB. 
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"PROBLEM - XIX. 
7 7 make an Equilateral Triangle on a given Line AB, 


2 


From the centers a and B, with 

che radius AB, deſcribe arcs, inter- C 

ſecting in c,—Draw Ac and Bc, and : 
it 15 done, 

Note. An -iſoſceles triangle may 
be made in the ſame manner, taking 
for the radius the given length of 
one of the equal ſides. 


. 


PROBLEM XX. 
To 10 a Triangle with three given Lines AB, Ac, BC. 


With the center A and radius ac, C 
deſcribe an arc. With the center * 
B, and radius Bc, deſcribe another 

arc, cutting the former in -c,—Draw A 
Ac and Bc, and ABC is the triangle A 
required. * 


PROBLEM XXI. 
27 o make a Square upon a given Line AB. 


Draw Bc perpendicular and equal D 2 

to AB. From A and c with the ra- . ; 
dius AB, deſcribe arcs interſecting 
in p. Draw AD and cD, and it is 
done. | 


— 
6——— 


ethir Way. 


On the centers a and h, with the O 1 

radius AB, deſcribe arcs croſſing at A 

o.—Biſect Ao in n. - With center 

o, and radius on, croſs the two arcs 

in c.and p.— Then draw Ac, BD, 

CD. | : ; A 4 B 
C- . P RO- 
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nn LITE SR” , 


To deſcrile a Rectangle, or a Parallelogrdm, f a given 
Length and Breadth. 


place nc perpendicular to 

* AB,—With center A, and ra- 

dius Ac, deſcribe an arc.— | [ 

With center e, and radius AB, A 

deſcribe another arc, cutting 

the former in Dp. — Draw a» . B C 
and op, and it is done. | 


Note. In the ſame manner is deſcribed any oblique 
parallelogram, only drawing Bc, making the given 
oblique angle with AB, inſtead of perpendicular to ĩt. 


PROBLEM XXIII. 
5 : 


To make a regular Pentagon on a given Line AB 


Make Bm perpendicular and 
equal to half AB. Draw Am, 
and produce it till mn be equal 
to zm. — With centers A and B, 
and radius Bn, deſcribe. arcs 
interſecting in o, which will be 
the center of the circumſcribing 
circle. Then with the center 
o, and the ſame radius, deſcribe 
the cirele; and about the cir- 
cumference of it apply as the 
proper number of times. 


Another | 


W. PROBLEM S. 


Sa 


Another Method. 


Make B m perpendicular 
and equal to AB3.—Biſect 
AB inen; then with the 
center n, and radius nm, 
croſs AB produced in o.— 
With the centers A and z, 
and radius A o, deſcribe arcs 
interſecting in v, the oppo- 
ſite angle of the pentagon. ES; "E 0 
Laſtly, with center p, and radius AB, croſs thoſe arcs 
again in c and E, the other two angles of the figure. 
Then draw the lines from angle to angle, to com- 
plete the figure. | | 


A third Method, nearly true. 


On the centers a and 
B, with the radius AB, 
deſcribe two circles, in- 
terſecting in m and n. 
—With the ſame ra- 

dius, and the center m, 
deſcribe rAOBS, and 
draw mn cutting it in 
0. —Draw- roc and 
-$0B, which will give 
two angles of the pen- 
tagon.—Laſtly, with radius Ax, and centers e and 
E, deſcribe arcs interſecting in p, the other angle 

of the pentagon nearly. 


ES ; P Ro- 
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PROBLEM XXIV. 
To make a Hexagon on 4 given Line A b. 1 


With the radius AB, and 
the centers A and B, deſcribe 
arcs interſecting in o.— With 
the ſame radius, and center o, 
deſcribe a circle, which will. 
circumſcribe the hexagon.— 
Then apply the line à3 fix 
times round the circumference, 
marking outthe angular points, 
which connect with right lines. 


« PROBLEM xxv. 
To make an Oftagon on a given Line a 8. 


ret ar and BE per- N E 
pendicular to AB. Produce 2 N 

AB both ways, and biſect the 
angles mar and nBE with 
the lines ay and Bc, each 
equal to aB.—PDraw op and 
HG parallel to Ar or BE, and 
each equal to aB.—With ra- 
dius AB, and centers G6 and p, | 
croſs Ar and BE in r and E,—Then ) Join er, FE, 
ED, and it is done. 


© PROBLEM XXVI, 
To make any regular Polygon on a given Line AB. 


Draw ao and Bo making 
the angles a and B each 
equal to half. the angle of 
the polygon.— With the cen- 
ter o and radius oA, de- 
ſcribe a circle. Then apply 
the line as continually round 
the circumference the proper 
number of times, and i it is done. 


Sect. 1.) PROBLEMS. 2f 


Note. The angle of any polygon, of which the 
angles 0AB and OA are each one half, is found 
thus : divide the whole 360 degrees by the number of 
ſides, and the quotient will be the angle at the center 
o; then ſubtract that from 180 degrees, and the re- 
mainder will be the angle of the polygon, and is double 
of O AB or of 0Ba. And thus you will find the fol- 
lowing table, containing the degrees in the angle o at 
the center, and the angle of the polygon, for all the 
regular figures from 3 to 12 fides. b 


No. of | Name of the | Angleoat | Angle of [Angle OAB| 
| tides, polygon. the center | the polyg | or onA 
3 Trigon 1209 6Go® 1 wa 
4 | Tetragon 90 90 | 45 
5 | Pentagon ro SS 
6 |] Hexagon 66 120 66 þ 
7 | Heptagon | $513 | 1285 | 643 
8 | Octagon 11 67 
9 | Nonagon 40 140 70 
| Io | Decagon 36 (144 72 
11 | Undecagon 324% | 147% | 73% 
12 | Dodetagon | 30 L.0- 3. 


PROBLEM XXVII. 


In a given Circle to inſcribe any regular Polygon ; or, to 
divide the Circumference into any number of equal Parts. 


(See the laſt figure. 9 1 


At the center o make an angle equal ta the angle at 
the center of the polygon, as contained in the third 
column of the above table of polygons.— Then the 
diſtance az will be one fide of the polygon; which 
being carried round the circumferencethe proper num- 
ber of times, will complete the figure.—Qr, the arc 
ag will be one of the equal parts of the circumfet- 
ence, 


e's ----.- _ 


. 


and centers A and B, deſcribe 
arcs croſſing at n; from whence 


duce till mn be three-fourths of 
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N 5 Auotber Method, nearly true. 


Draw the: diameter AB, 
which divide into as many 
equal — as the figure has 
ſides.— With the radius as, 


[Part 1. 


draw nc through the ſecond 
diviſion on the diameter; ſo- 
ſhall ac be a ſide of the poly- 
gon nearly. 


Another Method, fit nearer. 


Divide the diameter AB into 
as many equal -parts as the 


 figure.has ſides, as before,— 


Ffom the center o raiſe the 
perpendicular om, which pro- 


the radius om. From n draw 
nc through the ſecond diviſion 


of the diameter, and the line 
Ac will be the ſide of the po- 
lygon ſtill nearer than before; 
or the arc Ac one of the equal 
parts into which the circum- 
ference is to be divided. 


PROBLEM xxVIII. 


About a given Circle to circumſeribe any Polygon. 


Fi ind the points m, n, p, &c, 
as in the laſt problem, to which 
draw radii mo, no, &c, to the 
center of the circle.—Then 
through theſe points, m, n, &c, 
and perpendiculartotheſeradii, 
a che ſides oft the polygon. 


** PROBLEMS, 


PROBLEM . 


To find the Center of a given Polygon, or the Center of its 
inſcribed or circumſcribed Circle. 


Biſect any two ſides with the a 
perpendiculars mo, no; and 
their interſection will be the . 
center. Then with the center 
o, and the diſtance om, de- 
ſcribe the inſcribed circle; or 
with the diſtance to one of the 
angles, as à, deſcribe the cir- 
cumſcribing circle. 

Note. This method will alſo circumſcribe a circle 
about any given oblique triangle. 


PROBLEM XXX, 
; 
In any given Triangle to inſcribe a Circle. 


Biſet any two of the angles 
with the lines ao, Bo, and o 
will be the center of the circle. 
— Then with the centero, and 
radius the neareſt diſtance toany 
one of the . deſcribe the 


circle. 


5 PROBLEM XXXT, 
About any given Triangle to circumſcribe a Circle. 


Biſect any two of the ſides 
AB, BC, With the perpendi- 
culars mo, no.—With the 
center e, and diſtance to any 


one of the angles, deſcribe the 
circle. 


4 


54 


that center, and the neareſt 


In, er * given circle, to deſcribe al $quare, or an 


and they will form che outer 


it will give one-eighth of the circumference, or the 
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PROBLEM XX ZII. 
In, or about, 4 given Square, to de eeribe a Circle. 


Draw the two diagonals of 
the ſquare, and their inter- 
ſection o will be the center of 
both the circles. —Then- with 


diſtance to one fide, deſcribe 
the inner circle; and with the 
diſtance to one angle, deſcribe 
the outer circle. 


PROBLEM XXXIII. 


 Oztagon. 


Draw two diameters A8, 
op, perpendicular to each 
other. Then connect theirex- 
tremities, and they will give 
the inſcribed ſquare acBD.— » 
Alfo through their extremities 
draw tangents parallel to them, 


ſquare mnor. 41 ng 
Note. If any quadrant, as ac, be biſected in a, 
fide of the oftagon, 


1 . PROBLEMS, 2 Wl 


PROBLEM XXxIV. | 
n a given Circle, to inſcribe a Trigon, a Hexagon, or a 
| Dodecagon. 
The radius is the fide of the 
hexagon. Therefore from 
any point A in the circum- 
ference, with the diſtance of 
the radius, deſcribe the arc 
BO F. Then is AB the fide 
of the hexagon; and there- 
fore carrying it fix times 
round will form the hexagon, 
or divide the circumference into fix equal parts, 
each containing 60 degrees.—The ſecond of theſe c, 
will give Ae the fide of the trigon or equilateral 
triangle; and the arc ac one-third of the circumfer- 
nce, or 120 degrees.—Alſo the half of AB, or An 
- 150ne-12th of the circumference, or 30 degrees, and 
gives the fide of the dodecagon. N 
Note. If tangents to the circle be drawn through all 
the angular points of any inſcribed figure, they will 
form the ſides of a like circumſcribing figure. 


| „ PROBLEM XXXV. 

In a given Circle to inſcribe a Pentagon, or a Decagon. 
Draw the two diameters | 
Ap, mn perpendicular to each. 
other, and biſect the radius 
on at q.— With the center q 
and diſtance q A, deſcribe the 
arc Ar; and with the center 
A, and radius Ar, deſcribe the 
arc rB, Then is AB one-fifth. 
of the circumference; and a — 
carried five times over will form the pentagon.— Alſo 
the arc AB biſected in s, will give As the tenth part 
of the circumference, or the fide of the decagon. 
| TR Note. 


will cut the ee ee in 5 
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— mn 


Mote. Tangents being drawn through the angular 
points, will form the circumſcribing pentagon or de- 


cagon. 


PROBLEM XXXVI. 


— EI 
— . 


To divide the Circumference of a given Circle into 12 
equal Parts, each of 30 Degrees. 


Or 10 inſcribe a n by auother Method. 


Draw two diameters 1 7 | | | 
and 4 10 perpendicular to each | 1 
other. Then with the radius „0 
of the circle, and the four ex- 
tremities 1, 4, 7, 10, as cen- 
ters, deſcribe arcs through the 4 10 
center of the circle; and they 


the points requyred, dividing 6 7 8 
it into 12 equal parts, at the 

points marked with the num- 

bers. 


PROBLEM — 


To 0 araw a Bs Line equal to the: * Circumference e of a 
given Circle. 


«5 he [II 1 equal to 3 times the diameter and ; part 


more; and it will be. equal to We circumference, very 
nearly, . 


n rern 27 


PROBLEM XXXVIII. 
To find a Right Line equal to any given Arc 4B of a Circle, 
| 1 


Through the point a and N m 
the center draw Am, making 
mn equal to + of the radius ; 
no.—Alſo draw the indefinite 
tangent Ar perpendicular to 
it.— Then through m and B, 
draw mp; ſo ſhall Ar be 
equal to the arc AB very 
nearly. 


Otberwiſe. 
Divide the chord AB into - 
4 equal parts.—-Set one part 
AC on the arc from B to D.— | Pa” 
Draw op, and the double of A C B 


1t will be nearly equal to the 
— 


PROBLEM XXXIX. 


To divide a given Circle into any propoſed Number of 
Paris by equal Lines, ſo that thoſe Parts ſhall be 
mutually equal, both in Area and Perimeter. 


Divide the diameter AB 
into the propoſed number of 
cqual parts at the points a, b, 
„ &c,—Then on Aa, Ab, 
Ac, &c, as diameters, deſcribe 
ſemicircles on one ſide of the 
diameter AB; and on pd, Bc, 
Bb, &c, deſcribe ſemicircles 
on the other fide of the diameter. So fhall the cor- 
reſponding joining ſemicircles diyide the given circle 
p , 5 1 


88 *e@x0nnxTRICat - nt. 
in the manner propoſed. And in like manner we 
may proceed when the ſpaces are to be in any given 
proportion. As to the perimeters, they are always 
equal, hate v er the * of che ſpaces is. 


"PROBLEM XL, 


'On a given Line an to deſcribe the Segment of a Circle 
capable of containing a ou Angle. 


Draw ac and rc making 
the angles Bac and aBc each 
equal the given angle,— 
Draw ad perpendicular to 
Ac, and BD perpendicular to 
se. With center b, and 
radius DA Or DB, deſcribe 
the ſegment AkB3. Then 
any angle, as E, made in 
that ſegment, will be equal 
to the given angle. 


PROBLEM: XII. 
To make a 7 riangle fimilar to a given T1 riangle ane. 


Let AB be one ſide of the 
required ariangle. Make the 
angle a equal to the angle A, 
and the angle b equal to the 
angle B; then the triangle 
abc will be fimilat to anc 
as propoſed. 


Note. If ab be equa] to 
AB, the triangles will alſo be 
equal, as well as ſimilar. 


1. Feines 29 


\ 
PROBLEM XIII. 
. a * : 1 | 
To make a Figure fimilar to any other given Figure ABCDE. 


From any angle a draw 
- | diagonals to the other angles. 
—Take ab a fide of the 
figure required, Then draw 
be parallel to pc, and cd to 


cs, and de to DE, &c. 12 
Otherwiſe. . 
d 


Make the angles at a, b, e, 
reſpectively equal to the angles c 

at A, B, E, and the lines will s 
interſect in the corners of the 

figure required, 0 D 
PROBLEM XIIII. 


To reduce a Complex Fi gure from one Scale to another, 
| mechanically by means of, Squares. 


5 2 +: + l 
S 
A 

| 


. 
3 1 | 


* fn * | T — 
1 


Ii [ TT 


Divide 
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| . 


Divide the given figure, by croſs lines, into ſquares, 
- as ſmall as may be thought neceſſary.— Then divide 
another paper into the ſame number of ſquares, and 
either. greater, equal, or leſs, in the given proportion. 
This done, obſerve what ſquares the ſeveral parts of 
the given figure are in, and draw, with a pencil, fimi- 
lar parts in the correſponding ſquares of the new figure. 
And ſo proceed till the whole is copied. 


25 PROBLEM XLIV. 
To make a Triangle equal to a given Trapezium ABCD, 


Draw the diagonal Ds, 
and CE, parallel to it, meet 
ing as produced in E,—Join 
DE; fo ſhall the triangle 
ADE be equal to the trape- 
zium ABCD, 


i PROBLEM XLV. | 
To make a Triangle equal to the figure ABCD EA. 
Draw the diagonals Da, 
DB, and the lines Er, co, ; D 
parallel to them, meeting the | K. 
f 


baſe as, both ways produced, a 
in F and 6. Join DF, DG; 


and pr will be the triangle 2 
required equal to the given F: 
figure ABCDE, | | 


3 % 


by 


* 


r PROBLEMS. | CT: 


Note. Nearly in the ſame manner may a triangle be 
made equal to any OY * W 


= 


PROBLEM XLVI. 
: : i 1 : * * 
To make a Triangle equal to a given Circle. 
; | 7 


Draw any radius 
Ao, and the tangent 
AB perpendicular (6 —_—_ | 

it.— On which take A : 
p91 equal to the cir- | 
cumference of the circle by reoblem xxxviII Join 


Bo, ſo ſhall apo be the triangle required, equal to 
the ow circle. 


PROBLEM XLVII, Fr 


7 make a Rectan ge, or a Parallelogram „ equal to a given 
7 Triangle ABC, 


Biſet the baſe as in m- 
Through c draw cno pa- 
rallel to aB.—Through m 
and B draw mn and Bo pa- 
rallel to each other, and 
either perpendicular to An, \ | 
. or making any angle with 1t. 
And the rectangle or paralle- 
logram mnos will be equal 
to che triangle, as required. 


P R- 
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PROBLEM XLVIII. 
To make a Square equal to a given ue I ABCD. 


Produce one ſide, AB, till 
pE be equal to the other 
ſide Bc. —Biſe&t Ax in o „ 
on which as a center, witng / 
radius ao deſcribe a ſemi- 1 
circle, and produce Bc to- E B o HA 

meet it at, y. —On gr make 
the ſquare 3G, and it will be equal to the gs: 
ABCD, as required. | 


7 


* Thusthe circle and all * Abel figures, have 
been reduced to quay alent ſquar es. 5 


| PROBLEM XL IX 


: ; 
: 
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To make a Square equal to 200 given Squares Pp ds Q 


Vw —— 4 
þ > JW. 


— 
_ — W. 
. 
' 
r 


Set two ſides AB, Bc, of 
the given ſquares, perpen- 
dicular to each other.—Join' 
their extremities Ac; 1o 

- | ſhall the ſquare Q. con- 
ſtructed on ac, be equal to 
the two r and & taken to- 


gciher. „ 


— 2 
— — — 
— — — * 
2 


Note. Cle, or any aer ſimilar Golures, are 
added in the ſame manner. For, if az and Be be the 
diameters of two circles, ac will be the. diameter of a 
circle equal to both the other two. And if ap and 
ne be the like ſides of any two ſimilar figures, then 
AC will be the like ſide of another ſimilar figure equal 
to both the two former, and upon which the third 
figure may be conſtructed by problem x XLI1, 


t 13 = 5 P R O- 
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PROBLEM I. 


Lo mate a Square equal to the Difference between two 
| | given Squares PR. 


On the ſide ac of the 

reater ſquare, as a diame-  ' 
ter, deſcribe a -{cmicircle ; 
in which apply AB the fide 
of the lels ſquare.— Join 
Be, and it will be the ſide 
of a ſquare equal to the dif- 
ference between the two P 
and R, as required. 


PROBLEM II. 


To make a Square equal to the Sum of any Number of 
OS Squares taken together, ' 


Draw two indefinite lines In 
Am, An, perpendicular to E 
each other at the point A. | c 
On the one of theſe ſet off 
AB the fide of one of the 
given ſquares, -and on the = D = 6 


other Ac the ſide of another 
of them. Join Bc, and it will be the fide of a ſquare 
equal to the two together. — Then take ap equal to 
Bc, and AE equal to the fide of the third given 
ſquare. So ſhall DE be the fide of a ſquare equal to 
the ſum of the three given ſquares. And ſo on con- 
tinually, always ſetting more ſides of the given 
ſquares on the line An, and the ſides of the ſucceſſive 
ſums on the other line Am. | a 


Note. And thus any number of any fort of figures 
may be added together. 


x 


7 P Ro- 
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PROBLEM LII. 


To make plain Diagonal Scales, 
C i . 


Draw any line as AB of any convenient length. 
Divide it into 11 equal parts *. Complete theſe into 
rectangles of a convenient height, by drawing parallel 
and perpendicular lines. Divide the altitude into 10 
equal parts, if. it be for a decimal ſcale for common 
numbers, or into 12 equal parts, if it be for feet and 
inches; and through theſe points of diviſion draw as 
many parallel lines, the whole length of the ſcale.— 
Then divide the length of the firſt diviſion ac into 10 
equal parts, both above and. below; and connect theſe 
points of diviſion by — — and the ſcale is 
finiſhed, after being numberechas you pleaſe. 

Note. Theſe diagonal ſcales ferve to take off di- 
menſions or numbers of three figures. If the firſt 
large diviſions be units; the ſecond ſet of diviſions 
along ac, will be 1oth parts; and the diviſions in the 
altitude, along Ap, wilt be 1ooth parts. If cs be 
tens, AC will be units, and AD will be roth parts. It 
on be hundreds, ac will be tens, and Ap units. If 
CB be thouſands, Ac will be hundreds, and Ap will 
be tens. And ſo on, each ſet of diviſions being 
tenth parts of the former ones. 

For example, ſuppoſe it were required to take off 
243 from the ſcale. Fix one foot of the compaſſes at: 
2 of the greateſt diviſions, at the bottom of the ſcale, 
and extend the other to 4 of the ſecond diviſions, 


* along 


Only 4 parts are here drawn, for want of room. 


F * 


f — | - 
Sea. 1.] PROBLAM®E =” 
along the bottom; then, for the 3, ſlide up both 
points of the compaſles by a parallel motion, till they 
fall upon the third longitudinal line; and in thac po- 
ſition extend the ſecond point of the compaſles to che 
fourth diagonal line, and you have the exteat of three 
figures as required. . 

Or if you have any line to meaſure the length of. 
Take it between the compaſſes, and applying it to 
the ſcale, ſuppoſe it fall between 3 and 4 of the large 
diviſions; or, more nearly, that it is 3 of the large 
diviſions, or 3 hundreds, and between 5 and 6 of the 
ſecond diviſions, or 5 tens or 50, and a little more. 
Slide up the points of the compaſſes by a parallel 
motion, keeping one foot always on the vertical 
diviſion of 3 hundred, till the other point fall ex- 
actly on one of the diagonal lines, which ſuppoſe 
to be 8, which is 8 units. Which ſhews that the 
length of the line, propoſed to be meaſured, is 358. 

Ip 
PLANE SCALES FOR TWO FIGURES. 


TaiaakhKe.s 4 RE 


WwWe642 0 1 2 —— 
PRES | | 
AAA 1 ene, wee 1 
12 10 8 C4 2 0 1 2 3 
6 F - 
"AY 2 | 
ION | 
: \ | | 
= 7 
, — 1 
* 6 1 2 3 


The above are three other forms of ſcales, the firſt 
of which is # decimal ſcale, for taking off common 
numbers conſiſting of two figures. The other two 
= duodecimal ſcales, and ſerve for fect and inches, 

8 | 

Theſe, and other ſcales, engraven on ivory, are 
fitteſt for practical uſe. And the moſt convenient 

D 2 form 


g 
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form of a plane ſcale of equal diviſions, is on the 
very edggot the ivory, made thin at the edge, for lay- 
ing along any line, and then marking on the paper 
oppoſite any diviſion required : which 1s better than 
taking lengths off a ſcale with compaſſes. 


HAM ARE I. 


Note 1. That in a circle, 
the half chord pe, is a mean 
proportional between the ſeg- 
ments AD, DB of the diame- 
ter AB perpendicular to 1t. 
That is AD: De: DC : DB. 5 


2. The chord ac is a mean proportional between 
AD and the diameter AB. And the chord Bc a mean 
proportional between DB and AB. 

That is, AD : AC:: AC: AB, 

= ec: : BC: Ab —-- 

2. The angle acs, in a ſemicircle, is always a right 
angle. a | 

4. The ſquare ofthe hypotenuſe of a right-angled 
triangle, 15 equal to the ſquares of both the ſides. 

That is, Ac“ = AD“ + pc, 

and'nc p' + pc*, 
ac e. | 

5. Triangles that have all the three angles of the 
one, reſpectively equal to all the three of the other, 
are called equiangular triangles, or ſimilar triangles. 

6. In ſinnlar triangles, the like fides, or ſides oppo- 
ſite the equal angles, are proportional. 

7. The areas, or {paces, of ſimilar triangles, are to 
cach other, as the ſquares of their like ſides. 


A D B 


* 


S ECT. 


, * SP * 


11 
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PLANE TRIGONOMETRY. 


LANE Trigonometry teaches the relations and 
P calculations of the ſides and angles of plane 
triangles. | 

The angles of triangles are meaſured by the num- 
ber of degrees contained in the arc cut off by the 
legs of the angle, and whoſe center 1s the angular 


point. A right angle is therefore an angle of go 


degrees; and the ſum of the three angles of every 
triangle, or two right angles, is equal to 180. Where- 


fore, in a right-angled triangle, the one acute angle 


being ſubtracted from go?, the remaimler will be the 
other; and the ſam of any two angles of a triangle 


being taken from 1809, will leave the third angle. 


Degrees are marked at the top of the figure with 
a ſmall *, minutes with, ſeconds with“, and ſo on. 
Thus 57 30“ 12”, that is, 57 degrees 30 minutes 
and 12 ſeconds. | . 
In a right-angled triangle, the fide oppoſite the 
right angle, is called the hypotenuſe ; and the other, 
the legs, or fides, or ſometimes the baſe and per- 
pendicular, | f 

The complement of an arc is what it wants of a 
quadrant. So Bc = 407 is the complement of 
AB = 50% > | | 

The ſupplement of an arc is what it wants of a 
ſemicircle. So BcD = 130? is the complement of 
60 

The ſine of an arc is the line drawn from one end 
of the arc perpendicularly upon the diameter drawn 
through the other end of the arc. So BE is the ſine 
of AB or of BCD, 

D3 The 
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/ 
C T/ & 


K 


| The verſed fine of an arc is the part of the dia- 
meter between the ſine and the beginning of the 
arc. So AE is the verſed fine of AB, and DE the 
veried ſine of Bp. 

The tangent of an arc is the line drawn perpen- 
dicularly from one end of the diameter paſling 
through one end of the arc, and terminated by the 
line drawn from the center through the other end of 
the arc. So AG or DK is the tangent of AB, or of 
BCD. | 

The ſecant of an arc is the line drawn from the 
center through the end of the arc, and terminated by 
the tangent. So FG or FE is the ſecant of as, or of 
BCD. 

The coſine, cotangent, or coſecant of an arc, is 
the ſine, tangent, or ſecant of the complement of that 
arc. So BH is the coſine, oi the cotangent, and FI 
the coſecant of as. | . 

From the definitions it is evident that the fine, 
tangent, and ſecant, are common to two arcs, which 
are the ſupplements of each other: ſo the ſine, tan- 

gent, or ſecant of 50?, is alſo the fine, tangent, or 
ſecant of 130. | | 

The fine, tangent,” or ſecant of an angle, is the 
ſine, tangent, or ſecant of the arc, or the degrees, by 
which the angle is meaſured. 

„ The 
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The ſine, tangent, and ſecant of every degree and 
minute in a quadrant, are calculated to the radius 1, 
and ranged in tables for uſe. But becauſe trigono- 
metrical operations with theſe natural ſines, tangents, 
and ſecants, require tedious multiplications and divi- 
ſions, che logarithms of them are taken, and ranged 
in tables alſo; and the logarithmic ſines, tangents, : 
and ſecants are commonly uſed, as they require only 
addition and ſubtractions, inſtead of the multiplica- 
tions and diviſions. 
The method of conſtructing the ſcales of chords, 
ſines, tangents, and ſecants, uſually placed on inſtru- 
| ments, is exhibited in the following figure. 
There are uſually 
three methods of re- | 
ſolving triangles, or the 55 — * 9 
caſes of trigonometry; * 
namely, Geometrical 
_ cohftruction, Arithme- & 
tical computation, god © * MN 
Inſtrumental operation. 
In tne firſt method, 
le the triangle be con- 
ſtructed, by making the 


parts oft the given mag- 5 6 
nitudes, _pamety} the ” 
6 - 


l 
0 


Secants 
S 
D 8 
Tangents 


ſides from a ſcale of +: 2•— 50 
equal parts, and the N 
angles from a ſcale of 2 > | Jp 
chords, or other in- 2 I | N20 
ſtrument. Then mea- e 5 
ſure the required parts 20-40 60 305 22 
by the ſame ſcale. FI” OY 
In the ſecond method, N | 
having ſtated the terms bu O | \ 


of the proportion ac- 
. corfling to the rule, reſolve it like all other propor- 
D 4 tions, 


Nr. 


— — —— 


© 
— 4 > -4 
— — — —— 9 > 


— — — — — 


— 
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tions, in which a fourth term is to be found from 


three given terms, by multiplying the ſecond and 


third together and dividing the product by the firſt, 
in working with the natural numbers, whether they be 
ſides, or fines, tangents, or ſecants of angles. Or, 
in working with the logarithms, add the log. of the 
2d and 3d terms together, and from the {um ſub- 
tract the log. of the 1ſt term; then the number an- 
ſwering to the remainder will be the 4th term re— 
quired. | 

To, work a ftating inſtrumentally, as ſuppoſe vy the 
log. lines on one fide of the two-foot ſcales Extend 
the compaſſes from the firſt term to the ſecond, or 
third, which happens to be of the ſame kind with it; 
then that extent will reach from the other term to 
the | fourth, taking both extents towards the ſame 
fider 
Note. For the ſides of triangles you uſe the line 
of numbers (marked Num.) and for the angles, the 
lines of fines oi tangents (marked Sin. and Tan.) ac- 
cording as the proportion reſpects fines or tangents.— 
It the extent upon the tangents reach beyond the 
line, ſet it ſo far back as it reaches over. 

In a triangle there muſt be given three parts, one 
of which, at leaſt, mult be a ſide; becauſe the ſame 
angles are common to an infinite number of triangles. 

In plane trigonometry there are three caſes or va- 
TIeties only, viz. | 

1. When two of the three parts given, are a ſide 
and 1ts oppoſite angle. 

2. When there are given two fides and their in- 
cluded angle. 


3. When the three ſides are given. 1 


— 


A Table 
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4 Table of Lineal Meaſures. 


| Inches Feet 
1 1 Yards a 
6 I Poles 
5 E 1x 61 54 11ͤüĩÄ§5ẽ—ͤ 
792 66 22 4 1 Furlongs EW 
7920 | 660 | 220 40 10 1 | Mile 
63360| 5280 | 1760 | 320 la 1-2 I 


Note alſo, An inch is ſuppoſed equal to 3 barley- 

| corns 1n length, ? 

4 inches—a hand, 

6 feet, or 2 yards—a fathom, 

3 miles—a league, 

60 nautical or geographical miles—a 
degree, or 694 ſtatute miles nearly, 

360 degrees, or 25000 mules nearly— 
is the circumference of the earth. 


PROBLEM TI. 


Given Three Parts, ſuch, that an Angle and its Oppo- 
fite Side are Two of them, to find the reſt. 


In any plane triangle, the ſides are proportional to 
the fines of their oppoſite angles *. That is, 
As one fide | =} 
Is to another ſide $2 
So 1s fin. angle opp. the former : 


To fin. angle opp. the latter. . 


* DEMONSTRATION. 


Let arc be any triangle: in AB 
aſſume any point o, take cE = AD, 
and upon Ac demit the perpendicu- 
lars DF, EG, BH; then will pr and 
EG be the {ines of the angles a, c, 
to the general radius ap or cx. 
Now, from ſimilar triangles, we ſhall — CID2Y "1 
An: BH 2:3 Ap: DF = 2 H & Cc 
CB: BH ;; AD (CE) : EG | 
and hence, of equality, AB: BC ;; EG: br. 


have 
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Note 1. To find an angle, begin the proportion 
with a fide oppoſite a given angle; and to find a 


| fide, begin with an angle oppoſite a given fide, 


2. An angle found by this rule is al an ambigu- 
ous, except it be a right angle, or except that the 
magnitude of the given angle prevent the ambiguity; 
becauſe the fine an{wers to two angles which are the 
ſupplements of cach, other: and accordingly the 
conſtruction gives two triangles with the fame given 
s; and when there is no reſtriction or limitation 
included in the propoſition, either of them may be 
taken. The degrees, in the table, anſwering to the 
fine, is the acute angle; and if the angle be obtuſe, 
take thoſe degrees from 180?, and the remainder will 
be the obtuſe angle.—When the given angle is ob- 
tuſe, or right, there can be no ambiguity; for then 
neither of the other angles can be obtuſe, and the 
conſtruction will produce but one triangle. 


* * 


EXAMPLE I. 


In the plane triangle Age, 


| AB 345 
Given J Bc 232 } yards 


4 37% 20 5 
Required the other parts. 


Geometrically, _ 


1. Draw the line AB = 345 from ſome convenient 
ſcale of equal parts. | 
2. Make the angle a = 37 20&. 
3- With the center B and radius 232, taken from 
the ſame ſcale of equal parts, croſs ac in c. 
4. Draw Bc, and the triangle is conſtructed. 
| Then 
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Then the angles B and c, meaſured by the ſcale 
of chords, and the ſide ac, meaſured by the ſcale of 
equal parts, will be found to be as follows: viz. 


LY 27* L 1153 | AC 374 
or be or 64; [or 374+ - 
Arithmetically. | 


As fide 30 — 232 — — 2·36 54880 
To fide 8a — 345 — > 
So ſſbe A 37 20 — — 978279358 


To fine 4 c 115? 36“ or 64 24 — 99551269 
„ 3 % — 


ſubtr. 152 56 or 101 44 ſub. 
from 180 o 180 0 | 


leaves 27 04 or 78 16 the Z 3. 


Then | 


As fine £4 ' — 37 26 —_— 9:7827958 | 
T „ F277 04] ' — .gr6580372 
| To fine Cn 78 16 — 99908291 
So ſide ne — 232 — 23654880 
To fide 4c — 1 — 22407293 
=. TR 


2*5735213 | 


Iunſtrumentally. 


In the firſt proportion, Extend from 232 to 345 
upon the line of numbers; that extent will reach, 
upon the ſines, from 37% to 647 the angle c. 

In the ſecond proportion, Extend from 377 to 

279 or 78%; upon the fines ; that extent will reach, 
upon the numbers, from ' 232'to 174. or 3742, for 
the fide ac. 9 55 1 


Ex- 
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EXAMPLE II. 


In the plane triangle AB 


"BURY Je 3 chains [ BC 216 chains 
2 B 905 : 7 Anſ. J Le 36 32 127 
Required the other parts. (44A 53 07 48 


, 


EXAMPLE III. 


In the plane triangle AB 
AB 3655 poles 


3 £ ö 
Given JZ B 24 45 Ant. N e 
1 57 42 | AS $3 þ pol. 
Required the other parts. 309 


EXAMPLE” IV. 


Inc the planc triangle aBe 
AB 53 miles) 


. p $48 29” 47 
Given £4 1217 . - = 

1 14423 
Required the other parts. ) | BC 92'36 miles 


EXAMPLE Y, 


In the plane triangle anc 


AB 102 ] Fre” 
I. Given { e 54 12" i fi 
h 24 53 07 48 Anſ. J ac 270 chains 


" Required the other parts. BC 216 chains 


1; ' EXAMPLE VI. 


In the plane triangle ,azc 
AB 365 poles 


Given _ 15433 poles 1 e 7 45 
9 Poe 
Required the other parts, BC 309*86 pol. 


E X- 
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EXAMPLE VII. : 


In the plane triangle ABC 


1 64 34 21" 
AC 120 feet \ 98 115 256 390 
Given J Bc 112 feet 57 58 39 
La 57 27 Auf IT 7 07 21 
Required the other par. i” | 11205 j feet 
| 0 16-47 


PROBLEM 11. 


Given Two Sides and the Angle Included by them, to 7 
find the reſt. | 


In a plane triangle, As the ſum of any two fides 
is to their difference, ſo is the tangent of half the 
tum of their oppoſite angles, to the tangent of half 
their difference. Then the half difference added to 
the half ſum of the angles, gives the greater; and 
ſubtracted, leaves the leſs angle. 


Then, 


* DEMONSTRATION. 


By the firſt problem, the ſides are as the ſines of their oppo- 
ſite angles, and conſequently the ſum of the ſides will be to the 
difference of the ſides, as the ſum of the ſines to the difference of 
the fines of the ſaid oppoſite angles. 

Wherefore we have 
only to prove that the 
ſum of the ſines is to the 
difference of the ſines of 
two arcs, as the tangent 
of half the ſum of thoſe 
ares is to the tangent of 
half their difference: In 
order to which, let 3p, 
CE, be the fines of the R 
arcs An, AC; produce | 
BD to the circumference 
at p, and produce CE 
till eq be = Dy; to the 
middle point 6 of the 
arc gc draw the tangent 
HGK, and draw CNBML 
parallel to it; join | 
RH, RG, and draw on, 

FB, and q parallel to xAMK, 


Now 
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— Then, all the angles being known, find the un- 
'known fide by che firſt problem. 3 
Vote. When, in this caſe, the triangle is right- 
angled, the longeſt fide will be found by extracting 
the ſquare root of the ſum of the ſquares of the other 
two fides ; and then the angles will be found by the 
firſt problem. | | 8 | 

Note alſo, That inſtead of the tangent of the half 
ſum, we may uſe the cotangent of half the given 
angle, which is the ſame thing. 


EXAMPLE. I. 


In the plane triangle ABC 
ſ AB 345 yards 8 
Given J ac 174-07 yards 


2e 
Required the other parts. A * 
Geometrically, 


1. Draw a equal to 345, from a ſcale of equal 
parts. | 
* a | 2. Make 


Now it is evident that cq 1s the ſum, and er the difference of 
the ſines; and that G is the tangent of half the ſum ac, and 
GH the tangent ofchalf the difference c, of the two arcs as, 
AC; alſo NM is = Zcr, for 8Nn = Nc, and Bu = ML: then, in 
the ſimilar triangles can, RN, RGK, it will be as | 

cd: CF :: (cor) oE : (z or or) oc, 


and NM: NC :: = oc, 
and NM: N:: GK : GH, 
theref. : c:: Gk: Gn. 


Which was to be demonſtrated. ; 

And that the half ſum increaſed and diminiſhed by the half 
difference, gives the greater and leſs angle reſpectively, is evi- 
dent from the figure. And that two quantities of any kind may 
be found, by the ſame rule, from their ſum and difference, may 
be proved thus: Let cy repreſent the leſs, and N. the greater, 
of any two quantities; and let be the middle of the right line 
c. Then it is evident that BL = Bc is the half ſum, and Bx 
the half difference, as alſo that Ly + BNS NI the greater 

quantity, and og — BN Nc the leſs, 
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2. Make the angle a equal to 37 200. Ne 
3. Make ac equal to 17407, by the ſcaleof _— 
parts. 
4. Join B, c, and it is done. 
Then, the parts being meaſured, we have the LC 
= 115, the 4B = 27, and Bc = 232 yards. 
® 


Arithmetically.. 


As ſum of ſides as + Ac 51907 — 27152259 
To dif. of tides AB — AC 170193 — 27 2328183 


So tang. === — 7120 — 10.412979 


£LC— 4B 


Totang. — 44 16 — 9g*9g888903 


1 Their ſum 115 36 Lc 
Their dif. 27 a4 4B 

Then | 

As fine Ce 115 36' or 64? 24 — 99551259 
To fine La — — 37 20 — 97827958 
So fide AB 345 — — — 25378191 


To fide Be 232 — — — 23654890 


— 


Inſtrumentally. 


In the firſt proportion, Extend from 519 to 171 
on the line of numbers; that extent will reach, upon 
the tangents, from 71% (the contrary way, becauſe 
the tangents are ſet back again from 45) a little be- 
yond 45, which being fet fo far back from 45, falls 
upon 44 the fourth term. 

In the ſecond proportion, Extend from 64 to 
37% on the fines, that extent will reach, on the 
numbers, from 345 to 232 the fourth term required. 


\ | | ; & 
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EXAMPLE II. 


In the plane triangle aBc 


AB 162 . / I 
= chains {44A 532.07 48 
Given 4 Bc 2164 Anſ. Ze 36 52 12 


B 90 a 
: AC 270 chains 
Required the other parts. | my 


EXAMPLE 111. 


In the plane triangle aBc 


3 = $9 þ miles "(LA 121" 1 
Given 4 Bc 92:36. ]- „„ 39 $3 


3 209 23 . 
: Hind AC miles. 
Required the other parts. a 53 | 


EXAMPLE IV. 


In the plane triangle aBc 


1 wy bt he? 

; poles | £4 57 27 00 
Given = 8 8˙ 7. Anſ. LB 64 34 21 

57 59 39 AB 112*6; pol. 


Required the other parts. 


PROBLEM 111. | | 
Given the Three Sides of a Triangle, to find the Angles. 


In any plane triangfe, having let fall a perpendi - 
cular from the greateſt angle upon the oppoſite fide 
5 74 


te 


— ** 


® DEMONSTRATION. 


From one end 8 of the leaſt ſide as, 
of the triangle Abc, as a center, and 
radius An, deſcribe a circle cutting the 
other two ſides in E and ; produce 

| cB to the circle at c, and let fall the 

1 1 perpendicular 35.— Then is 8 BT A< 
1 = AB, and (by 3. III. Eucl.) av DEF, . 0 

1 and conſequently Ec = cb — pa the difference of the ſegments, 

| FC = GB — BA the difference of the _ 
an 


* 


— 
Sect. 2.]. PLANE TRIGONOME TRX. 49 


or baſe, dividing it into two ſegments, and t 
whole triangle into two right-angled triangles ; & 
will be | 
As the baſe, or ſum of the ſegments : 
Is to the ſum of the other two fides : : 
So is the difference of thoſe ſides: | 
To the difference of the ſegments of the bale. 
Then half the difference being added to, and ſub- 
tracted from, half their ſum, will give the greater 
and leſs ſegment. 
Hence, in each of the right-angled triangles, will 
be known two ſides, and the angle oppoſite to one of 


them; and conſequently the other angles will be 
found by the firſt problem. 


Note. In the above proportions, if half che differ- 
ence of the ſides be taken for the third term, then 
the fourth term will be half the difference of the 
ſegments. Which will commonly be more conve- 


nient to uſe than the whole differences. 


EXAMPLE .I, 


In the plane triangle AB 


. u 345 
Given I ac 17407 f yards» 
| BC 232 
Required the angles. - —— 
| E Geometrically. 


„ * _ 


i 
» —_ 
— — II 


and 6c = cB + Ba the ſum of the ſides. But (by Cor. to 
36. III. Eucl.) the rectangle ca x ce = C6 x cx, or c: 
CG :; CF ; CE, that is Ac: CB + BA:: CB — BA ; CD — DA. 

: 9. E. D. 
And that the half ſum of two quantities increaſed and dimi- 
niſhed by their half difference, gives the greater and leſs quanti- 
nes reſpectively, was proved in the laſt problem. 
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Geometrically. 


1. Draw as equal to 345 by a ſcale of equal parts. 
2. With the centers a and B, and radii 17407 
and 232, taken from the ſame ſcale, deſcribe arcs in- 


terſecting in c. 
. Draw ac and Bc, and it is done. 

Then by meaſuring the angles, they appear to be 
nearly of the following dimentions, viz. £ A = 37%, 
2 2 and.4c = 1157. 

| Arithmetically. 

Having let fall the perpendicular ce, it will be 

As AB = 345 : Bc + CA = 406'07 :: = CA = 


40b'07 409"07 3.3193 — 68- 28 
57˙93 oo 18 = BP * 


60 
„* = 200-50 = , 


and 35 — — — = 1 

Then in the triangle Ape, right-angled at p, 
As ac , . -- ' 22407230 
Toap — 13641 — 2*1411675 
So s. LT — g90* % — 10*0000000 


To s. Lace — 52 40 — ' 919004436 
which being taken from 9o oo — 


leaves 37 20 LA 


And in the triangle BPC, 
As BE _ 2.32 — 2073654880 
To BP — 20659 — 23151093 
So s. T — 90 ο '? — T0*0000000 


— — 


Tos. PCB . 62 56 — 949496213 
taken from go oo 3 


leaves 27 04 4B 


Alſo 
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Alſo 52? 40 CAP 
added to 62 56 CBP 


makes 115 36 L ACB 


Whence the 44 37 20, the 22828 04 
and the Le=ing 365 | 


Inftrumentally. 


In the firſt proportion. Extend from. 345 to 406, 
on the line of numbers; that extent will reach, upon 
the ſame line, from 58 to 68:2, the difference of the 
ſegments of the baſe. 

In the ſecond proportion. Extend from 174 to 
138: on the numbers; that will reach, on the ſines, 
from go? to 52% 

In the third. proportion. —Extend from 2 32 
2067, and that extent will reach from 90 to 639. 


EXAMPLE 1I. 


In the plane triangle ABC 


AB = o 75 07 
enge Anſ. {£1 — . - x 
BC 216 ; 1 


Required che angles. AO 36 52 12 


EXAMPLE III. 


In the plane triangle AB 


| "AB 112*65 15 
Given J ac 120 LA 57? 27 oo” 
Anſ. 


3 64 34 21 
( 112 4 55 
Required the angles. g 


E 2 | = 


— 
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EXAMPLE. IV. 


In the plane triangle AB 


AB 53 A 121 14 
Given q AC 53 Anl. 5 4B 29 23 
BC 92*36 &C 29 23 


Requured the angles. 


Theſe three problems include all the caſes of plane 
triangles, as well right-angled as oblique ; beſides 
which there aig {ome other theorems, ſuited to ſome 
particular forms of triangles, which are often more 
expcditious in uſe than the general ones; one of 
which, as the caſe for which it ſerves ſo often occurs, 
take as follows, 


PROBLEM IVY, 


Given the Angles and a Leg, of a Right-angled Tri. 
angle; to find the Other Leg and the Hypotenuſe. 


| . C 
*# As the radius a | 
Is to the given leg AB:: = 


So is tang. of angle A: 

To the oppoſite leg c : : 

And ſo is ſecant of the fame LA: 
To the hy potenuſe ac. 


* DEMONSTRATION. 


With the center A and any radius ap, deſcribe an are DE, and 
erect the perpendicular pr; which, it is evident, will be the tan- 
gent, and AF the ſecant of the arc DE, or angle A, to the radius 
AD.—And in the ſimilar triangles Abr, aBc, it will be 
Ab: AB:: DF; BC:: Af: Ac. | 2, E. D. 


GENERAL SCHOLIUM. 


Beſides theſe rules, I ſhall here ſet down ſome new theorems 


concerning the relations of the ſides and angles of triangles, iu- 
dependent of any tables, | 


PRO 


of 


; 
* 
* 
. 


-S 


Set. 2.] PLANE TRIGONOMETRY. 53 


EIXA NTT. 


In the plane triangle A Be, right- angled at 3, 


| Given 22 165 „ Required ac and ze. 


La 53% 07 48 
E 3 Geo- 


„* * — 


PROPOSITION. 


If 24 denote a ſide of any triangle, a the number of degrees 
contained in its oppoſite angle, and y the radius of the circle 
circumſcribing the triangle : Then I ſay that A 1s equal to 


* 2 + a3 + 34s 3.567 3: 5.749 
5312951795 K 2.373 244.575 2.4-0.7r! 2. 4.68.97 

For ſince 24 is the chord of the arc upon which the angle, 
whoſe meaſure is A, inſiſts; à will be the ſine of half that arc, or 
the fine of the angle to the radius , ſince an angle in the cir- 
cumference of a circle is meaſured by half the are upon which it 
ſtands: now it appears, from rule 3. prob. 6. ſect. 1. part 2, of 
this work, that the ſaid half arc z is equal to 

a3 345 3+5a7 . 
ON + 707 + r . and, 3 141597 denoting 
half the circumference of the ſame circle, or the arc of 


&c. 


4 + 


180 degrees, we ſhall have 3*14159r ; 180: K: — _ 
3*14159r 
5229872228. 2 345 3. 5a 
2 . X * = 6 
7 TE 5729877980 Ir 2.4.57 2.4.6. 77 x 


= the degrees 1n the angle or half arc. 
Corollary 1. By reverting the above ſeries we obtain 


7. A3 A? A7 & 4 
” a 2. 3u 2.3. 4.54 1 2.3.4.6 6. 747 5 
180 


putting » = $7*2957795 33 * 


Corollary 2. If 2@ be the hypotenuſe of a right - angled triangle, 
a will be Sr, and then the general ſeries will become à x : a + 


1 3.5 Wes go__ gox3*'14159 & _ 
43 * 2.4.5 59 2.4.0.7 e 5 . = 
2 4 14 — 3 3 &c. * 

2 


2.3 2.4.5 2.4.0.7 2.4. 0.8.9 
7 | x Corollary 
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Geometrically. 


Make AB = 162, and the angle a = 53* 07' 48"; 
then raiſe the perpendicular pc meeting Ac in e. So 
| ſhall ac meaſure 270, and Bc 216. | 

- 8 Calcu- 


— 


Corollary 3. Since the chord of 60 degrees is = the radius, or the 
fine of 30 degrees = half the radius, putting a for ar in the general 

„ 2 
2.3.2 2. 4.6.·2 2.4.6.7. 27 
30; and hence the ſum of the infinite ſeries 


I I „ , 3.5 * 


— 


2 2.32 2.4.5.2 2.4.6.7. 25 
_ 23© gobc3*14159&c 94'14159 &c _ 
. Tr 6 


Fs I 
ſeries, will given x + 
2 


1s = = — 


1 180 5 
onc- ſixth of the circumference of the circle whoſe diameter is 1. 


Corollary 4. It might caſily be ſhewn, from the principles of 
common geometry, that the fine of 60 degrees is to the radius, as 
2 / is to 1; ſubſtituting, then, 27% for à in the general ſe- 


| Z 
ries, we ſhall have 4/3 x ;=+ 2 + = 124177 
&c = 60; and hence the ſum of the infinite ſeries | 
I J* 533 
7 * = Y 3 L 3 we vo * 

60 0 N 3.1419 Kc 3.141 69 &c 
J 349 
to the infinite ſeries in the third corollary, as 2 is to 4/3. 

Corollary 5. If b, c be the halves of the other two ſides of the 


, and 1s, therefore, 


—— 
— — 


triangle, and B, c the degrees contained in their oppoſite angles; WM 


fince 8 An X ; — + - s &c, 
„ 


83 


and c = x x = + &c, and the 3 angles of any triangle 


2.373 
are equal to 180 degrees; we ſhall have 180=a+B+c= 
| 2 a3 + b3 + 3 | | 


a X: ——&C, or the ſum of the infinite ſeries 
etiye. © &3hH+0- 2 S+Þ+S w£- o+Þ+c 
jd 243 7 2.4.5 * Tae. 77 


5 &c 
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Calculation. 


; As radius 1: AB = 162 :: 113333284 = nat. tan- 
gent of 53* 07' 48“: 2159992 . 
And, as 1 : 162 :: 16666628 = nat. ſecant of 


the ſame A: 269199937 = AC. 
534 In- 


ä * 


a 


&c will be = 150 _ 228 
1 180 
circumference of a circle Whoſe/ diameter is 1; a, &, c being the 
halves of the three ſides of any triangle, ander the radius of its 
circumſcribing circle, : | 


= 3*14159 &c = the 


al — CC 


b 
half the difference of the ſegments of the baſe (3) made by a per- 
pendicular demitted from its oppotite angle, and 

aa - C aa+bb—cc 


9 } 


| | * may es agen 7 - ee. 
we ſhall have Aas oy (2 cc) — x44 b — 00 
for the value of the ſaid perpendicular to the baſe, and hence 


Aa — (aa +bb—cc)* 2abc | 
3 124 :: - r the 
V4 — (aa +bb—cc)? 

radius of the Arcumſcribing circle, | | 

Having how found the value of , we can calculate all the 
caſes of trigonometry without any tables, and without reducing 
oblique triangles to right-angled ones; for having any three 
parts (except the three angles) given, we can find the reſt from 
theſe five equations : 


— 
— — 


Corollary 6. Since, by prob. 3, 5: a+c:ta=c: 


= the ſegment adjoining to the fide 24, 


2 abe 
” —. 
aa bi (aa+bb—cc)*' 
4³ 3a 3. 5a + 3+ 5-747 3 


7 jo 2.313 N 2.4. r 2.4. ö 717 2.4. ö. S. r 
— 9 
5 


3. 2 4 2 1 2 
| 2. 37 2.4. r 2.4. 6. “ 2.4.6.8. 


2.373 2.4. 5 2.4.6. 777 2.4.6.8. 


7 4.6.8 

c £3 36⁵ 3. pe? 3.6. 7c 

« C=2X:;= — — — „ 
4 * + + + 4.6.9 &c 
e = 180. 
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e 


The extent from 45 to 53 08“, upon the tangents, 
will reach from 162 to. 2 10 upon the numbers. 


Note. 


— 


And for the more convenience we may add the three following, 
which are derived from the 2d, 3d, and 4th, by reverſion of ſeries.) 


6 3 A A? 
de 
RT bo B7 
= 6 — r cut >_ * 
J. $=7"X u 24318 LEI 2.3•4˙5·0˙ 717 x 


©? G* c7 
. + r « THEO CFO INNnne” &c 
„ 2.3 2.3.4.5 2.3.4˙ 5677 
Where 2 = 572957795 &Cc. 


EXAMPL E. 


Suppoſe we take here the firſt example in prob. 7, in which 
are given two ſidos 25 = 345, 2c = 232, and the angle oppoſite 
to 2c "_ 20” == 2373 (degrees = ©. 


Then, 5 being 4 3 _ — = 651 589 58 7, we have 


180 
232 : 
nel ers tib=r X } 651589587 — 04610744 + *00097879 


— *000009894 , + *000000058 & = r Xx (*652568435 — 
046117334) =*b0645117, Hence „ 19127677. 


6064511 
And - 345 x *bobg4gr1 
wy 2X 116 


=,*9018346. 


Again B = 572957795 X 1*12402 (the ſum of the ſeries in the 
third equation) = = 64*4016 degrees = 64® 24. 
And a = 180 — 374 — 64 4016 = = 180 — 101736 = = 58-26;* 


= hh a nearly. 


Laſtly, - — = being = — 


72957795 
from the fifth equation we have @ = 191*27677 Xx : 11365982 — 
42479092 + 096379 — *co17007 + *0000288 — *0000005 = 
191*276077 x 97900883 = 187*27684. 
And hence 24 = 37455368 = the third fide of the triangle. 


. | Corolla ) 


= 1*365982, and 1012767 


15 
FA 
* 


— * F _ 
oof 1 * * — 
Es > TO. l 


We 1 8 
SE Roa 6 ning, 7 


3 


* 


A a . 4 
r 
„ . 
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Note. It is common to 
add another method. for 
right-angled triangles, which 
is this. ABC being the tri- 
angle, make a leg AB ra- 
dius, that 1s, with center A 
and radius AB, deſcribe an 
arc BF : then 1t 1s evident 
that the other leg Bc repre- 
ſents the tangent, and the 


hypotenuſe ac the ſecant of the angle a or arc BF. 
In 


——_—_—_. 


—— * 


Corollary 7. As the ſeries by which an angle is found, often 
converges very flowly, I have inſerted the following approxi- 
mation of it, viz. 


5 * 


A =® 62 — 2 ̃ — „ — nearly; where the letters 


denote the ſame quantities as in the 3 ſeries. 


„ 5 
For ſince r= 2 e e — — lh - Cz 
3. 2.4.16 
3 5 
and is == + = — 
1 aer „ 
we ſhall have, by raking the former of theſe from the latter, 
Z 
2 — 12 — 1 &c, But, from the firſt ſeries, 
7 2475 640r3 | 
P e e &c; hence, by ſubtracti he 1 | 
3 3 nee, by cting the latter 
from the N 
A A a5 
nns jr 4 27 4807 Ge 3; and 


/ aa 


'A= tp —-) = 4 * „ 
An X (47 2 "x 4 2=>34/1 —— 5 


| . 4 1 
Corollary 8. And again, ſince 105 * ( - 292-2) = 25 


40 
&c; (where 4 18 = _—_ EY by ſubtracting this from — 2 & 2 
3 . 
157 &c, and reducing, there will be bad A = 75: * 


0544 
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In like manner, if the leg ke be made radius; then 
the leg an will repreſent the tangent, and Ac the ſe- 
cant of the arc BG, or of the angle c. - 

Tbs ut 


9 


— 


, 
1 
15 
: 
1 
N 
FF 1 
2 
* by 
2 . 
5 
Bl 
* 
9 
5 
* 
5 
* 


1 x — 
(144? = 399 = If) = 105 * (144V 2— 24/1 — q*—- 399-14 
which will commonly give the angle true to within a minute of 
the truth. Where note that the conſtant quantity — = 


54567409. And from the whole may be drawn the following 
problem, | | 


| P ROL EAM. | 
| | | 
To perform all the Caſes of Trigonometry quithout any Tables. 


HaviNnG any three parts of a triangle given, except the three 
angles, the other three parts may be found by ſome of the fol- 
lowing fix general theorems, | 

* ＋ 


; = 
a=Inx(4V 2 —24/1 == —- nearly, Or 


Fo 
T- | a* a 43 7 
a= GUN 5 — 39 —— —3)more nearly. 
2. ee 2 3. . 


F 2.375 + 2. 4· G73 2.4.6. ar! 2.4-0.8.97? 
A3 : AS A* h | 


9 ; 
* 


A 
3. = Xe 
7 


2.35 YT 2.3.4˙5% 2.3-4+5+0.717 


Ds a 
„ * Im 7 . 
Os 184 —— — &C 
= 2.3. 5 2.3.4. 5 2.3.4.5 · b. 7 
oe 2abc 
5 — — . 
A 5 — (a ＋ - 
8 22h 
V x (a+b—c) x (a—b+c) x (—a+6b+c) 
1 — * N 5 — 
6. . . — cf &c)* 


n 2.345 2 344.500 2.3-4- 36.717 


Where 


* 
1 
* 
o 
4 
% 
3 0 
of 
55 
AE; 
8 
< 
\ 15 
2 
5 
; a 
35 
1 
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But if the hypotenuſe be made radius; then each 
leg will repreſent the fine of its oppoſite angle; 
namely, the leg a3 the fine of the arc AE or angle 
c, and the leg ze the fine of the arc cp or angle a. 

And then the general rule for all theſe caſes, is 
this, namely, that the fides bear to each other the 
ſame proportion, as the parts which they repreſent,” 
And this is called, making every fide radius. 


* o * „„ 5 rr * — 9 
— — op IR Rey» Ir RIe Ao I 
1 2 


SEC To 
OF HEIGHTS AND DISTANCES, &c. 


Y the menſuration and protraction of lines and 

angles, we determine the lengths, heights, 
depths, or diſtances of bodies and objects. And this 
branch 


Where a, 6, c, are the halves of the three ſides of the triangle, 
and A the number of degrees in the angle oppoſite the fide 2a, 
and c the degrees in the angle oppoſite the tide 2c; allo V is the 
radius of the circumſcribed circle; 


and 2 = _ . . 6740 
= Figitcg 97 2957795» © 105 54507409. 


E X AMP L E. 


Thus, if the three ſides be given, as for example a 13, 6 = 14, 
c=15., Then is r = 161, and the angles by theſe theorems 
come out as follows, viz. | 
Angles by the Theor. The true Angles, 

j gba = oo” Ty 
5) 236 - - aqgnn == 9: 0s 
07: 19 -.- .- egos » = 07 -2ny 


179 54 ſum of all 180 06 


— — —U—ĩ—ũ—— —— — 
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branch more immediately reſpects navigation, ſur- 
veying, and what is commonly called altimetry and 
longimetry, or heights and diſtances, if indeed this 
mult be diſtinguiſhed from ſurveying. 

Acceſſible lines are meaſured by applying to them 
1 certain meaſure; as an inch, a foot, &c. a num- 
ber of times; but inacceſſible lines muſt be meaſured 
by taking angles, or by ſome ſuch-like method, 
drawn from the principles of geometry. 

When inftruments are uſed for taking the quan- 
. tities of the angles 1n degrees, the lines are then cal- 
culated by trigonometry : in the other methods the 
lines are calculated from the principle of ſimilar tri- 
angles, without any regard to the quantities of the 
angles. 

Angles of elevation, or of depreſſion, are uſually 
taken either with a theodolite, or with a quadrant, 
divided into degrees and minutes, and furniſhed 
with a plummet ſuſpended from the center, and two 
fights fixed perpendicularly upon one of the radii. 


To take an Angle of Altitude and Depreſſion with the 
Quadrant. 


Let à be any ob- * 
ject, as the top of a ; a 
tower, hill, or other Pd 
eminence ; or the 
ſun, moon, or a ſtar : 
and let it be required 
find the meaſure 
of The angle ABC 
which Nine drawn 
from the object 
makes with the hori- 
Zontal line Bc. 

Fix the center of the quadrant in the angular 
point, and move it round there as a center till with 
one eye at D, the other being ſhut, you perceive 

| the 


ot 
4 


— 


. 
* 
* ® — 
Wy *. N a, OE. — * 8 += 
5 r 8 8 p þ q 2 — * 4 wy g 
P ͤ ͤ VV 


* 
5 
AN 
th 
4 
5 
, 
8 
8 
« 
7 
1 
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che object A through the two fights E, F; then will 
the arc 64 of the quadrant, cut off by the plumb 
line Bu, be the meaſure of the angle aBc required. 
The angle anc of 
depreſſion of any object 
A 1s taken in the ſame 
manner, except that here 
the eye is applied to the 


center, and the meaſure | IK 


of the angle is the arc | . 
GH, | 0 

The obſervations with the quadrant, neceſſary to 
determine the heighis and diſtances of objects, will 
be ſufficiently apparent from the manner in which 
the following examples are propoſed ; and the ſolu- 
tion may caſily be given, by any one who under- 
ſtands plane trigonometry. 5 

The conſtruction of the figures to the following 
examples, are omitted; but they are to be con- 
ſtructed as in the problems of trigonometry. 


EXAMPLE I. 


Having meaſured as equal to 100 feet from the 
bottom of a tower, in a direct line on a horizontal 
plane, I then took the angle cpx of elevation of the 
top, and found it to be 47 305, the center of the 
quadrant being fixed five feet above the ground: 
required the height of the tower. 


As radius 1010000000 * - 
Tot. D47* 30100379475 / FR 
o DE 100 — 20000000 1 
To ct I09913 20379475 . Fg 

Add AE 5 | 


AC I14*13 


8 


62 HEIGHTS AND DISTANCES. : [Part 1. 
Or, without the Logarithms. 


As 1. (rad.): 10913085 (tan. of 47 3o'):: 100: 
100 X 1*0913085'= 109*130S5 = CE. 1 

By the calculation the height cx is found equal to 
109 13, to which Ds (equal to EA equal to 5 feet 
the height of the inſtrument) being added, gives Ac 


equal to 11413, the whole height. 
Note. If you go off to ſuch a diſtance from the 


bottom, as that the angle of elevation ſhall be 45, 
then will the height be equal to the diſtance with the 
height of the center of the inſtrument added. 


EXAMPLE II. 


From the edge of a ditch of 18 feet wide, ſur- 
rounding a fort, I took the angle of elevation of the 
top of the wall, and found it 62? 407: required the 
height of the wall, and the length of a ladder ne- 
ceflary to reach from my ſtation to the top ol it. 

Firſt, As 1: 1934702 (tan. 62400 
:: 18: 1:934702 & 18 = 344824636 
ie. 

Then V/ 18* + 34824636 = 
V 1536*755272 = 39*2014 = AC. 
Or as 1 : 2*1778594 (ſecant of 629 N 
40) :: 18 :39 204692 = AC. N 

Anſ. The height xc = 3482, and VV 5 

A 


the length of the ladder ac = 39˙2. 


< 


SSAMPLE IH; 


From the top of a ſhip's maſt, which was 80 feet 
above the water, the angle of depreſſion of another 
ſhip's hull, at a diſtance, upon the water, is 20 what 
is their diſtance * 


As 
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N 
YR 


4 ” 
We- 


py 
N00 


As 1: 217474774 (tan. 70") :: 80: 27473774 & 80 
= 219*790192 feet = Ac the diſtance required. 


EXAMPLE To 


What is the perpendicular height of a hill whoſe 
angle of elevation, taken at the bottom of it, was 407; 
and 100 yards farther off, on a level with the bottom 
of it, the angle was 31*; | 
46 | ſubtract 
2 31 
4 DBOI5 9˙4129962 
42D 31 '9*7118393 
DC 100 20000000 


BC = -"2-2988431 Þ 


» „— 


A9 — — 10'0000000 
4 4 — — 98569347 
e... n 


AB 143˙14 — 21557772 


EXAMPLE V. 


From the top of a tower, whoſe height was 120 
feet, I took the angle of depreſſion of two trees which 
lay in a direct line, upon the ſame horizontal plane, 
with the bottom of the tower, viz. that of the nearer 
5755 and that of the farther 25: what is the diſtance 
between the two trees, and the diſtance of each from 
the bottom of the tower ? 

| G5 | As 
Cr 


* 


/$ 
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As 1: 6494076 
(tan. C BAc 33) 
2: 120: 6494076 * 
120 = 77˙928912 
feet = BC the diſ- 
tance from the bot- 
tom of the tower to 
the neareſt tree. | 8 

And as 1 2.096 5436 (tan. C BAD = 64): : 120: 
2.096 5436 X 120 251.58 5232 feet = BÞ the diſ- 
tance of the farther tree. | 

Therefore, BD — Bc = 251*585232 = 77928912 
= 173*65632' feet = op the diſtance between the 
two trees. 


* 


EXAMPLE VI. 


e 


An obeliſk ſtanding on the top of a declivity, I 
meaſured from its bottom a diſtance of 40 feet, and 
then took the angle formed by the plane and a line 
drawn to the top 41*; and going on in the ſame di- 
rection 60 feet farther, the ſame angle was 2345 
the height of the inſtrument being five feet: what 

was the height of the obeliſk ? | 


Ly 41000 þſube £D 
LC 23 45 : 


{BDC 17 15 9'4720850 


e 23 45 9˙60 50320 
Bc 60 — 17781513 


ys 


— 3 — 
wp 81488 19110977 {== 
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BD 21-488 

BE 40 | 

Sum 1211488 — — 270845333 

Diff. 411488 — — 16179225 
Teng, = 69* 30“ — 104272623 


2 


2 


. Tang. 42 2442 — 99606516 


Diff. = EDB 27 052 | 3 
I 
EDB 27° 05) — — g'6538284% 
£B 41 o — — 98169429 
BE 40 — — — 16020600 


ED 57˙623 — — 17607187 
add AE 5 — 


AD 62623 


EXAMPLE VII. 


Wanting to know the height of an inacceſſible 
object; at the leaſt diſtance from it, upon the ſame 
horizontal plane, I took its angle of elevation equal 
to 58*, and going 100 yards directly farther from 
it, found the angle there to be only 32* : required 
its height, and my diſtance from it at the firſt ſta- 
tion, the inſtrument being five feet above the ground 
at each obſervation, ; 


LC 89 
4 52 þ ſubtract 


DBS 26? 418420 


ED 32 9g*7242097 
DC 100 2+ 8 


BY — 2:0823677 2 —— 


5 — 
F . & ago? 
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L a go? —ä—„—— . 1 go? 20 9 = © 
£c58 — 99284205 CA 32 9˙0242097 
BO — — 270823677 Cc — — 20823677 


AB102˙51 yds- 20107882 ac 6405 yds - 1*8065774 
1·66 &c yds = 5 feet — 


104*17 whole height 


EXAMPLE VIII. 


Wanting to know the height of, and my diftance 
from, an object on the other ſide of a river, which 
ſeemed to be upon a level with the place where | 
ſtood cloſe by the fide of the river; and not having 
room to go backwards, on the ſame plane, on ac- 
count of the immediate riſe of the bank. I placed a 
mark where I ſtood, and meaſured, in a direct line 
from the object, up the hill, whoſe aſcent was ſo 
regular that I might account it for a right line, to 
the diſtance of 132 yards, where I perceived that I 
was above the level of the top of the object; I there 
took the angle of depreſſion of the mark by the river's 
fide-equal 42, of the bottom of the object equal 27, 
and of its top 197: required the height of the object 
and the diſtance of the mark from its bottom. 
Hen 273 = 15;* = Canc.. 7 
19 = 8? = £ ADB. Alſogo® ＋ 19 = t0g9* = 4B. 


.£CaD 27* 96570468 | 
£CDA 15 94129962 RA) 
CD 132 21205739 |, 


CA 75˙25 18765233 Wt 
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cap 27* - 9:6570468| 4B 109˙ - 99756701 


Lc 138 or 42 98255109 |. ADBS = 91435553 
cD 132 21205739 [Ap = 22890380 


a] - » 2:2890380 AB 28˙63 


1:4569232 


EXAMPLE IX. 


Being upon a horizontal plane, and wanting to 
know the height of an object on the top of an inac- 
ceſſible hill; I took the angle of elevation of the top 
of the hill equal 40%, and of the top of the object 


WE cqual 31“; going, then, in a direct line from it to 
| q 


the diſtance of 100 yards farther, I found the angle 
of the top of the object to be 3345: what is the 
object's height? 


D 


©. A | 3 
"34 Corr 
cB - = = 2:2726534 


| | 
DBC 17 15 9˙47208 56 5 ä 
o 33 45 9˙ 7447390 Dl 46:66574- 1˙6689982 
DC 100 - 2*0000000 — — 


G memes 


es 22726534 


F 2 E X» 
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EXAMPLE X. 


From a window near the bottom of a houſe, which | 


ſeemed to be upon a level with the bottom of a ſtee- 
ple, I took the angle of elevation of the top of the 
ſteeple equal 407, and from another window 18 feet 
directly above the former, the ſame angle was 37? 
30“: what then is the height and diſtance of the 
ſteeple ? 1 


„e 


7 7 2 
C A 


From Lc 40 oo 
Subt. 4D 37 30 
Rem. £cBp 2 30 
pze 25 3o' | — — — 86396796 
£CDB 1274 or 522 — — 978994667 
DC' 18 icet | —= — o= 12552725 


CB a — — — 2˙61 50 596 


LA 90. lo: ooo LA 90— I0*0000000 
LACB40— 98080675) £CBA 50 — 98842 540 
CB — — 2*5150596|cB — — 2510596 


AB 210*44f. - 2*3231271 ſy 250 · 79 23993136 
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EXAMPLE XI. 


What is the perpendicular height of a cloud whoſe 
angles of elevation are 35* and 64?, taken by two 
obſervers, at the ſame time, both on the ſame fide 
of the cloud, and at the diſtance of 880 yards from 
one other, ſo placed that a vertical plane would paſs 
through both their ſtations and the cloud ; and what 
is its diſtance from the two places of obſervation ? 
n | 
04 209 £4 


— —— 


26 4. BCD 


29 LL ACB 


— 


Lacs 299 — . 916855712 
LA 35 — 97585913 
AB 880 — 2:9444627 A 


1 


BC 1041*125 =, 3˙0175028 


LACB 299 — 9:6855712 LD go? — I0*0000000 
LABC 116 — 919536602 | £B 64 — 9˙9536602 
AB 880 — 29444827 | BC — 3*0175028 


— 


4% 16314442 3*2125717 uy 935*757 - 2:9711630 


Note. In finding the diſtances of inacceſſible ob- 
jects, if they be of ſuch a height as to admit of a 
pretty large angle of elevation, their diſtance will be 
found as in ſome of the foregoing examples. — If not, 
the theodolite, or ſome ſuch inftrument, is uſed to 
take the angles of the diſtance, or the horizontal 
angles, of objects, as in the following examples. 


'F = EX 
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EXAMPLE XII. 


Suppoſe I wanted to know the diſtance of the 
two places A, B, to whoſe ends there is free accels, 
but not to the intermediate parts, becauſe of a hill, 
precipice, or water, between a and B; and that there- 
fore I meaſured from a and B, to any convenient 
place c, the diſtance ac, equal 7:35 chains, and 
Bc equal 8-4 chains, and found the angle acB equal 
559 40%. What is the diſtance of the places a, B? 

# 8·40 | : 
135 A 


Sum 15575 — 11972806 
Diff. 165 — o-0211893 


: $*% |: = : * F . 3 1 * . 
_— 2 33 5 +. N 1 = — - ad wh e ” i 0 n — = s . 
o k 2 "I - 8 * g y F 2 . „ 1 r K 2» uy - 7 8 * 
* * . 3 3 of * > - hy 3 kx ay 2» If 2 5 wi 7 p 1 nn SS | 6 4 * E 3 
2 ws * | : 5 a - — £ 2 r JA n -- Foy 2 8 7 
OI! 8 4 1 8 \ i} 8 : 
- * . 


A+ © 1.4 "4 
Tang, — 62* 10' - 10.277379 N. , 
Tang. 7 IIA 91012880 # \ f 

/ \ 7 

LA 69 214 ſum 4 \ 5 

Af EZ | 54. | 20 5 
CA 69 2112 — — 99711982 
4 55 40 — — 99168593 
CB 8˙4 chains — — 09242793 


AB 7412 Chains — — o· 8699404 


Note, If the lines Ac, ze, be produced to à and 
b, till ca, eb, be equal to ca, cs, or equal to cn, 
oA; then the diſtance 4a, will be equal to the diſ- 
tance AB, and therefore AB will be obtained, without 
any calculation, by only meaſuring ha. | 


EXAMPLE XIII. 


Being onthe fide of a river, and wanting to know 
the diſtance to a houſe which ſtood on the other 
fide, I meaſured 200 yards in a right line by the 
ſide of the river, and found that the two angles, at 
each end of this line, formed by the other end _ 

ES the 


ry 
"= 
» FB 
* 
* 
8 
85 
A * 
* 
4 9 4 
_ 
. 
« 
EY 
"> We: 
Is 
1 * 
: * 
1 * 
1 wad. 
— 
- 
K 
13 
1 
4 
$5: 
a+ ,, 
x 
i 
* 
* 
$05 
= þ 
ws 
wv 
* 
Lo 
7 
bi 
8 +: 
. 


. 


. 


Sect. 3.] HEIGHTS AND DISTANCES. 71 


the houſe, were 73 15 and 68 o2': What was the 

diſtance between each ſtation and the houſe? 
2473 15 | | 
B 68.02 


ru 141-29 - * 
from 180 oo 


Le 38 43 — 97962062 
LA 73 15 — 9˙9811711 
AB 200 — 2*3010300 K 


Be 30619 — 2˙4859949 \ 
Le 38% 43' — 9:7962002 
B 68 02 — 9:9672679 
AB 200 — 2:3010300 


ac 29654 — 24720917 1 


„ 


Note. If, in the right line ABa, you meaſure 33 
equal AB, and the line oH be produced until the 
angle @ be equal to the angle a; the diſtances Bc, 
ac, will be equal to Bc, AC. 


EXAMPLE XIV, 


Wanting to know the breadth of a river, I mea- 
ſured 100 yards in a ſtraiglit line cloſe by one ſide of 
it; and at each end of this line I found the gngles 
ſubtended by the other end and a tree cloſe by the 
other ſide of the river, to be 53? and 79 12', What 
1s the perpendicular breadth ? 

64 $37 os 


"& BY 79 12 

— — 
ſum 132 ia: 
from 180 

— — | 

LATB 47 48 — 9.869% / 4 
* 7912 — 9992238; & 
AB 100 * = 


20000000 
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ar — — — 21225348 : 
— n LP 
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LP go? — 10*0000000 
LAG — 899023486 
ar — 21225348 


TP 105*89 — 20248834 


EXAMPLE xv. 


Two ſhips of war intending to cannonade a fort, 
are, by the ſhallowneſs of the water, kept ſo far from 
it, that they ſuſpect their guns cannot reach it; in 
order therefore to meaſure the diſtance, they ſeparate 
from each other half a mile or 880 yards; then each 
ſhip obſerves the angles which the other and the fort 
ſubtends, and finds them to be 85® 15 and 83* 45”: 
What is the diſtance between each ſhip and the fort? 


LA 83˙ 45 P 
B 85 15 | b 
ſum 169 oo 

from 180 oo 

er If o 92805988 

LA 83 45 — 9g'9974110 

AB 880 — — 29444827 

BF 4584'5 — 3˙661 2949 

LF 11* oo — 92805988 

£8 853 15 — 99985038 

AB 880 — — 29444827 


ar 4596" — 3662389) 


EXAMPLE XVI. 

Red, Wanting to know the diſtance between a houſe 
- - and a mull, which were ſeparated from me by a river, 
8 | I took 
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T took another ſtation B at the diſtance of 300 yards 
from the firſt ſtation a : now from the firſt ſtation 
a, the angle ſubtended by B and the null was 58? 
207 and by the mill and the houſe 37*; from , the 
angle ſubtended by A and the houſe was 53* 30, 
and by the houſe and the mill 45 15... What is 
the diſtance of the houſe and mill? | 

37 0 58* 20” 532 30 

58 20 53 30 45_15 


— — ——_— 


53 30 45 15 98 45 CAB 
148 50 157 05 ul 
180 o 180 oo a 


LAHB 31 10 22 55AMB E 


LAHB 31 10 97139349 
LABH 53 30 9˙9051787 
4 300 24771213 
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Au 220 55 — 98903869 
£4 ABM 98 45 or 81 15 999491 58 
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LAME $57.40 | — — 97667739 
CHANT 00 — — 9 7794630 
aH — — — 26683651 
HM 479.7933 yds * 26810542 


Note. Pretty much after the manner of theſe laſt 
examples many curious and uſeful problems may be 
reſolved : for if we can determine our diſtance from 
one remote object, we can do the fame for any num- 
ber of objects; or if the diſtance between two remote 
objects can be determined, thole between any num- 
ber of objects may be determined likewife : ſo, we 
may determine the angles and ſides of fields, or of 
very large tracts of land, and that whether we be 
within them, or any where without them, from whence 
the angles can be ſeen ; hence alſo ſhips at ſea may 
determine their diſtances from known viſible ports; 
and plans may be taken of countries, towns, har- 
bours, fleets, fortifications, &c. | 


EXAMPYEE XVII. 


Suppoſe I want to know the breadth of a river, 
or my diſtance from an inacceſſible obje& o, and 
that I have no inſtrument for taking angles, but only 
a chain or chord for meaſuring diſtances ; and ſup- 
Pole that from each of the two ſtations A, B, which 
are 500 yards afunder, I meaſure in a direct line 
from the object o 100 yards, viz. aa and Bb each 
equal to 100 yards, and that the diagonal ab meaſures 
550 yards, and the diagonal az meaſures 560 : What 
then is the diſtance of the object from cach ſtation 
4 and a? ; 
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Let fall the perpendiculars ay, Bo, Then, in 
the triangle A Ba, 
BA: BA + AQ :: BA — AQ; BF — Pda, - 
that is 560 : 600 : : 400: 4284 = By — Pa, 
its half 21 
half Hun 280 
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Again, in the triangle a8, 


AV 550: AB; 55 600 :: AB—Bb 400 : AQ—QB 436-+- 
| the half dif. 218, 
halt ſum 275 
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Then 
Bb 100: 50 562. 3: 11 8. 03437 


BA 500: AQ.493rr * 7 1 3 . &A80,00 38 
the ſum 115 9 


taken. from 180 


leaves £ABO 64 51 
add BAO 57 3 


the ſum 122 26 
taken from 180 oo 


"tn, 


*leaves LO 57 34 

Whence 
£0 57* 34 · 99263507 | £057* 34 - 99263507 
LA 57 '35 = 99264310 [ £B64 51 = 99507437 
AB 500 = = 26989700 | aB 500 - = 26989700 
BO 500'T 26990 503 AO 536*25 = 2*7293630 


* On the angles ABO and Bao may be otherwiſe found thus ; 
Draw the perpendiculars ag, 3%: Then by Eucl. II. 12, 


. Ab — AB* — 32 
| $1 25 
And AB: g:: 1: 425 = cofine of 6% g1' the Z ABO. 


x Ba? — AB? — A2 
In like manner ab = ———— = 268; 


= 2132 x 
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And AB: A:: 1: *536 the coſine of 57 35 the ABao; both 
the ſame as above, 
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EXAMPLE XVIII. 


From a ſhip at ſea I obſerved a point of land to 
bear E. by S. and after failing N. E. 12 mules, I ſet 
it again, and found its bearing to be S. E. by E. 
How far was the laſt obſervation made from the point 
of land? 


Here are given 
the angle a, at the 
place of the firſt 
obſervation, 5 
points or 56*15'; W 
the angle B, 9 
points or 101157 
and the angle c, 
2 points or 22* 3007 
alſo the fide an 12 miles: to find the ide Bc. 


As 8. Le 22" 30 — 93828397 
Tos. La 56 15 — 99198404 
So is AB 12 miles — 10791812 
To ge 26407281 miles 14161879 


If the height AB of the mountain called the pike 
of Teneriff be 4 miles, and the angle ape made by 
a plumb line and a line Bc conceived to touch the 
earth in the fartheſt viſible point e, be 87* 25 653 
required the diameter AE of the earth, and the ut- 
moſt diſtance ze that can be ſeen from the top of 
the mountain, "OY the earth to be a perfect 
ſphere, 


Draw © 


— , ũůem , , 
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Draw AF perpendicular to 
AB, then from the principles 
of geometry 1t 1s known that 
CF is = FA; draw, alſo, the 
radius CD, which will be per- 
pendicular to cB. 

Hence from yo? o' ©” 

take £8 BY 25 55 


Z D Or AFB 2 34 5 


| Then as radius . 
I: AB 4 :: 222960 tang. LB: 89*184 AF or fa 
3: A845: 223085 fec. 42: 9 274 BF | 


their ſum 178-458 Bc 


Laſtly, As radius — — — 1010000000 
Tot. 8 — — — 113482280 
90 Be 178˙458 — 272515360 


To c 3978-9099 — 35997640 
2 — — 


— 


——L— 


79 57*818 diameter of the earth. 


** 


Note. This method of determining the magnitude 
of the earth, is very eaſy and ſimple; but to do it with 
any tolerable degree of exactneſs, the height of the 
mountain muſt be very accurately aſcertained, and 
the angle at the top muſt be taken with a quadrant 
divided into minutes and ſeconds, and furniſhed with 
a teleſcope, inſtead of the common fights. 


EXAMPLE XX. 


According to Sir Iſaac Newton, the diameter of 


the ſun, at a mean diſtance from the earth, ſubtends 


an 
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e = go?, and the 
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W an angle of 32 15“: Then how many times his di- 


ameter in length is his mean diſtance from the earth 
equal to? * 
Here, in the tri- 


angle Age, we have = AV 
given CB =, a di- : 8 


ameter, the angle 


17 


1 , 
angle a= 16% 
| | ” 1 
Hence, As s. La 1677 — 76711356 
| | Tos. Le 90 — 10*0000000 
So is CB 1 ſemi- diam — ©0*0000000 


To BA 213:2379 — . 2˙3288644 


That is, the mean diſtance of the ſun's center is 


| 213*2379 ſemi-diamieters, or 1066189 of his whole 


diameters. And if from ap be taken BD or +, we 
ſhall have remaining nearly 106 diameters for the 


W diſtance of the ſurface. | 


Note. After the ſame manner may be calculated 
the proportion of the diameter to the diſtance of any 
other celeſtial body, whoſe apparent diameter is large 
enough to be meaſured. And, in particular, the 


mean diſtance of the moon, whoſe mean apparent 


diameter is 31 16”, will be found to be 109 · 95 times 
her diameter. | 


If when the moon appears in the horizon to a ſpec- 
tator on the earth, at her mean diſtance from it, her 
zenith diſtance, as calculated from aſtronomical ta- 
bles, be 89 2 555; it is required to find how many 
of the earth's ſemi-diameters the ſaid mean diſtance 
ef the moon is equal to. 


. Here 


[ 
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Here aB is = 
one ſemi- diameter 
of the earth, and 


Hence, As s. Lo 57 5” — 82202155 
Tos. CB go? — 10*'0000000 
So is AB 1 ſemi- diam. | 010000000 


© Foes AS A, £m ws 2_XD_ 4 a4 


To AC 60226 — 1˙7797845 


— — 


That is, the diſtance of their centers is 60226 of 
the earth's ſemi-diameters, or 30% whole diameters. 


Note. Hence, and from the note to the laſt ex- 
ample, it appears that the diameter of the earth is to 
= of the moon as 10995 to 305, or as 11 to 3, or 

7 to 1 nearly.—Conſequently, as 3+ : 1 :: 7958 
ag earth's diameter in miles): 2170 miles = the 
moon's diameter.—Likewiſe the ſurface of the earth 
is to that of the moon as (34 x 34 or) 134 to 1 
nearly ; or, the earth reflects upon the moon about 
135 times as much light as the moon does upon the 
earth. Moreover, the bulk of the earth is to that of 
the moon as (34 & 34 X 34 or) 48 to 1 nearly. 


me 


Lo A: y = * 8 . * , . CF „ ©, 5.” Jr 3 Ea, pkg N " 
!.... FOLD oc OPT Ss WE ꝗqẽuuvul. ERS ST, IIS 
\ SG , p <>" 4CS 1 $9 % ap. . % 2 x bs 


Ct ER 


bo. a ASH 


GENERAL 


SCHOLIUM. 


There are many other methods and inſtruments 
uſed to find the altitudes and diſtances of objects, 
ſome of which are here ſubjoined. 


1. One very eaſy method is by a 4A * 

ſquare with a plummet Ax ſuſpended 8 
from one corner A, and the two ſides 
Bc, be, meeting in the oppoſite 
angle c, divided into 10, or 100, . 
or 1000 equal parts; and two Fx 
fights on the fide AB. ö 
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B/ 
Let the height of che pole 45 Fa 
be 6 feet, the length of its ſhadow E 
ac 4, and the ſhadow ac of the H 
altitude 40 feet; then ca = 4 : / 
ab =6::CA= 40: 43 2 60. {i / 
0 0 C K 


It is evident that, in U 
taking any altitude aB : A 
with the ſquare, the - 7 
plummet will always „ „ 

cut off from the ſquare „ 

a triangle ſimilar to 4 : „ .»& 

that formed by the baſe x 1 

line ar, the perpen- © e 
dicular FB, and Ba, — — 3 

8 E D C A 


If the angle zar be equal to 45*. Then the 
plumb line will paſs through the oppoſite angle of the 
ſquare, and the diſtance Da will be equal to the alti- 
tude BF : So if D' be 60, then Be will be 60 alſo. 

If the angle b& greater than 45˙7, as at the ſtation 
Cc. Then the part of the fide cut off ae, will be to 
the whole ide ab, as ar, to FB: So if ae be 6 di- 
viſions of which 4 is 10, and the diſtance ca be 36 
feet; then 6 : 10 :: 36 : 60 feet = the altitude BF. 

If the angle be leſs than 45*, as at the ſtation E. 
'Then the part is cut off the other decimated fide, 
and bc : ce :: EA: B: So if the parts cut off be 6, 
and the diſtance 100 feet, then 10: 6 : : 100: 60 


feet = BE, 


2. Another method is by ſhadows, from the pro- 
perty of fimilar triangles alſo, For any object, and a 
pole ſet up parallel to it, are in proportion to each 


other as the length of their ſhadows, formed by the 
„ | | 


2 | 3. Another 
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3. Another method is by two poles ſet up pa- 
ralle] to the object, the one longer than the other, ſo 
that the obſerver may ſee the top of the obje& 
over the tops of both the poles. | 


Let the pole ef be = 4 


feet, cd = 7 feet, their diſ- | 

tance aſunder ec = fg = 8 8 

feet, and the diſtance ea Fs Pa 
of the ſhorter pole from 7 | 

the object = 160 feet.— F of 


Then, the triangles gd, 
eg being ſimilar, 2: 
:e: e, tha is 8.: 3 
(=7 —4) :: 160: 60 feet 
ze; hence 3c + ca = 
BC + fe = bo + 4 = 64 
＋ AB. 


W- 


4. A fourth method is by. viewing the image of 
the top of the object reflected from a ſmooth ſurface, 


as a mirror placed horizontally, or a veſſel of water. 


Let c be the reflecting 4B 
ſurface, at the diſtance Fi 
of 84 feet from the bot- | 
tom of the object AB; 
and let a perſon at p, 
7 feet from c, with his 
eye 5 feet above the 
ground, view the image 
of the object at e; then 


becauſe the triangles DoE, ca8 are ſimilar, agree- 
ably to a principle of the opticians, we ſhall have 
CD : DR:: CA : AB, that is 7:5 :: 84 : 60 feet 
= AB. 


5. A 


Ko Los 8 3 2 1 . < 
%% agCoiED IE IIS et i en Sh a 
= 5 0 * v4 Sz EIN, — %. 4. 
— . N 2 * * . 
e 8 ** _ * 4 


_— _—_— cc. +7, _+__ TT] 


5 having laid himſelf upon 
his back, with his feet 
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5. A fifth method is for . 
the obſerver to fix a pole 
ob, equal, in length, to the . 
height of his eye, perpendi- 5 | 


cularly at e, by trials, at i 
ſuch a diſtance from a, that D* 


againſt the bottom of the 
pole, he may ſee the tops | | 
D and B of the pole and object in the ſame line: 
for then EKA will be equal to AB, becauſe Ec is equal 


diſtance from the foot to the eye of the obſerver will 
be in proportion to the height of the pole, as the 
W whole diſtance is to the height of the object required. 


6. When the perpendicular altitude of an irre- 
gular hill or aſoggg, is to be aſcertained ; or when, 


in levelling, for condaQing water, &c. it is required 
to find how much — place is above an- 
other; a level and perpendicular poles, or objects, 
commonly are uſed. | 


SS |= So 


to b. Or the pole may be of any length; for the 


Y 
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So the level being fixed horizontally, and the 
places &, c, d, &c ſeen upon the poles through the 
ſights of thetevel, being marked; the heights ab, cd, 
ef, added all together, will give the whole height 


AB of A above a; and the diſtances bc, de, fa, added, 


together, will give the horizontal diſtance as of & 
from 4. : 


Another method of levelling is ſometimes uſed, 
viz. The angles of elevation-or depreſſion are taken, 
frora ſtation to ſtation, with an arc of a circle, having 
a plummet pendent from its center, and the ſeveral 
diſtances, being meaſured upon the ground, are the 
hypotenuſes of the right-angled triangles, of which the 
angles at the baſes are expreſſed by the aforeſaid ob- 
ſerved angles ; and conſequently, the perpendiculars 
of thele triangles being calculated, their ſum will be 
the difference of level b-tween the extreme places, if 
the angles were all of elevation, or all of depreſſion; 
but if the angles be ſome of elevation, and ſome of 
depreſſion, the perpendiculars which belong to the 
angles of the ſame kind being added together, wil 
give two ſums, whoſe difference will be the difference 
of level required. 
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b two methods, when accurately performed, 
are both very juſt, at leaſt when the ſtations are at 
no great diſtance from each other; yet the former is 
more to be depended on than the latter, in as much 
as the obſervations required by it, are leſs ſuſceptible 
of error; for beſides the inaccuracy of the meaſured 
hypotenuſes, on account of the unevenneſs of the 
ground, the angles themſelves can hardly be taken, 
with the generality of inſtruments for this purpoſe, to 
leſs than quarters of degrees. | 

But when the places, of yhich we would know 
whether of them 1s the higher, are far diſtant from 
each other, inſtruments of greater accuracy are to be 
uſed, ſuch as very exact levels with teleſcopes ; but 
in ſuch caſes an allowance muſt be made for the ro- 
rundity of the earth; for the true water-level courſe 
is determined by a line of which every part 1s at the 
ſame diſtance from the center of the earth, and which 
is, therefore, an arc of a great circle of the earth, 
conſidering it not as an oblate ſpheroid, but as a 
ſphere, its difference from that form having, in this 
caſe, no ſenſible effect; and the allowance neceflary 
to be made in the level, 1s at the rate of 8 inches 
nearly to a mile meaſured upon the earth ; for the 
viſual line, when the level 1s properly fixed, being 
a tangent to the earth, or at leaſt Mrallel to one, that 
line at the diſtance of one milg&rom the ſtation is 
7:96 inches above the water- level line, or ſo much 
farther from the center of the earth than the inſtru- 
ment is. And for other diſtances, above or below a 
mile, the allowance for the level varies in proportion 


as the ſquare of the diſtance. 


It may be neceſſary farther to obſerve, that in 
taking, at ſeveral ſtations, the difference of level be- 
tween two places, it is not neceflary to go in a line 
from the one to the other, but. every two ſucceſſive 
ſtations may be taken in any direction that may ſeem 
moſt convenient, 


© & 
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PRACTICAL QUESTIONS IN TRIGONOMETRY, &c, 


QvesT10N 1. A may-pole, 50 feet 11 inches 
high, at a certain time will caſt a ſhadow 98 feet 6 
inches long; what then is the breadth of a river, 
which, running within 20 feet 6 inches of the foot of 
a ſteeple, 300 feet 8 inches high, will, at the ſame 
time, throw the extremity of its ſhadow 3o feet 9 
inches beyond the ſtream? Anſ. 5 30 feet 5 inches, 

Quksr. 2. Required the length of a ſhoat, 
which being to ſtrut 11 feet from the upright of a 
building, will ſupport a jamb 23 feet 10 inches from 
the ground. Anſ. 26 ft z inc. 

QuesT. 3. A line 27 yards long will exactly 
reach from the top of a fort, to the oppoſite bank of a 
river, known to be 23 yards broad: what is the 
height of the wall? Anſ. 42 ft 5 inc. 
Qvxsr. 4. Two ſhips ſet ſail from the ſame port, 

one of them goes 50 leagues due eaſt, and the other 

84 leagues due north: how far are they then aſunder: 
1 Ant. 974 leagues, 

; QUEST. 5. The height of an elm, growing in 
the center of a circular iſland, go feet in diameter, 
plumbs 53 feet; and à line of 112 feet long 
ſtretched from the top of the tree ſtraight to the 
nearer edge of the water: required the breadth of th: 
moat, ſuppoſing the land on either fide of the water, 
to de level. | Anſ. 834 feet. 

Quksr. 6. Suppole a light-hguſe, built on the 
top of a rock, the, diſtance between the place of ob- 
ſervation, and that part of the rock level with the 
eye, and directly under the building, is given 310 
fathoms ; the diſtance from the top of the rock, to 
the place of obſervation, is 423 fathoms; and from 
the top of the building 425 : required the height of 
the edifice, Anſ. 17 ft 7 inc. 
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QuzsrT.:7. A ladder, 40 feet long, may be ſo 
planted, that it ſhall reach. a window 33 feet from 
the ground, on one fide of the ſtreet ; and by turning 
it over, without moving the foot out of its place, it 
will do the ſame by a window 21 feet high, on the 
other fide : required the breadth of the ſtrcet. 

Anſ. 56-649 feet. 

Qvesr. 8. There are two columns left ſtanding 
upright in the ruins of Perſepolis; the one is 64 feet 
above the plane, and the other 50: In a right line 
betwech theſe ſtands an antient ſtatue, the head of 
which is 97 feet from the ſummit of the higher, and 
86 from that of the lower column; the baſe of which 
meaſures juſt 76 feet to the center of the figure's 
baſes required the diſtance between the tops of the 
two columns. | | Anſ. 157 feet. 

QuEesT. 9. A may- pole, whoſe top was broken 
off by a blaſt of wind, ſtruck the ground at 15 feet 
diſtance from the foot of the pole: what was the 
height of the whole may - pole, ſuppoſing the length 
of the broken piece to be 39 feet? Anſ. 75 feet. 
| Quks r. 10. Suppole the breadth of a well at the 
top be 6 feet, and the angle formed by its fide and 
a viſual diagonal line from the edge at top to the 
oppoſite fide at the bottom, 18 30“: required the 
depth of the well. | Anſ. 17:89 feet. 

QuzEs r. 11. At 85 feet diſtance from the bottom 
of a tower, the angle of its elevation was found to be 

52 3o': required the altitude of the tower. 

= Anſ. 110- feet, 

QUEST. 12. At a certain place the angle of ele- 
vation. of an' inacceſſible tower was 26 30'; then 
meaſuring 75 in a direct line towards it, the angle 
was then found to be 51? 30' : required the height 
of the tower, and its diſtance from the laſt ſtation. 
| Aut | height 62, 

I diſtance 49. 
4 / QUEST, 
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the other end, and found the one to be go?, and the 
other 61? 45” : required the diſtance of the caſtle W 
from cach ſtation. Ant. 113 5˙8, 


I ſet it again, and found, its bearing x w by w. 
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Quksr. 13. To find the diſtance of an inacceſſible 
caſtle gate, I meaſured a line of 73 yards, and at each 
end of 1t took the angle of poſition of the object and 


— 


| 154.2. 

Quksr. 14. From the top of a tower by the ſea 
ſide of 143 feet high, I obſerved that the angle of de- 
preſſion of a ſhip's bottom, then at anchor, was 55"; 
what was its diſtance from the bottom of the wall? 
| Anſ. 204.56 feet, 
Quksr. 15. How far at ſea can the pike off 
Teneriff be ſeen, its height being 4 miles, and the 
radius of the earth 39787. miles? Anf. 198+ miles, 
QuEesr. 16. It a ſhip, in the latitude of 50 
north, fail 52 miles in the] direction s wby s: 
what latitude is ſhe arrived ih, and how much farther 
to the welt ? A ( hat. 490 16'8, 
| | m. {weſt 28:9 miles 
Quksr. 17. Sailing w s Ww, I ſaw, at ſome 
diſtance, a point of land, which I ſet, and found its 
bearing W by N; and after failing 6 leagues farther, 
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Required its diſtance. | Anſ. 26:13 miles 
Quxsr. 18. Obſerving three ſteeples, A, 8, c, in 

a town at a diſtance, whoſe diſtances aſunder are 
known to be as follows, namely, AB 106, ac 202, 
and BC 131 fathoms, I took their angles of poſition 
from the place where I ſtood b, which was neareſt the 
ſteeple x, and found the angle aps 13* 3o', and thi 
angle op 297 5o'. Required my diſtance fro 
each of the three ſteeples. 3 [ DA 3o2'd 
| | Anſ. J DB 214˙8 

| EP Ip 2620 
QuesrT. 19. Suppoſing my ſtation to be fartheſt 
from the ſteeple B, required to find the diſtances 
from it, when the diſtance AB is 9 furlongs, Ac 12, 
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and Bc 6 furlongs ; alſo the angle aps 33* 45, and 
the angle cDB 22? 30. | DA 10'64 
| Anſ. J DB 15:64 
DC 14˙01 
VEST. 20. Two ſhips ſail from the ſame port; 
the one fails EN E 85 miles, the other fails E by s 
till the firſt ſhip bears x w by W: what is the diſ- 
tance of the ſecond ſhip from the port, and alſo from 
the firſt ſhip ? Anſ from the port 184-7 
* 1 from the 1ſt ſhip 12374 
QuesT. 21. Two ports lie eaſt and weſt of each 
other : a ſhip ſails from each, namely, the ſhip from 
the weſt port fails x E 89 leagues, and the other 
fails 80 leagues, when ſhe meets the former: re- 
quired the latter ſhip's courſe, and the diſtance be- 
tween the two ports. courſe 51* 52 
Anf. J: 
diſtance 1123 
QuEesr. 22. Two ſhips fail from a certain port; 
the one fails s by E 45 leagues, and the other ss w. 
64 leagues. What then are their bearings and diſ- 
tance aſunder ? Anſ. 282 43 14 
iſtance 36*5 
Quksr. 23. A ſhip failing x w, two iſlands ap- 
pear in fight, of which the one bore N, and the 
other WNW; but after failing 20 leagues, the 
former bore N E, and the latter w by s. What is 
the diſtance aſunder of the two iſlands? 


Anſ. 32:38 leagues, 
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ALT 


or SUPERFICIAL MENSURATION, OR Tur 
MENSURATION OF PLANE FIGURES, 


EINE ab IHE IIs cat ape gNzz- ze r Wes üer: robes IH 


lierten t 


OF THE AREAS OF RIGHT-LINED AND CIRCULAR 
| FIGURES. 


HE meaſure of a plane figure is called its arca. 

By the menſuration of plane figures 1s deter- 

"mined the extenſion of bodies -as to length and 

breadth ; ſuch as the quantities of lands, and the 
works of many artificers. 

Plane figures, and the ſurfaces of bodies, are 
meaſured by ſquares; as ſquare inches, or ſquare 
feet, or ſquare yards, &c; that is, ſquares whoſe ſides 
are inches, or feet, or yards, &c. Our leaſt ſuper- 
ficial meaſure is the ſquare inch, other ſquares being 
taken from it according to the proportion in the fol 
lowing table. 


Table of Square Meaſure. 


Square Inches | Sq. Feet 
I44 I 8. Yards = $ 
. 1296 9 : I S. Poles 
39204 2724 30 1 S. Cha. 
6272644 4350 484 . 
6272640 43560] 4840 160 10 1s. Nile 
401448962787 8400 13097600 102400 6400 | 640 2 
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PROBLEM I. 


To find the Area of a Parallelogram, whether it le a 
Square, a Rectangle, a Rhombus, or a Rhomboid. 


RU I. 


* Multiply the\length by the height or perpen- 
dicular breadth, ahd the product will be the area. 

That is, AB X ac = the area. 

Note. Becauſe the length of a ſquare is equal to 
its height, its area will be found by multiplying the 
fide. by itſelf— That is AB X AB or AB* is the area 
| the ſquare. 

| E X- 


- 
* DEMONSTRATION. 


For, let Aßcb be a rectangle; and let A ——= 
its length ap and cb, and its breadth | | | 
AD and Bc, be each divided into as many 
equal parts, as is expreſſed by the num- | 
ber of times they contain the lineal | 
meaſuring unit; and let all the oppoſite E | 
points of diviſion be connected by right 1 5 C 
lines. — Then, it is evident that, theſe | 
lines divide the rectangle into a number of ſquares, each equal 
to the ſuperficial meaſuring unit; and that the number of theſe 
{quares is equal to the number of lineal meaſuring units in the 
length, as often repeated as there are lineal meaſuring units in 
the breadth, or height ; that is, equal to the length drawn into 
the breadth. But the area is equal to the number of ſquares or 
ſuperficial meaſuring units; and therefore the area of a rectangle 
is equal to the product of its length and breadth. 
Again, a rectangle is equal to an oblique parallelogram of 
an equal length and perpendicular height, by Euclid I. 36. 
Therefore the area 1 every parallelogram is equal to the 
product of its length and height. 2. E. D. 
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* 
* 


EXAMPLES. 


1. What is the area of a parallelogram whoſe Wi 
length is 12*25 chains, and its height 8-5 chains? 
12*25 length 
8-5 breadth 


— EEE 


6125 
9800 


10) 104125 ſquare chains 
10'4125 acres F 
4 Anf. 10 1 26 


—— —— — — <. 4, Mo — —— - 
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1.6500 roods / 
} a0 Li 
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260000 perches 


— w 


Note. Four roods are equal to an acre, and there- 
fore 40 perches, or ſquare poles, make a rood. 


Ex. 2. What is the area of a ſquare whoſe fide 1s 

 35*25 chains? | Anſ. 124ac. Ir. 1p. 

Ex. 3. What is the area of a rectangular board, 
Whoſe length is 12:5 feet, and breadth 9g inches? 

5 | Anſ. 9375 ſq. feet. 

Ex. 4. How many ſquare yards of painting are 

in a rhombus, or a, rhomboid, whoſe length 1s 3) 

feet, and perpendicular breadth 5*2 5 feet? 
Anſ. 21587. 
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FT 
* 
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. 


As radius (viz. fine of go? or tang. of 45 
Is to the ſine of any angle of a parallelogram 
So is the product of the ſides including the angle: 
To the area of the parallelogram. 
That 
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1— 8E 


* That is, AB X BC „ nat. fine of the angle B = 


the area. 
Note. Becauſe the angles of a ſquare and rectangle 


are each 90%, whoſe fine is 1, this rule, for them, is 


the ſame as the former. 


EXAMPLES. 


1. What is the area of a rhomboides whoſe length 
is 36 feet, ſlope height 25:5 feet, and one of the 
leſs angles 58* ? „ | ( 

(Rad.) 1 : · 8480481 (nat. fine of 58*) :: 918 (= 


25˙5 X 36) : 778-5081558 the area. 


Or, to uſe the Logarithms. 
Radius — — — _ 10*0000000 
Sine of 55% — — 9 928420 5 
918 — — — 29628427 


778.5081 „ 28912632 


Ex. 2. What is the area of a parallelogram whoſe 


angle is go”, and the including ſides 20 and 1225 


chains? Anſ. 245 acres. 

Ex. 3. What is the area of a rhombus, each of 
whoſe ſides is 21 feet 3 inches, and each of the leſs 
angles 53* 20'? Anf. 362208757 feet. 

Ex. 4. How many acres are in a rhomboides 
whole leſs angle is 3o?, and the including fides 253 5 
and 10·4 chains? Anſ. 1g ac. 29-12 per. 


RULE 


11 


2 
* DEMONSTRATION. 
For, having drawn the perpendicular Ar, the area, by the firſt 


rule, is Ar x Bc; but as rad. 1 (s. Er) : 8. B: AB: AP = 
= 5 48 X AB; therefore ay X H = BC X s. £B X AB, is the 


area; Or 1:8. CB :: ABX BC: s. L Xx AB X BC= the area 
of the parallelogram. 2. E. D. | 
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/ - ECL 2A 
A £4 1 
N 


7 BD BD 
* As radius | | | 
To the fine of the angle which the diagonals of 1 
parallelogram make with each other 
So is the product of the diagonals 
To double che area. 


FR - ADBX cod XxX nat. 8.2. 
That is, the area. 


2 
Note. Becauſe the diagonals of a ſquare and rhom- 
bus interſect at a right angle, whoſe ſine is 1, there- 
fore half the product of their diagonals is the area. 
That is, 4aB* in the ſquare, and zA Xx cÞ in the 


rhombus, is the area. 


EXAMPLES. 


1. How many ſquare yards of pavement are in 3 
{quare whoſe diagonal is 27 feet 6 inches? 
| 27˙5 
273 
1375 
1925 
550 


2 756˙25 


9) 378˙125 feet 


42*0 192 yards 


Ex. 


— 


* 8 


This rule is common to all quadrilaterals, and is proved # 
caſe 2 of prob. 3, f 


Ex. 2. How many acres are in a piece of land, in 
the form of a rhombus, whoſe diagonals are 30 and 
20 chains? | Anſ. zo acres. 
_ Ex. z. How many yards of painting are in a rect- 
angle whoſe diagonals, interſecting in an angle of 
o', are each 32 feet? . Anſ. 288. 
Ex. 4. What is the area of a rhomboides whole. 
diagonals, making an angle of 60%, are 30 and 25 
feet? ä Anſ. 3247595 feet. 


4 


PROBLEM 11. 
To find the Area of a Triangle. 


* nan Ui.» 4 


Multiply one of its ſides by the perpendicular let 
fall upon it from its oppoſite angle, and half the pro- 
duct will be the area. 


„ AC X BP 
That is, = the area. 


EXAMPLES. 
1. What is the area of a triangle whoſe baſe ac is 
40, and the perpendicular By is 14*52368 chains. 
1452368 
20 


29047360 
| 


01 89440 
40 


7:577600 


Anſ. 29 ac. or 7p. 
E. 


* 


* 


* DEMONSTRATION. 


This follows from rule 1 prob. 1, becauſe a triangle is half a 


0 parallelogram of the ſame Haſe and height, 


— ̃ g > . Maui, 1 23 — „ 


r Cote ANT =P — 
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Ex. 2. How many ſquare feet are in a right. 
angled triangle whoſe baſe is 40 and perpendicular 
30 feet?  Anf. 600. 

Ex. 3. How many ſquare yards are in a triangle 


whole baſe is 49 feet, and perpendicular 2 5 feet. 
Ant. 68*736.. 


„„ 


As radius | ES 
To the fine of any angle of a triangle ED 
So is the product of the ſides including the angle: 
To double the area of the triangle. 


That is,. n —— = the arca. 


\ | EXAMPLES. 


1. What is the area of a triangle whoſe two fide 
are AB 30, and AC 40, and the included angle 4 
a8 37 18? 95 
4841226 fin. LA 

30 AB 
14*5236780 
20 +AC 


: 290˙473 5600 anſ. 


* DEMONSTRATION. 


This follows from rule 2 prob. 1, becauſe a triangle is half 
parallelogram of the ſame baſe and hei, ht. 
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Ex. 2. How many (quare yards are in a triangle 
of which one angle is 459, and its including fides 25 
and 214 feet? Anſ. 2086947. 

Ex. 3. How many acres are in a right-angled 
triangle whoſe baſe is 40 and perpendicular 30 
chains? Anſ. 60. 


Tx UL EE 
* 


* 


From half the ſum of the three ſides ſubtract each 
ſide ſeverally; multiply the halt ſum and the three 
remainders 


- 


* DEMONSTRATION. 
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For, 6b: a+c:: a — AP pe 
therefore 5 ＋ . 22 = AP: 
26 
1 hence 8 — = 
x 
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the area. 2. E. D. 


Cor 0 
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remainders continually together, and the ſquare root 
of the laſt product will be the area of the triangle. 


That is, | 
2 0 . 
* 2 


I 3 
Vii 2 fl, oh hea I * 2 — =the area. 


Or, if s be half the ſum of the ſides, then 


Vs * 524 9 Frum c is the area. 


* 


E X- 


Cor. 1. The expreſſion fisalſo=7,/(3+*—a?) x (a*—b « )= 
(putting 5 = 5 + c the ſum, and 4=6 « c the difference of & and) 


a X aa = dd; which is another rule, very uſeful on 
many occations. 


Cor. 2. If all the fides be equal, the rule will become 
VIA A 4 Xx 53, for the equilateral triangle 
whoſe fide is a. 


Cor. 3. If the triangle be right - angled, a being the hypotenuſe, 
a+b+c — 4a + b +c 
2 


the rule will become — —— x 
2 


or 2SX 2 þ—a, putting 


h * 

wok e X at+b+c 
2 2 

— — Ls OE a + bb + cc + 2be ,na—bb—cc +2 
2 2 4 4 

are then = one another, being each. = 234, becauſe aa is = 


b5 + CC's 


5 for the perimeter. For the two.quantitics 
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EXAMPLES. 


. What is the area of a triangle whole three ſides 
are 20, 30, 49 chains ? | 


99 


40 45 45 
30 30 5 20 
20 — 
— I 15 ſec. dif. 2 My third dit. 
2) 90 | I 15 ſecond dif. 
45 half ſum 375 
40 5 firſt dif, 
5 firſt dif, 1875 
— 45 half ſum 
9375 
7500 
84375 (290· 4737 ſq. chains 
F 4 | 
) — or 29104737 acres 
| 443 4 
\ .- 9 1] 44*- 
— 18948 
K 5804 | 27500 40 
le 23216 
— 
5808 | 4284 —— 
G 4066 
ng 
Anſ. 29 ac. 7 per. 218 
nd 174 
ab: | , 
- 44 


H 2 


Ex. 2. How many ſquare yards of plaſtering are 
in a triangle whoſe ſides are 30, 40, 50 feet? 


Anſ. 663. 
Ex. 
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Ex. 3. How many acres are in a. triangle whoſe 
ſides are 49, 50˙2 5, 2569 chains? 


Anſ. 61ac. Ir. 397 68). | 


PROBLEM III. 
To find the Area of a Trapezium. 
Pd 


GENERAL RULE. 


Divide it ihto triangles according to the manner 
which you judge moſt convenient; then the ſum of 
the areas of the triangles, calculated by the laſt pro- 
blem, will be the area of the trapezium. 


Obſerve, alſo, the follow ing particular rules. 


e. 


If che trapezium be divided into two triangles by 
a diagonal joining two oppoſite angles, and perpen- 
diculars be drawn to it from the other angles: then 
the ſum of the perpendiculars being multiplied by 
the diagonal, halt the product will be the area. 


— 


That 1s, — * Ac = the area, A. 


EXAMPLE. 


If the diagonal ac be 20 feet, and the perpenth 
cular By equal 4-2 feet, and pq equal 3'8 feet. 


Then —.— * 208 X 10 S 80 ſquare feet, the 


area, 
RULE 


— 


* DEMONSTRATION. 


Ac Xx BH Ac x DG 
+ —— = 


2 


For the trapezium SA ARC + A Abe = 


„ Ac. 2. E. D. 
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n 1 


If chere be drawn two diagonals cutting each 
other: the product of the diagonals multiplied by 
the natural ſine of the angle of interſection of the 
diagonals, will be double the area. And this rule, as 


well as the former, is common to all quadrilaterals. 


. t. 8. R 
That is, ==——— - = = the area. 


Or, as radius: s. R:: FAC XBD : the area. 


EXAMPLE. 


Suppoſe the two diagonals be 40 and 30 chains, 
and that at their interſection one of the leſs angles is 
48. 

Then, ſince the nat. fine of 48? 1s · 743 1448, the 
area = N 


- ?=600X*743 1448—= 445338608 
ſq. chains = 44 ac. 2r. 14 19008 p. 
By the Logarithms, 
Rad. — — 10*0000000 


Sine of 48 — — 98710735 


40 * 30 


=600' — wr may 


Area 445*8869 {q. chains — 26492248 


H 3 RULE 


* DEMONSTRATION. 

For the trapez. = the four As ARB, BRC, CRD, DRA, = 
(AR X RB + BR XRC+ CR N RD + DR X RA) X £8. E 
(at +RCXBR+ CR+RAXDR) X 18. ZR = AR + RC X 
BRI RD X 8. CR Ac x BD & 18. R. 2. E. D. 
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r . 


Square each fide of the trapezium; add the ſquares 
of each pair of gppoſite ſides together; ſubtract the 
leſs ſum from ee and multiply che difference 
by the tangent df the angle formed by the diagonals, 
and g of the product will be the area. 

That is, AB + cb* « DA + Be? XA tan. R area, 
Or Asradius :4tan. CR :: AB TCD © DA?+ IC“: area. 

Note. This rule fails when the diagonals interſed 
at right angles: for then the tangent is infinite, and 
the difference of the aggregates of the ſquares is 
nothing. 4 


EXAMPL E. 


If the les bes = 10, e 9, eos =8, DAS} 
feet; and the leſs angle made by the diagonals equal 


to 80 degrees; what 1s the area ? 
The 


* DEMONSTRATION. 


For call AR, ; RT, 2; CR, Þ; RD, 7; 5 55 t, the fine, coſine, 
and tan. ZR. 


Then, by 12. and 13. II. Eucl, 


BAT = mm + nn + 2 nunc 
AD* = mm + 9 -- 2 ng 
BC* = un + fp — 2npc 
cD* = 


77 T tf 2549 2 
And by add. and ſubt. A +cy* —pa*— Bc? = mn+pg+mg+!}þ 
X 2C=MTP XnÞ+94qX2CZACKX BD X 2C, 
But AC Xx B Xx | 5 = the area by the laſt rule, 


: C 
Theref. AB? + cD? — DA? - BC . X area = X arca 


s 
And (ABZ + cp* DA + Bc*) x 1t=area, 2. E. D. 
Corel. It appears from the demonſtration, that the ſum of 
the {ſquares is greater in that pair of oppoſite ſides which ſub- 
tend the greater, or obtuſe, angles at the interſection x; and, 0! 
conſequence, when all the angles at x are equal to each other, 
that is, when the diagonals interſect at right angles, the ſums ot 


= ſquares of both pairs of oppoſite ſides will be equal to each 
other, | 


0 
4 
CS 


2 


ha 5 ex. | 
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The tangent of 80* is 5*6712818, therefore 
(a3 + CD* DA? + BC X +tan. 80 1S$=104— 130 
*  X 5:6712818 = 34X 141782045 = 48:2058953 


quare feet, the area. 


Or, by the Logarithms thus, 


Radius — — 1I0'0000000 
Tan. of 1007 — 107536812 
37 = 8˙5 — — 09294189 
4+ 7 57 

Area = 4820589 16531001 


n 


If the trapezium can be inſcribed in a circle, that 


is, if the ſum of any two oppoſite angles be equal to 


two right angles, or 1807; then multiply any two 


| adjacent fides together, and the other two ſides toge- 


ther; and multiply the ſum of theſe two products by 
the ſir.e of the angle included by either of the pairs 
of ſides which are multiplied together; fo ſhall half 
the laſt product be the area. | 


. ADXDC+ABXBC) XS. £.DOrS. LB | ' 
That is, — — the area. 


Or As radius: s. Dor s. L B:: 


ADX De AR NK BC 
2 


: area, 


EXAMPLE I 


If the ſides be as equal to 7*;, Be equal to 35, 
op equal to 6, DA equal to 4, and the angle B equal 
H 4 | Lo 


ts 


* DEMONSTRATION. 


For this product will be equal to the two trigngles anc, anc, 
found by rule 2, prob. 2, fince the fines of the oppoſite angles p, 
By of a trapezium inſcribed in a circle, are equal to each other, 


/ . 
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to 74” 404 „and, therefore, the angle p equal to 
105? 19; what is the arca ? 
Here the fine of 74˙ 4027 is 9644229. 
Then — „ 9644229 = bats: 
ſquare feet, the 1 
Or, Radius — — _ 10*0000000 
Sine LB 74 40% — 99842675 
— . = 32˙625 15135505 


Arca = 314643 — — 14978180 


nnen. 
Or, when the trapezium can be inſcribed in 4 


circle, the area may be, otherwiſe, found thus : 
From 


* DEMONSTRATION, : 


For, upon the ſides Ab, pc, let fall the T-............. 7 
perpendiculars Bs, kT: put s= the fine of 
the angle a, or of the angle c; and a, 5, , 
aA = the four ſides AB, BC, cu, DA reſpec 

tively. : 


D 
a:ay/1—s= A 
b:bB/1=s=cn 
hence sp . - 5s, and pr Sc - 39/11 =. But by 
right-angled triangles, Bs* + s DS DT + TBD, that is, dd + 


24d % +aa = — 2bex/1 = 53 + Bb, and hence 
bh + cc = aa — dd 


o/1 = 5s r and 5 = 
24 + 2 0c) — (bb + cr — aa — ad)? 

2 ad + 2bc | | x 
the area will be x,/(2ad + 25 0. = (bb + oc = aa — d = 
TFiVG+f-a=d) x (a+#-3=&f) = 
14/(4+%)+c—4) xX (a+b—c+4) x (a—b+c+4) x (—=a+$+c+0) 
= NV if 5 be half the ſum of thi 
four ſides, 2. E. D. 


Then 1 ; E 15. +1 rang and 1: 1-8: 


; then, by the laſt rule, 
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31. e ſquare feet the arca. 
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From half the ſum of the four fides ſubtract each 
fide ſeverally; multiply the four remainders conti— 
nually together, and the {quare root of the laſt pro- 


duct will be the arca. z 


That is, | 
n a+pb—c+d4 * — * —a4＋- ATA 


2 2 £2 2 
— the area. Or if s be half the ſum of the ſides, then 
V (5 —@4) X (5 —b) X (s—c) X () is the area. 
The letters a, &, c, d, denoting che four ſides of 
the trapezium. 


EXAMPL E. - 


The four ſides of a trapezium inſcribed in a circle, 
are 6, 5*5, 75, 4 feet; required the area. . 
$+$5+7'54, 6+£07:544,, 6-55+7 544, 6+5'5+75+8 
2 


2 


— — 


2 2 
125˙8 5708 
+ 80 — = 
1584 1 


RULE 


— 


Corol. 1. The expreſſion a + 18 a very pretty theorem, 


and may be uſeful on many occaſions. 


Corol. 2. Hence may be deduced rule z for the triangle; for, 
if we here ſuppoſe one of the tides, as 4, to be nothing, or to de- 
creaſe till it vamiſh, the rule will become 


a/(5—a) XG) XG —c) Xx the fame as in the triangle. 


Corol. 3. It, in the trapezium, a = &d, and 5 e, the rule will 
be barely . 

Corol. 4. When all the four ſides are equal, the rule becomes 
Va a X a * a = aa. 

Corol. 5. If the ſides be in arithmetical proportion, either eon- 
tinued or diſcontinued; the ſquare root of the continual pro- 
duct of all the four ſides will be the area. Or, take a mean 


| proportional between any two ſides, and alſo a mean proportional 


between the other two fides ; then the figure wilt be equal to 
the rectangle of theſe mean proportionals. For, half the ſum' of 
the ſides is equal to the ſum of the extremes, or equal to the 


Tum of the means; and each extreme and mean being taken 


from it, will lezre the other extreme and mean; and conſe- 
quently the four remainders will. be equal to the four given 


ſides, Wherefore, &c. That is, Vale = the area. 
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SUL Ev 
| In a trapezoid; multiply the ſum of the parallel 
ſides by the diſtance between them, and halt the 


product will be the area.? 
That is, if AB, pe be the parallel ſides, and ap 


. AB CD : . 
perpendicular to pc ; then — * AP will be the 


Note. This caſe is very uſeful in ſurveying. For 


many irregular pieces of land may be, very conveni- 
ently, divided into a number af trapezoids, of that 
kind in which the parallel fides are perpendicular to 
one of the other ſides, which, in that caſe, is the 
diſtance of the parallel fides. 

eas ; EXAMPLE. 

It as be 7:5, cp 12:25, and AP 15˙4 chains; 
what is the area? 


19*75 
164 
7900 
9875 
1975 


2)304˙1 50 


| An. 1 Sac. 33'2 per. 
15,2075 
4 


8300 
40 


33˙2 000 SME 


* DEMONSTRATION, 


For, the diagonal Ac divides the trapezoid into two triangles, 
whoſe baſes are the two parallel ſides, and heights each equal 
to the diſtance Ar; therefore, &c. 
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SOME PROMISCUOUS EXAMPLES FOR PRACTICE. 


KXAMPELE 1 


How many ſquare yards of paving are in the tra- 
pezium ABCcD, whoſe diagonal ac is 65 feet, and 
the perpendiculars By equal: to 33. 5, and Dq equal 
to 28 feet? | By rule, 1. 


2 )3997'5 


\ 9)1998-7; feet 


Anſ. 22208 yards. 
| * 


— — 


EXAMPLE II. 


What is the area of a trapezium whole ſouth fide - 
is 27*4 Chains, eaſt fide 35:75 chains, north fide 375 5 
chains, and welt fide 41:05 chains; allo the diagonal 
from ſouth-weſt to north-eaſt 48-3 5 chains ? 


By rule 4 of prob. 2, 
$7 3075 + 4835 —_— 55*75 = half the ſum of 
| 2 2 i | 
the ſides of-the ſouth-eaſt triangle. And 
L195 + 12's — —2 2 half the ſum 
| of 


* 
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of the ſides of the north-weſt triangle. Whence 


V 557555752] '4X55"15-3575X55"75-48'35= 
vV 55:75X28'35X20X7'4=,/233915'85=483'648; 
the area of the former triangle. And | 

63475 x63:475—37'55x63'475—41-05 x63'475—48:35 
z 475 Xx 25˙925 XK 22 425X15" I25 =+/ 5581481 
&c = 747-0932 the area of the latter. And their 
ſum is 123057417 ſquare chains = = 123 ac. 118672 
per. the area required. 


EXAMPLE II. 


How many ſquare feet are in a trapezium whoſe 
ſides are AB equal to 12, Bc equal to 13, op equal to 
14, DA equal to 15 feet, and the angle Aa equal to 


| 83* 55 
Firſt, by rule 2, prob. 2 22 —— = 


9935719 X 90 = 89*421471 S the area of the tri- 
angle ABD. 


Again. by trigonothetry, 


- As 27 3. D4|++ AB 3 = DA — AB * 
DBA + ADB 4 

11204053 (tang. — = 48 18 8 Rl 

124489 5 = tang. 1 7* O6. Therefore 


4815 — 5? 06 41 0g' = ADB. And, 


ADB 41* 0g 98182474 
LA 83 30 99971993 
AB 12 10791812 
BD i8'I119 12581331 
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Then, by rule 3, prob. 2, 


„8. ET 44+ + Fe 18*119 + 14- 27 18 2 119+14+13 
2 2 2 


. 5595809 5595R&'5305X4*4405=v/8196'812 


=90*53625 = the area of the triangle pcs. 


The ſum of theſe two is 179957721 = the area of 
the trapezium required. | 


EXAMPLE tv. 


In a quadrangular field the ſouth, ſide is 23 · 4, the 
. ealt ide 19*75, and the north fide 20˙5 chains; alſo 
the ſouth-eaſt and north-caft angles are 7357 and 87 79 
30“: what is the area? | 

Firſt, by rule 2 prob. 2, 8 2525 — 
4995241 X 19*75 X 20'5 = 202'24482 the area 
of the north-eaſt triangle BcD. 

Again, 40'25 = Bc + ep: 75 = 


BDC = CBD 


BC—CD :: 10446136 (tang. = 46" 15): 


10446136 x 3 BDC — CBD 


17 = 01946485 S the 3 f = 
10%. Wherefore BDC = 46*15* + 1*07= 4722“ 


And Z ADB = (Ac - cp = 73*—47* 22' =) 
257 38. But, 


BDS 477 22“ 9:8667026 
1 23% 99 
CB 205 13117539 


BD — 14446378 


Whence, 


* 
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Whence, by rule 2, prob. 2, alſo, | 
2A — 1177 — 10681859 
BD — „„I 
s. ADB — 25* 38 — 96360969 


140. 903 i the area of the A AD 21489206 
Their ſum is 3431479 ſquare chains = 34 acres 
1 rood and 10-3664 perches, the area required. 


SEA MYP LS Vo 


What is the area of a trapezium, infcribed in a 
circle, whole four ſides are 24, 26, 28, 30 yards? 


Here + 25+39— = = 54 the half ſum of 
the ſides. 


Then, byrule 5,V 54-24X 54-26 X 54-28 & 54-30= 


7 vV 30X28X26X24=24\/ 5X7JX13X2=24,/910= 


24 X 30*1662062 = 723-9889488 ſquare yards, the 
area required, 


EXAMPLE VI. 


Ho many ſquare feet are in a board whoſe length 
is 12 f feet, the breadth of the greater end 14 feet, 
and of the leſs 11 inches ? 


2 NI2 T * 12221372 13•5417 


ſquare feet, che area required. 


By rule 6, 


* 


EXAMPLE VII. 


In a trapezoid, the length of the two parallel ſides 
are 30 and 46 chains, and the length of one of the 
other ſides, which is perpendicular to the parallel 
ſides, is 6037 chains: what is the area? 


2 By 
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By rule 6, —. 4 50 60:37 = 38 X 60:37 = 2294-06 


ſquare chains = 229 acres 1 rood 24:96 perches, 
the area required. 


EXAMPLE VI. 


In meaſuring along one fide AB of a quadrangular 
field, that ide "and the two perpendiculars upon it 
from the oppoſite corners, meaſured as in the field 
book below: required the area. 


..... — 


FIELD BOOK. | D 

chains | chains N 
rie re | 
„, @ 99 2 „ 
AB 2 11˙10 + A B 
AP XPC =110X3 2 ©0723 240 
PQXPC+QD=06'35 X947 = 60'1345 2 
DQX QB = 6*95 X-3*65 3 


— — 


the ſum 85724 = double 
the whole figure, whoſe halt = 42-862 ſqu. chains 


deres 1 rood 5 792 perches is the area re- 
quired. 


PROBLEM IV, 


To find the. Area of any Irregular Figure, 


Draw diagonals dividing the figure into trapezi- 
ums and triangles. Then find the areas of all theſe 
ſeparately, and their ſum will be the content of the 
whole irregular figure. 


5 
EXAMPLES. 


1. To find the content of the irregular figure 
ABCDEFGA, 


4 
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ABCDEFGA, in which are given the following dia- 
gonals and perpendiculars: namely 


AT 5'5 
FD 5*2 
GC 4˙4 
Gm 1*3 
BN 1˙8 
60 1*2 
EP O'S 
oq 23 


Ac x m ＋ n = 5˙5 X 3˙1 = 17˙05 = 
FD X GO + EPS 5˙2 X 2'0 = 10˙40 = 26 FED 
GC XD = 44 X23 = 10*12 = 


2) 37'57 
anſwer 18-785 
; 7 50 | PROBLEM . : 
To find the Areas of Regular Figures or Polygons. 
KVLiE 1 


Multiply the perimeter of the figure by the radius 
of its inſcribed circle, or by the perpendicular de- 
mitted from its center to one of the ſides, and half 
the product will be the area.“ | 

Note 


* 
— 


* DEMONSTRATION. 


For, the polygon conſiſting of as many triangles as it hath 
fides, whoſe heights and baſes are each equal to the perpen- 
dicular, and the fide of the polygon reſpectively; if s be a fide of 
the, polygon, ? the perpendicular, and » the number of ſides; 
then 3% will be one triangle, and Aus all the triangles, or the 
whole polygon, 2. E. D. 


* | 
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Note 1. The perimeter of a figure is the ſum of 
its fides, and in a regular figure is equal to the length 
of one fide multiplied .by the number of fides. 

2. The center of the figure is the ſame as the 
center of the inſcribed or circumſcribed circle. 


EXAMPLE, 


Required the area of a regular pentagon whoſe 
fide is 25 yards. | 

Since 22 

5 

72 

2 


= 72 = les; 


hence = = 36* = Acer; 
 andgo—36= 54” = CA; 
Then as 1 = rad. : 
13763819 = tang. 54" :: 122 | was 
=4AF: 1757*2047737 = PC. 
Whence 12 2 N — 
- | 


1075˙298356, the 
area required, 


RE 
Multiply the ſquare of the fide, of any regular 
figure, by the multiplier ſtanding oppoſite its name, 
© 15 in 


»‚r. 


* DEMONSTRATION. 


This rule is founded upon the property, that like polygons, as 
ſimilar figures, are to one another as the ſquares of their like 
ſides; which has been proved. f 

Now, the multipliers in the table, are the areas of the polygons 
to the fide 1; whence the rule is manifeſt, | 


SCHOLIU Mu. 


The table is formed thus: As radius = : tang. C = 
ti; AP: PC=HY X AP = z, ſuppoſing AZ =1; then 27 (er x 
PA) = the A Acs, and 4% = the polygon; where # is the num- 
ber of ſides ; So that, by finding the tangent of the 4car, = 

> the 
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in the following table; and the product will be the 


area. 


= Names, Multipliers, or area when the fide is 1. 
3 |Trigonorequi. A 04339127 = 3 tan. 30 = {4/3 
4 |Tetragenor 0 1*0000000=F#tan. 46% =1XxX1 | 
5 [Pentagon 117204774 F tan. g 
6 Hexagon 2*5980762 = $tan. 60% 275 
7 Heptagon 3*6339124 = { tan. 64 | 
8 Octagon | 448284251 = tan. 674* =2 x 1+/2 
9: Nonagon 61818242 = 3 tan, 70? 
10 [Decagon 76942083 = ?Ptan.72*ﬀ=5,/5+ 24/5 
| 11. |Undecagon 9*3656399 = tan. 73 
32 Dodecagon 111961524 = tan. 75 3 x 2+ 4/3 | 


E X- 
the table of tangents, and multiplying it by the number of ſides, 
2 of the product will be the multiplier in the table. 

All theſe multipliers may be derived from other methods, and, 
indeed, many of them from ſuch as are very ſimple.” 


Thus, in the trigon, orequilateral triangle, ,/1* — = 4/3 = 
2% = the perpendicular, and 4 // is the area.—In the trigon 
the _ * is 30, and therefore the tangent of 309® is 

1 
— 7 — 7 Jo 
In the tetragon, or ſquare, the fide drawn into itſelf 1 x 1=1, 
is the area. 


In the pentagon, the C cf is 54%, whoſe fine is _ 1 and 


its coſine 3 


; and, becauſe the tangent 1s equal to the 


— by the 8 ke v ſhall have the tangent of 54“ or 
r i FEET7 | 
CET ions /1+?4/5; therefore 
the area of the pentagon is 3% 17 3 . 
In the hexagon, all the triangles are equilateral, and therefore 
it will be 6 times the trigon, or 6 times 24/3 = £,/3 = 1½.— 
And, fince, in it, the £car is = 600, the tangent * 60 Fill be 
= 4/3 = triple the tangent of 30%. ; 

In the octagon, the Cogr is 674, whoſe fine is 34/2 + V, 
and — 24/2— Vz; whence the tangent of 673® or: 

. # 

V 72 - = 1+ 4/2; and therefore the area of the octagon 
84X(1+4/2)=2x(1+ „i). 

In the decagon, the angle cap is 725, whoſe ſine is Z,\/10+24/5 
and its coſine 4 x (4/5 — 1); whence : the tangent of 5 


2 
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EXAMPLE 1, 


What is the area of a pentagon whoſe ſide is 25 
feet ? | | 


12 The 


4 


e = FEST and therefore 
Wy IT ie VJ and therefore 


the area of the decagon is g TI = NTV. 
In the dodecagon, the angle car is 75%, whoſe fine is 4 4/2+ 4/3, 


andits coſine L,/2— 4/3; whence the tangent of 75*1s JS = 


2+4/3; and therefore the area of the dodecagon is 7 x (2+ 4/3) 
=3xX(2+4/3). 

The tangents of the _ CAP in the heptagon, nonagon, and 
undecagon, are not ſo eaſily found, independent of a table of tan- 
gents ; but we may find equations whoſe roots ſhall be the re- 
quired tangent, in the following manner. 

Put y and for the fine and coſine of the angle acs at the cen- 
ter, ſubtended by the fide of any polygon, and » = the number of 
ſides: then it is known that the fine of = times that angle, or of 
360), the whole circumference of a circle, is 

pr, le — 1. 1 — 1. a — 2. A — 3. 2 — 4 ; 

W 1.2. 7 1.4.3.4. 3 
But the ſine of the whole circumference is nothing, and therefore 
this ſeries, or the ſame divided by ny, will be equal to nothing 

alſo, viz. | | 7 5 
gol — an3ye 4 — * Se . 0 

3 | 2.3.4. 

And ſince 2 4 an integer number, it is evident that the ſeries will 
always terminate, Now exterminating y by its value V1 -A, 


the ſeries will become 


| I. A- 2 HI N= 2*1=3* Hl, 2 | ng 
KL 1-3(1—xx) + — 5 (1- K&K) & = © 

2.3 ) 2.3+4*5% : 
or op 1.2 —2 1— XX 1 — 1. 1 — 2. 1 — 3. — 4, 1 -* 


—) &c = O. : 


243 xx 2.345 XX 
Or exterminating æ by its value ,/1—y* will give 
ol + „ 12 1 1-1-2. 1 3˙1-4 . 
(1597) * — 170 5 ——_— —(14* Mees. 
i 243 ( * 7 2.3+4+5 ®; by 
1-1. 1-2 „ . 2-2. - 3. 1-4 y _ 
Or 1 — —— — 2 2 1— 2 4 & c — O. 
„ jg + Nap ws G-FFy 


And by writing any particular value for , the root of the 
| equation 
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The multiplier for the pentagon being 172047 74, 


we ſhall have 17204774 X 25 X 25 1075 ˙298375 


the area required. | 
: E X- 


— _ — 


equation reſulting will be the coſine, or ſine, of the angle 
ACB. 2 5 


Thus, if = be = 7, the equation will be 


* — 33*+4#* — 3x=0O | whoſe root] is the { — 


A ro ſine 
of double the complement of the ZA (645) in the heptagon. 


If 2 = 9, the ſeries will become 

4-2 „0 1 1. coſine 
ede ene the} ne 
of double the complement of the angle cae (70®) in the 
RONAgONn, 


* 
If » = 11, there will come out the equation 


* — $x*+ TA -H Ar- dz ol] whole 8 
-i ko root is | fine 
of double the complement of the car (73 r') in the un- 
decagon. 
When the root æ of the equation is extracted, the tangent of 


the CA may be eaſily found thus. Call that tangent?; then 


b being the cotangent of an angle of the double of which 


x] is  cofine __ $4 1$/1—f | 
[5] the fine j theref.s=4/ _— 


2t 
1+ 


Or, by writing inſtead of a, or 


tt—1 1 . 
. inſtead of 5, in the 
three equations above, we ſhall have, 


Firſt, 1 — 2671» 1432f— 245125 + 143/* 262 + 1 =0, an 


equation whoſe root is the tangent of the 4 car (643®) in the 


heptagon. 


Secondly, . 45124 4761217687 + 270141? — 1768177 
+ 476:*—453t* + 1=0, an equation whoſe root is the tangent 
of the CA (Joe) in the nonagon. 


And laſtly, 21 = 70718 ＋ 119776 — 9752844 + 22610712 — 
8 + 226105 7752 + 1197t* — yore? + 1 o, the 
root of which equation is the tangent of the angle car (73;%*) 
in the undecagon, | 
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EXAMPLE II. 


What is the area of a hexagon whoſe ſide is 200 
Here 2:598076 X 20 X 20 =1039*2304 = the area. 
* E X- 


„ 


Moxxoves, If in a ſquare be inſcribed a circle, and in the 
circle the ſeveral regular polygons ; then 
The ſquare will be to 4 as the circle to 3*14159265 &c, and as 
the inſcribed | 
Trigon to t X fine of 120® = 4/3 


Tetragon to x fine of go = 2 
Pentagon to x ſine of 72 =$/10+24/5 


Hexagon to F x fineof 60 = },/3 
Heptagon to 2 Xx fine of 514 =] 
Octagon to 2 x ſine of 45 = 2,/z 
Nonagon to ? X line of 40 = gy 
Decagon to f x line of 36 = 
Undecagon to % x fine of 32 = tz 
Dodecagon to K fine of 30 = 

&c. | &c. 
Where æ lo the . * —Jx*+Jx* =; Oo 


w/v BI> 


y dof the 4{ j*—Hy®F+32y*—1zy* +y 2p = © 

z equation (z - -I + $8.2*-;4ix=0 
as appears from page 116. ü 

or, if the fide of the ſquare, or diameter of the circle, be 2, 
their areas will be 4 and 3*14159 Kc. And, if radii be drawn to 
each angular point of the polygons, they will divide the polygons 
into as many equal triangles, as they have tides; and if, in one 
of theſe triangles, a perpendicular be demitted from the extre- 
mity of one radius to the other, half this perpendicular will ex- 
preſs the area of the triangle, becauſe the baſe upon which it 
falls is equal to 1, and conſequently, half the number of ſides 
drawn into the perpendicular, will denote the area of the poly- 
gon: but the perpendiculars are the fines of the angles above 
expreſſed; and conſequently the truth of the proportions 1s 
manifeſt, | 
As to the values of the fines, they are ſufficiently well known, 

excepting thoſe denoted by x, y, z, whoſe values are as above 


D Ee 


118 CIRCLE. Part 


> EXAMPLE III. 
What is the area of a trigon whole fide is 20 ? 


2. 


Here 433013 Xx 20 X& 20 732052 = the area 


required. 


PROBLEM VI. 


To find the Diameter and Circumference of a Circle, 


the one from the other.* 


RR VL B£ - &o 


As 7 is to 22, ſo is the diameter to the circum- 


ference. 


As 22 is to 7, ſo is the circumference to the 


diameter. 


RULE 


— 


* DEMONSTRATION. 


The proportion of the diameter of a circle to the circumfer- 


ence, is beſt found from the tangent of ſome arc, as follows, 
Let ar be the tangent of the arc as, and 
draw ct indefinitely near cT, and Ta per- 
; pendicular to ct, Put r = CA, T AT, and — b 


a = the arc A3. Then rr 335 =a, 
and cT = 4/rr + tt. 


In the ſimilar As car, Tat, we have 


0 


| rt gf 
er; c Th: r and in the ſimi- 


lar As cBb, cra, we have cr : Ta :: cB : Bb, or 4 


A 


CE XT@ rr. rrt . fit 
CT +) the rr + t * (1 72 y* 170 P A Kc.) And 


the fluent is a=tx r Ei 
4 . 775 97 


length of the are 43. Then, by taking AB = any given arc, 
whofe tangent can be found in terms of the radius, the ſeries will 
then become known; and being repeated as often as ay is con- 
tained in the whole circumference, we ſhall have the length of 


the circumference in terms of the diameter, 


This 


6 
> 
2 
: - 7 
* 
"7 
* 
* 
2. 
2 
2 
* 
2 
8 
0 
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As 113 is to 353, ſo is the diam. to the circumf. 
As 355 is to 113, ſo is the circumf. to the diameter. 


RU 


As 1 is to 31416, ſo is the diam. to the circumf. 
As 31416 1s to 1, fo is the circumf. to the diam. 
14 E x- 


— c * 2» A—_—_ 


< — * * q 1 0 
. *. 2 . 2 . 2 2 oy " 5 * Oy. "oz 3 Y Ir” [IIS > RR 1 >. a 
PPV cc 
72 LES 4, y 4x Y a 4 2 12 4 1 A r * 
4 r a Va I 2 r 2548 . 7 N ö 2 3 F « iy O'S, 
6&5 — Wy <4 * < — A 5 = Alb D — g 6 


This ſeries was firſt given, for this purpoſe, by Mr. Jams 
GREGORY, in a letter of the 15th of February 1671, ſent to Mr. 
CoLLINs, and inſerted in the Commerc. Epifto!.—lf the arc be 
aſſumed greater than half a quadrant, the ſeries will diverge, 
and become of no uſe here; becauſe the tangent will, in that 
caſe, be greater than the radius: but in every other caſe the ſe- 
ries will converge, and become a proper expreſſion for the arc. 

Thus, if AB be the 4 part of the circumference, or 452, its 
tangent will be equal to the radius, and the ſeries will become 
rx(1I-3+4—++5+ &c) = the arc of 45%; and therefore 
8r x (14 ++ —+ + 5 &c) will be the whole circumference. 

Henc the circumferences of circles are to one another as their 
radii, or as their diameters; and, conſequently, the circumfer- 
ence of a circle whoſe diameter is 1, being multiplied by the 
diameter of any other circle, will produce the circumference of 
this circle; which is our rule. 

The laſt ſeries is the fimpleſt form that the general ſeries will 
admit of, although it does not converge ſo quickly as may be 
required; and to find others "converging quicker we mult take 
the arc AB leſs. Thus, | 

Suppoſe AB = an arc of 30?, or the 5, part of the circumfer- 
ence; then its tangent - is = . Or, to make the forms 
{till ſimpler, let us ſuppoſe r =1; then? = , and the ſeries 


will become a= 4/4 x (1 — _ + ISI 7 7853. K⁰ S the 
arc of 30e; which converges ſo faſt, that it may be very 
quickly ſummed; and being multiphed by 12, will give the 
whole circumference. And this is Doctor HaLLEvy's method. 
And by taking ſtill ſmaller arcs, ſeries may be found, in the 
ſame manner, converging much quicker ; but then they will be 
more compounded with ſurd quantities. | 
As the famous quadrature of the late Mr. JohN Macnin, 
Profeſſor of Aſtronomy in Greſham College, is extremely —_— 
tious, and but little known, I ſhall take this opportunity of ex- 
| plaining 


P 


- 
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EXAMPLE I. 


If the diameter of a circle be 7, what is the cir- 

cumference ? | 
3:1416 * 7 = 21*9912 the circumference, = 22 
nearly. 
Therefore the diameter 1s to the circumference, 
nearly as 7 to 22, | | 
E X- 


ll 


plaining it as follows.—Since the chief advantage conſiſts in 
taking ſmall arcs, whoſe tangents ſhall be numbers eaſy to 
manage, Mr. Machin very properly conſidered, that fince the 
tangent of 45O is 1; and that the tangent of any arc being 
given, the tangent of double that arc can eafily be had; if there 
be aſſumed ſome ſmall imple number for the tangent of an arc, 
and then the tangent of the double arc be continually taken, 
until a tangent be found nearly equal to 1, the tangent of 
45?; by taking the tangent anſwering to the ſmall difference 
between 45 and this multiple, there would be had two very 
ſmall tangents, viz. the tangent firſt aſſumed, and the tangent of 
the difference between 45" and the multiple arc; — that, 
therefore, the lengths of the arcs correſponding to theſe two 
tangents being calculated, and the arc belonging to the tangent 
firſt aſſumed being as often doubled as the multiple directs, the 
reſult increaſed or diminiſhed by the other arc, would be the arc 
of 45%, according as the multiple arc ſhould be below or 
above it, | 

Having thus thought of his method, by a few trials he was 
lucky enough to find a number, and perhaps the only one, proper 
for this purpoſe, viz. knowing that the tangent of 4 of 455 is 
nearly = 4, he aſſumed ? as the tangent of an arc: then, ſince 
if e be the tangent of an arc, the tangent of the double arc will 


Sake 


=— the radius being 1; the tangent of an arc double to 
| : 


*+ % 


that of which 4 is the tangent, will be 7 — 2 = N, and 


— LF 
1 

the tangent of the double of this laſt is Iz = Faw nn hou = = , 

„ 1 125 1 
which, being very nearly equal to 1, ſhews that the arc which is 
equal to 4 times the firſt, is very near 45d. Then, ſince the tan- 
gent of the difference between 45 and an arc whoſe tangent is 

T—1 | 

i: ſhall have the tangent of the difference between 
0 


45 


T, 1$ 


— ; 
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EXAMPLE II. 


What 1s the diameter of the circle whoſe circum- 
ference is 355 ? 

355 31416 =112*9997 +, thediameter, = 113 
nearly. 

And therefore the diameter 1s to the circumference 
nearly as 113 to 355. 4 


E X- 


45 ĩ and the arc whoſe tangent is 


120 
1 120 — 119 1 


I20 ＋ 1 5 + 1 120 + I19 239 | 

Now, by calculating, fi from the general ſeries, the arcs whoſe 
tangents are + and 23, which may be very quickly done, by 
reaſon of the Falinef, and ſimplicity of the numbers, and taking 
the latter arc from 4 times the tormer, the remainder will be the 
arc of 45% And this is Mr. Machin's famous quadrature of 
the circle. 

But it was by means of Dr. Halley's method that he found the 
circumference of a circle, whoſe diameter is 1, to be 314159265365 
8979323846, 2043383279, 5028841971, 6939937510, 5820974944, 
5923071864, 0628620899, 8628034825, 3421170679 +, true to 
above 100 places of figures. 


Or, by Pg the above numbers in os . ſeries, 


6 ; 

we getthe ſeries + —_ 8 —— —) &Cc. 

5 0 239) WE 239% © 705 — 
equal to the ſemicircumference whoſe radius 1 x, < or the whole 
circumference whoſe diameter is 1. And this is the ſeries pub- 
liſhed by Mr. Joxks, and which he acknowledges he received 
from Mr. Machix. 

But becauſe the are whoſe tangent is 2, is = 2 times the arc 


whoſe tangent 1s To» minus the arc to tangent IF (for 
; 2 


1 3 
1 nas = tang. of twice are to tang. ve, and 2 TE x Ar. 


= tang, of dif. between the ares whoſe tangents are 3 2 and 4); 
therefore 8 times are to tang. 1⁰ — 4 times arc to rang. - 1 are 
to tang. 2% arc of 459, or whole tang. is 1. Which is much 


eaſier than Machin's way. And various other ways may _y 
be diſcovered from the ſame principles, 


20 
—, equal to 
I 


* | 
It inſtead of 2, in the ren * — * 2 775 &e) be 
IE we 
ſubſtituted its value 55 we ſhall bave 2 —. 1 — — 1 


* 
&e) for the length of 1 the arc whoſe engen is 75 . radius v. 


Or, 
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EXAMPLE III. 


What is the circumference of the earth, ſuppoſing 


it to be perfectly round, and that its diameter is 7958 
miles ? | | Anſ. 2 50008 528 miles. 


E Xe 


Or, if we write — inſtead of r, we ſhall have 


rs $5 34 38 
c ( * c* "od ) 


for the length of the arc whoſe fine is s and coſine c. 
And, farther, by writing r7—ss for cc in this laſt ſeries, we ob- 
12 30 . 3+ Go7 8 
2. 3 2.4. 8 2.4.6. 77 * 2.4. 6.8.95 * 
the arc whoſe ſine is 5. | 
Again, by ſubſtituting Vr — vv, the value of 5, inſtead of 
it, in the laſt ſeries, we get | 
: V zv* 
hn a+ 243-27 Le 
for the length of the are whoſe verſed ſine is v. 
a, the diameter, inſtead of 27, the value of the 
reſſed by Vd x (1 1 1 &c). 
P * 2.34 2.4. fd 2.4.6. 7d. 
Much after the ſame manner the arc may be expreſſed by the 
ſecant*, co-fecants, or co- ines. And if for any of the letters, in 
the general ſeries, be ſubſtituted any of their particular values, as 
was done for the tangent, we may, by thoſe means, obtain ſeveral 
different particular forms of infinite ſeries, whoſe ſums will be 
expreſſed by means of the circumterences of any given circles : 
Thus, it, in the laſt ſeries but one, 5 be taken Sr, or the arc 
be ſuppoſed to be a quadrant, we ſhall obtain the infinite ſeries 


. gr” 3+ 577 23 3-5 
at 2.35 * 2.4. 57+ . . «chat Ne 2.4.5 P 244+0.7 
&c), whoſe ſum will be equal to 4 of the circumference of the 
circle whoſe radius is r. | 

And, if from this ſeries be taken the former ſeries, expreſſed 
by , there will reſult 


Pf 1 W*- 3 75—55 3.5 #77 —g57 


tams x (1+ 


2.6.7. 2873 
r, by writing 


&c, 


- 
— — 


3 2.3 * 2.4.5 * 4.400 1 
for the length of the arc whoſe coſine is 5, 
"oF 


arc will be ex- 


> 
LEE" 
*. 
. * 
. 
* 
1 
7 a i 
* 
* 
2 
* 
7 
— 
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4 » 
* 
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$4. 
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OY 
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we 
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EXAMPLE Iv. 


3 the circumference of the earth be 2 5000 mules, 
what is the diameter ? Anf. 7957-744 miles. 


PROBLEM VII. 
To find the Length of any Arc of a Circle 


U 


As 180 is to the number of degrees in the arc, 
So is 31416 times the radius, to its length. 

Or as 9 is to the number of degrees in the arc, 
So is · 174533 times the radius, to its length. 


EX AMP LE. 


Required the length of the arc aps, whoſe chord 
AB is 6, the radius being 9. | F 
By trigonometry, 9 = Ac: 32 
AP :: 1 = rad. of the tables: 3 
3333333 the fine of the £ ace, 
or of the arc AD, to the radius 1; Fa 
and the degrees, in the table of C GE 
. fines, anſwering to this fine, are 19.47 12206, the 
double of which is 38-9424412, the degrees in the 
whole arc ADB. 1 | * 
Then, by the rule, 38: 9424412 Xx · 174533 & 9 = 
6117063, the length of the arc required. 


— 8 15 
* DEMONSTRATION. 
For, when the radius is 1, half the circumference is 3'14159265 


3*14159205 &c | 8 
&c, and therefore = = 0174532925199 &c is the 
length of an arc of 1 degree; hence r x *01 745 &c = the 
length of 1 degree to the radius r, and, conſequently, *01745 &c 


x” x number of degrees in any arc, will be the length of that 
arc, 2, 4. . : 


RULE 
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U 


* If 4 denote the diameter of the circle, and v the 
verſed fine of half the arc; the arc will be expreſſed 


by eV do & (1 N Et i &c), or by 


2d V q+ So += x ME - & Kc. putting = —, and 
A, B, c, &c, for the firſt, ſecond, third, &c, terms. 


EXAMPLE. 


Let there be taken here the ſame example as 
before. 


Then re= TGT. — Ar“ 9* - r en 
62, and yd D - =9—64/2=:51471862 


ep; allo 51471862 + 18 = -02859548 „=. | 
Hence a = 2dV/q = 6:087672 


BE La =. 29013 
37 ow; 
—— = 
4.5 373 
= 570 _ 6 


the ſum 6-11 7064 = = the arc 430 
as before, nearly. 


. 


+ If be the radius, and s the fine or half chord 
AP of the arc, 4 the length of the arc aps will be 


e 
72 524 7. 2·4. 0, 


or 25 ＋ 4 T 1 0 ＋ 7 &c, 


$$ 1 * 
where 4 is = — 2 and A, B, c, &c, are the preceding 


terms. 
| E X- 


ͤ—— — 


— 


* This rule is proved i in page 122. + This like wiſe 3 
proved in page 122. 
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EXAMPLE. 
Taking the ſame example as in the firſt rule, 


25 —= 4 = "Foes 
$5 3 
—— 2 1 
35 1 = 
© = © 5555 
8.8 ” 8 3 
6.7rr > _ 367 
22 2 o da ONE 
$.orr — „ f 26 
2E = p = To 
IO. III yr 


the ſum 611 7063 is the arc ADB. 


U i Bn. 


From 8 times the chord of half the arc, ſubtract 
the chord of the whole arc, and + of the remainder 
will be the length of the arc, nearly. 


That is, 2 : = = ADB nearly.* 


E X- 
* DEMONSTRATION, 
43 305 
For ſince, by the laſt rule, the are av A + — += &c. 
675 407 * 


And c = the chord ab VN Far = VN + (r—ce)* = 
—— * 5 
V. + (r „Vr - N — 4 &c. 


874 
3 * 
Therefore A —c= — + Ke 55 
247*  640rt 
cC—3$ $3 755 
But : * 357 
3 1 5 
ei 6 Len IE ES NS 
3 3 4” 


86 — 25 | : 
And 2A = nearly, = the arc ADB, as in the rule. And 


this is Huygen's theorem, 
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EXAMPLE, 


Taking, again, the ſame example ; we ſhall have, 
as in the example to rule 2, pD=9—6V2, and 


hence Da = VAT TD = 5? +(9—6V/2Y'= 
38 1292 3043836. 
Then, by the rule, — — 22 2 6116896 


che length of the arc, nearly\che ſame as before. 


. 


Divide 3 times the verſed fine of the half arc by 
the difference between the ſaid verſed fine and 3 times 


the diameter; muluply the {quare root of the quo- 
tient 


* DEMONSTRATION. 


By the ſecond rule, half the arc is Vd x rom 2 — — &c). 


Let there be aſſumed an expreſſion which, —— expanded into 
2 ſeries, ſhall be of the ſame form with the ſeries above, and 
affected with indeterminate coeflicients ; then from the compari 
fon of as many of the firſt terms as there are indeterminate 
quantities afſumed, will be found the values of the ſaid quan- 
tities in given numbers; which being written for them in the 
primary aſſumed expreſſion, will make that expreſſion an ap- 
proximate value of 4; a arc. 


Thus, aſſume 43; 


ny 
hy „ 357 
This in a ſeries is de x + — 
e 


the two firſt terms of which * with thoſe of the 2 


above, give theſe two equations, — = 1, and? = 75 
hence Os 1, und 5 1; __ therefore the aſſumed expreſſion 
IE becomes % — — =d/ — = half the arc 


nearly ; the double of which will be the whole arc, as in rule 5. 


&e); 


: 2 EF» 4 CAS < 1 Me — * « N 
E e n S 
+ „* . 4 5 ages © 2 25 4 = * Sa 7 E Ay. 5 wn £* 41 5 GOA £ by 


| * *. 8 * 4 

N 1 Pha -E ” * 

7 A 24S BE ev +I 2 
124 vs” 23 e 
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tient by 2 times the diameter ; and the product will 
be the arc nearly. 


That is, 4 cDſ/ ———— = ADB nearly. 


885 — DP 


u X 41 


| Taking, ſtill, the ſame example ; we find, as in the 
example to the laſt rule, br = 9 — 6 = 514) 186. 


5147186 * 3 
Then, by the rule, 36 9 — 236 X 1699137 


= 6˙116893 the arc nearly the fame as before. 


— 


U 


+ Divide 5 times the verſed ſine of the half arc, by 
the difference between 5 times the diameter and 3 
times the ſaid verſed fine; multiply the ſquare- root 
of the quotient by 5 times the diameter; and to the 
product add 4 times the root of the product of the 
{aid verſed fine and diameter; and + of the ſum will 
be the arc very nearly. 

That is, if 4 be the diameter, and v the verſed ſine 


PD, then 5d VE : +4vV dv x will be the arc ADB 
Fery near. F 


E X- 


+ Again, to find another, ſtill nearer, approximation, let there 
be 2—— another W 3 thus, _— 


hey 3h 
E 5 e * Tad py 


= ” 3 ; then, comparing the firſt three terms with thoſe 
of the given —_ we have theſe three equations, 


I 2 

EYES Fn = J, an - =+; whence g = Af, b= 
12%, and +=; and 2 writing theſe values in the aſſumed 
quantity, we obtain 


ay 
5% eg +$/do =j x (54 /i 
for half the are, the double of which will be rule 6. 
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E X AMPL k. 
Taking, here, the 22 exampleas in the former rules, 
we ſhall have 54 = Adv X 3 = 6˙11706396 


= the arc very #”.. i being true to che ſixth or 
ſeventh place of decimals. 


PROBLEM VIII. 
To find the Area of a Circle, 
Tz ULSE 1 


Multiply half the circumference by half the du. 
meter, and the product will be the area. 

Note. This rule will, alſo, ſerve for any ſector of a 
circle. 


RULE 


* DEMONSTRATION OF RULE 1. 


For, a circle may be conſidered as a polygon of an infinite 
number of ſides, the circumference being the perimeter, and the 
radius the perpendicular. 


Ot herwiſe. 


Put » = the radius Ac, c = the 
whole circumference AEBA, or any part 
of it, and x = the radius cp of a circle 


continually expanded. Then = xx 
r 


will expreſs the fluxion of the whole 
circle or ſector whoſe . 18 


c; and, conſequently — — = the area 


cor; and cr = the | CAE of the whole circle or fector ac- 
cordingly. 2E. 
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* R U L E II. 


Multiply the ſquare of the diameter by · 78 54, and 
the product will be the area. 


EXAMPLES. 


1. What is the area of a circle whoſe diameter 21 


and circumference 31416 


2222 = 7854 the area. 


Ex. 2. What is the area of a circle whoſe diameter 
is 7 ? 
By the ſecond rule. 7X7X+7854=38:4846 the area. 
By the firſt rule. 7X 31416 = the circumference. 
Then 


. 


* DEMONSTRATION. 


To prove the ſecond rule, let it be firſt obſerved, that all 
circles, being fimilar figures, are as the ſquares of their di- 
ameters or circumferences : which, alſo, appears thus; by rule 
1, circles are as the rectangles of their diameters and circumfer- 
ences, but the circumference is as the diameter, by the notes to 
the laſt problem; therefore the circles are as the ſquares of 
either of them. ue by rule 1, the area of a circle whoſe 
X 3'14159 &c 
2X 324 
(the ſquare of any diameter) :: *78539 &c : 2 5394, the circle 
whoſe Grameter 1 wa .. D. 

COROLLARY. 

If p be the a c the circumference, and A the area of 
any circle ; and p= 3*14159 &c; from this prob. and PO 6, 
we may deduce theſe equations : 


diameter is 1, 5 


= 78639 &c, whence 1* : d* 


| 
| 
< 


+ 4 D == = 
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Then A = 7X7X*7854 the area, the 


ſame as before. 

Ex. 3. What is the area of the circle whoſe dia- 
meter is 113 chains, and circumference 3*550008 
chains ? Anſ. 1:00287726 ſquare chains. 

Ex. 4. How many ſquare yards are in a circle 
whoſe diameter is 32 feet? Anſ. 1069014. 

Ex. 5. How many ſquare feet are in a circle 
whoſe circumference is 10:9956 yards ? | 

Anſ. 86:19266. 


PROBLEM 1X, 


To find the Area of any Sector of a Circle. 


+ a. 


Multiply the radius, or half the diameter, by halt 
the arc of the ſector, and the product will be the area, 
as in the whole circle.* | 


EXAMPLE I. 


What is the arca of a ſector whole radius is 10 
and arc 20 ? 


X 10 


20 
By the rule, —— = 100 the area. 


B X- 


* The demonſtration of this rule is contained in that of the 
laſt problem. 

Putting r the radius of a circle, 4 = the diameter, a = the 
area of a ſector of it, a= the length of the are of the ſector, b= 
the degrees in 4 a, = half the chord of the arc a, or the fine of 
2 a, and v = the verſed fine of 1 a; then, by multiplying the ra- 
dius by half the arc, as found by the ſeveral rules of the laſt 


problem but one, we ſhall obtain the following values of the 
area of the ſector, 


I, A 
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＋ AND 


To find the area of the ſectot whoſe radius is 9, 
and the chord of its arc 6. 
By the th problem the length of the arc is 6117063. 


. 6 
Therefore —— : = 


= 275267835 the area re- 
quired. 


g& U LL &; Sh 


As 360 is to the degrees in the arc of the ſector, ſo 
is the whole area of the circle, to the area of the 
ſector. | 
lte. For a ſemicircle take one half, for a quadrant 
one quarter, &c, of the whole circle.* 


EXAMPLE TI. 


What is the area of a ſemicircle, and of a qua- 
drant, the diameter being 10 ? | 
| K 2 Firſt, 


t. A214 01745329 brr. 


4 | bs . 
8 rn 2. 3 LET * 2.4.6. 745 es 


2 + 7 
3. AS rs X (1+ - + . 4- 2 &c). 


2.37 2.4577 2.4.0776 | 
4 Ak , 44/ 2rv—s „„ 55 ＋ - 
3 3 3 260 
| nearly. 


1 
5 comin — nearly. 
9 


"> rages + 44/dv) nearly. 


It is evident that the area of the ſector might be expreſſed in 
ſeveral other manners; ſuch as by the tangent, coſine, & of 
its ſemi-are; but the forms above given, are the moſt uſeful 


6. A== „ 4 
5 (54 


ones, 


* This rule is too evident to need any formal proof, 


— — ——— 


angle Age, formed by the chord 
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Firſt, · 78 54 X 10 * 10 = 78*54. = the whole circle. 
Then 78:54 = 2 = 39'27 = the ſemicircle. 
And 78:54 +4= 19635 = the quadrant. 


EXAMPLE I. 


To find the area of a ſector whoſe arc or angle 
contains 18 degrees, to a diameter of 3 feet? 
Firſt, +7854 X 3 * 3 = 7:0686 = the whole circle. 


r 22880 x 18 7885 
Then 360 : 18 :: 770686: — —— 


35343 the area of the ſector required. 


.KRANPLE INN 


To find the area of a ſector whoſe radius is 9, and 
the chord of 1ts arc 6. | | 
By the example to rule 1 of prob. 7, the degrees 
in the arc were found to be 38:9424412. Bu 
785398 X9Xg9X4= the area of the circle. 
Therefore 360: 389424412 :: 785398 * c K: 
8 785398 | 
38.942441 X 70530 eee 
* 9 = 2752678388 the area of the ſector required. 


PROBLEM x. 
To find the Area of the Segment of a Circle. 


"WW Ch Ps 
| 8 


By the laſt problem, find the D 
area of the ſector ac; having the 
ſame arc with the ſegment ADB Ag 
required. 8 Ts 

Find alſo the area of the tri- L | 8 


of the ſegment and the two radii 


* * 


of the ſector. 


Then the ſum or difference of theſe areas will Yo 
$$ that 


/ 


\ 
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that of the ſegment, according as it is greater or leſs 
than a ſemicircle. 


EXAMPLE I. 


What is the area of a ſegment whoſe arc is a 
quadrant, or contains 90 degrees, the diameter be- 
ing 18 feet ? 

Firſt, +7854 X18 X18 is the whole circle. 


TK 7854x1818 __ "1854X9X9g = 


the.quadrant or ſector ADB. 
ACXCB 
But 


„ — — 
=— = *5XgXg = the 
triangle ACB. | Ex 


Therefore*7854X9Xg—*5X9Xg="2854X9X958= 
23'1174 S the area of the ſegment required, | 


EXAMPLE II. 


What is the area of a ſegment of a circle, whoſe 
arc contains 280?, the diameter being 50 ? 


Firſt, -7854 X 50 X 50 = D 
1963*5 = the whole circle. 

And 360 : 280 :: 1963's : 
' 1963's x 280 — 1963's x7 __ 

7: 1 1 „, 
152716666 = the ſector Apo. & G 


Again, the angle Ac; = 360— 280 =80% And 
the triangle Ac; Ac X CB X {fine LACBEZ25X25 
XXS. of 80* = 25 X 25 X · 4924039 = 307*7524375- 

Wherefore the ſum 18349191 = the ſegment 434 
required, 


"42 f E X- 


* 
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RN ANPLE Ih 


Required the area of the ſegment whoſe chord is 
20, and height, or verſed ſine of half its arc, 2. 


— C 
Since AD = De x DF, therefore = 
„ —— 100 — of” A 'D _— 
D F — Dc —— . — 50. And the 1 — : * % 


diameter c = FD + DC = 50 +2 


j Ns i 
= 52. Ago b r Ee | E ; 
LCF—CDA26—2724, 1 1 

Therefore the triangle a ?⸗ł ji: -7 


- 
8 
99 6866 


ann. F 


Again, by trigonometry, 26 AE: 10 Ap: 1 
8. LD: 1*.= 238461538 =s. LAED, or of the 
arc Ac = 226198614 degrees; the double of which, 
or 45*2397228, are the degrees in the arc acB. 
But 78 5398 X 52 X 52 = the whole circle. 
Therefore 360: 45*2397228 ::*785398 X/42 X 52: 
45*2397228 X*785398 * 26x 26 

90 


= 2668786995 = the 


ſector AEB. 


Whence .266-8786995 — 240 = 26: of oe = the 
ſegment ACBA required. 


Otherwiſe, 
Having found the triangle = 240, as above ; we 
ſhall have, by rule 6 of the laſt problem, the ſector = 


$5.69 $X2 „ x 
( 4 ff” a ——— = (6 dr 


+21/26)x 2 = (54/635 + 2/46) x'2= 
266+87868. 


Then the difference is 26: 87868 = the e Kren, 
nearly the ſame as before. 


RULE 
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UU 


Let 4 be the diameter, and v the verſed fine, or 


the height of the ſegment; : 
i 8-1 

Then 2 d * (ons — 977 — Th &c), or 

2 ux ( — 2 . br” b &ce) WV 


the BD A, B, C, &c, being 1 firſt, ſecond, 


third, &c, terms *. 5 
k 4 E X- 


* DEMONSTRATION. 


By the laſt problem, the value of the ſector caps (fig. in 


. 9 32 3.5 
page 132) is 1d\/dv x (1 * _— r 7” &c). 


But = 1d + » = the altitude of the triangle azc, and its baſe 


111111 | DES. MIS 
aß T8. &c); 


and therefore _ the area of the 3 apc = (=:dÞwv) 


* 35 
X Vd X (1 _— ö Ec); ; which being added 
to, or ſubtracted from, the ſector, gives 
4 
„ 3-57 ) 


3 54 4. 7d 4.6.94 4.6.8. 1 145 
for the value of the ſegment. 
Otherwiſe. 


Putting y = the ſemi-chord of the ſegment, and the other 
| letters as before. We have the fluxion of the ſegment 


1 2 2% 3 : 
5 = de — wa — 9 = = dv * (1 — A &c); 
a av” 2”: ) 


the fluent of which gives dv x 
gives v Gb 54 4. 7 4.6. 945 


for the value of half the ſegment, as before. 2, E. D. 
| Corol, 
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EXAMPLE. 
Take here the laſt example, in which 4= 52, and 


P25 then - == ; and the proceſs will be thus: 


6 ? 
+ a = ELL = 44/104 = + 271947707 
. = : 8 
„ n 0213551 
_ 7.4.20 | 
— 7·3 — 7 — . 
OZ: JC OR 


r 


the ſum of the negative terms — 3159738 


taken from the firſt term, leave 268787969 
= the area required. 1 


RULE 


—_ — 


— 


Corol. 1. Let the chord of half the arc of the ſegment be de- 


noted by e; then d 5 by which exterminating d out of the above 


* 


i 1 2 3.5 
ſeries, we have co x ( 8 


&c) 


for the value of the ſemi- ſegment. 


Corol. 2. Let the ſupplemental verſed fine be denoted by v, 
viz, v d- v; then d= v, by which exterminating d 
out of the ſame ſeries, we have 
I 0 772 <3 27 
. 
1.1.3 1.3.5 3. v 6.7. 9 v3 7+9.11v* : 
for the value of the ſaid ſemi-ſegment. And this ſeries, which is 
rule 3, converges very quickly in ſmall ſegments. 


Corol. 3. By ſuppoſing the ſeveral indeterminate quantities in 
theſe ſeries to be expreſſed by any given numbers, we may ob- 
tain an endleſs variety of infinite ſeries, whoſe ſums will be 
given. And, in particular, if the diameter be 1, and ſuppoſing 
the verſed fines to be equal to the radius, or the diameter, we 
ſhall obtain the following ſeries ; in which x denotes · 78 5398 = 

the 


2 v Xx ( 


= 
2, Sa VP z FRY Wo . * 


7 
75 
1 
4 
7 
; 


33 


2 
£ 

B, 
ks, 
of 
45 

1 


- 
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R r | 0. 
If v denote the verſed fine, as before, and v the 
verſed fine of the ſupplement, or v -v; then 
-p &c, will be = 
I 7v g 11 

the ſegment ; where a, B, c, &c, denote the pre- 
ceding terms. | 

1 E X AMP L E. | 
Taking, again, the ſame example; we have vg, 


— 2 —2 =» 
d v 52 — 2 50. Hence 7 30 4, and 


= 4vy/wv = + 26˙666666664 
2 ==A = + 213333337 | 
— * — 16 
Cc = IB = — 121904 
d.= GE =" 1625 Rr 
2 Sh = 29 
11 3 Js 
— 7 . 3 
F 2 73 = 21 
ſum of the affir. terms + 2688001626 
ſum of the negat. terms — 0001219344 


the difference is 26+878796912thearea. 


RULE. 


1 


— — 


the area of the whole circle whoſe diameter is 1, or 3 of the cir- 


cumference of the ſame circle. 
oY I 1.3 "13-5 ö 


I 2 
. (= 5.2 4.7.2 4.6.9.25 4.6.8.11.24 mw 


Oe 5 I 1.3 1.3.5 
Me 32 2 Xx ( —— —— — — — — — &c * 
( g a0 4-0.9 4-0.8.11 ) 


1 FM I I I 


2 36 th 
1.1.3 1.3.5 35.7 $+7e9 g7-9oL1 

f Several other values of 2 may be aſſigned from the corollaries 
in pages 53 and 54, and from pages 118, &, 


3.2 a A 
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9 


32 


rn Ty.* 


If ec denote the coſine of half the arc of the ſeg- 

ment, or the difference between the radius and verſed 
. . 4 

ſine, the radius being r, and q = ; then the area 

of the ſegment will be equal to the difference be- 

tween the ſemicircle and this ſeries, viz. 


1 - dey gs AJ 8 
( 2+3 2.4. 52 2.46.77 2.4.6.8.97 ) 


| a. 132 3.5 72 82 72 5 

er arr. nere — 2+ q D &Cc: 
237 4.87 677 8.9 7 | 

where A, B, c, &c, are the iſt, 2d, zd, &c, terms. 

And this rule will be proper to uſe when the leg- 


ment is large. 
E x- 


* DEMONSTRATION. | 

Put x = cp, and cp or c, | 
alſo ar = 5. Then = +5, A IP B 
and 3 = Vr — 3 and the flux- / 5 3 
4 . 3 "ES \ 
ion of the area ABFE, Or 2yx, is - 


2 . = = E C F 
"0 1 x* RH 1.3 on 
27rd Xx (I=>=o5 = — 2 — F &); and the fluent 
. 3.4 — 3.6606 „* 
: 3 1 ** HP 10 * i 
is 27X X (1 ——,—— — 5 &c) ; which 1s the 


N. r* 2.40.7 25 
area of the zone ABFE ; and this being taken from the ſemicircle 
„Abr, will leave the area of the ſegment ADs, as in the rule. 
And this will converge very faſt when 1s ſmall, or the ſegment 
large. a 
Corol. When x becomes equal to r, the zone becomes a ſemi- 


circle, and then 272 x (1 — . 

5 2.3 2.4.5 2.40.7 
of the ſemicircle, to the radius r; and conſequently the ſum of 
the ſeries is 


&c) is the area 


„„ 2] INNER. 2... 
W % „„ 2.6.7 2.4.6.8.9 _ 
where » . 785 39 &c, the area of the circle whoſe diameter is 
1; being one more value of 2, to be added to thoſe found in 


page 137. 
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EXA FT Es 


Suppoſe the verſed fine be 24, or the coſine 2; 
the radius being 26, as before. 


MF Ec 
Here r = 26, and ca; then 7 n 
Hence Ag 2c = + 1040000000 
1 2 
— 3 — = — 1028642 
P — A 0*102504 
. 2 6 
757 9 
. 
474 ; 
the ſum of the neg. terms — 01026554 


taken from the firſt, leaves 103-097 3446 fortheſeries; 
this taken fromthe ſemicir. 10618494892 


leaves the area of the ſeg. 9g 58:7 521 446 


1 V. 


To the chord of the whole arc, add + of the chord 
of half the arc, multiply the ſum by the verſed ſine, 
or height of the ſegment, and , of the product will 
be the area of the ſegment nearly. 


That is, (e + 4c) X Iv, 


a D — 
4 „ ö 
or (e + 44 dv) * Ve, or nl ADJ a 
7 P \ 


(c+42V ict +v*) ev, or 
(V/ dv—vv+iy dv) x the 
area nearly: where 4 = DE the 
diameter, c = BA the chord of 
zhe whole arc, c = ap the chord 


of the half arc, and v = pe the - 
height of the ſegment.* 
| E x- 
* DEMONSTRATION. 
'Th 18 = Ext 1 . | 
e ſegment is 2 dv *. a i ©) by rule 3 


Suppoſe 
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EXAMPLE. 
Taking the ſame example as in the firſt three 


rules, in which c = 20, and v=2. 
Then (c +44 cc + vv) XV = 26 877908 


the area, nearly the ſame as before. 


EL ULE Vi 


Draw ad fo, that DP: P:: 5: lo, then the 
ſegment AbBA will be nearly equal to 4D? X AQ = 
+0 dv—3vv=;vy/ cc — yy =£vyY/ cc +300. 
Where 4 = the diameter, v Dr, c DA, and c =aB, 
as in the laſt rule.“ 


5 


2 


Y 


Suppoſe it g Df X (Mx PA+2X AD)=2v X (my/dv—wv+n,y/ dv) 
e wig 


a + mM 
= 20 u X (mV 1 — 77 * = 2v4/dv x 5 BIR 
Then let the coefficients of the correſponding terms be equa- 


ted, and we ſhall have 1 + = 8 and —— a whence m = 


. 1 
5 3 SS 


Then, by ſubſtituting theſe values of m and # in the aſſumed 
quantity, we ſhall Have 2DP Xx (MX PATA X AD) =2DP X 
rar AD) = 54 DP x (zA Ap), which is the rule. 
Or it is = r py x (3zxa+24aD). And this is one of Sir J. 
NEwrox' 5 rules, publiſhed by Jones, WALL1s, and CoLsoN- 


1 DEMONSTRATION OF RULE VI, 


By rule 2 the ſegment is = 2v4/dv x 2 — a” &c). 
| | : 3 5d 284. 
Suppoſe it equal to 2 mu nov = 20 dv X V nm", = 
ny 277 7 
ee * 60 — T &c). Then, by equating the 
zm d gm da 


coefficients, 


13 OE * ths =. 2 BD tab CAE WT EASS.. Fanny 
* Ig 41 <4 8 8 on n „„ 8 


Ts 8 OM 2 . 2 — 8 3 my cM * 33 


F 


4 * - bp 
88 FL . » > ” 5 Se r . ey pe? a Og 
_ 2 I 


0 * — * * 2 
Ws ES Gs Oh IEA So IE ES IIS 22 
8 3 * N % 3 2 


2 


5 


. 8 n 


*$ 
22 
E 
F. 
15 
7 
* 
Fa 
1 
7 
85 
© 
$0 
-& 
+ 
'O 
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EXAMPL E. 


Taking, again, the ſame example ; 
We have 4+v/cc+2vv=?y/ 1013 26˙87915 
= the area nearly. | | | 


R UL EK : ih. 


If Ad biſect pe, the ſegment - * 
ap BA will be very nearly equal 
to (404 + AD) X e DP = FACS XA 
(2 Vec + vv ＋ c) X qV = f 0 
(2V/ 4dv—3vv+ V du) R | F 
(2y/ cc + vv +/+ ec + vv) «. y 
rv; where the letters denote . 
tae ſame quantities as in the laſt = 
rule.* 

E X- 


r 8 


9 


"= | 2 8 2 4 
coefficients, we have Vm = , and — = -; whence m =- and 
me ny" TIES "0 
22 . 
15 | | 
Then, by ſubſtituting theſe values, we get 2v4/mdy — nyy = 


2% du — &vv = $D1/dv — Lov, as in the rule. 


Corol, But, now, to find what line the quantity 4/dv — 2, 


repreſents; I conſider that it is greater than Ar, which is = 
du — v4, and therefore I ſuppoſe it to be ſome line aq meet · 


ing or between p and p. 


Then P VI —ar*= 55 
Wherefore if there be made br: p:: 5: 4/10, and qa be 

drawn; the ſegment will be nearly? pe x aq. And this is 

another of Sir I. NEwToN's Rules. | 


* DEMONSTRATION OF RULE VII. 


Suppoſe the ſegment 20 Vu * 5 to be = 2 pD x 


( 
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E XAML E. 
Taking, ſtill, che ſame example; 


We ſhall have (z V cc +vv+ Vcc +vv) X 
+v = 268786888 = the area very nearly. 


1D L B&B in 


From the {quare of the chord of half the arc, ſub- 
tract of the ſquare of the verſed fine of the ſaid half 
arc; to 7 times the root of the difference, add £ of the 
ſaid chord; multiply the ſum by the ſaid verſed line, 
and , of the product will be the area very near. 

That is, (7 W cc—>Svv+4c) X 4v =(7W dv—3vv 
+ 44/4v)XFv=(7Y 4cc+3vv+iy/ Lcc+vv)X 
v tlie area very near: where the letters are the 
{ame as in the laſt rules.* 6 


E X- 


( M ＋ N AD) = 2b (my/dv—>ov + ny/ dv) = 25,/dv x 


Vi- TOY = - Ke). 
(mV 1 Fs * 87 &c). 
Then, equating the coefficients, we get m + » = 5 and 8 = 
8 
| 15 3 


Therefore 2px (Xx QA+1X AD)=2PD x (FeA+Z;AD) = 


rs * (4QA + AD), as in the rule. And this likewiſe is a rule 
given by Sir I. NExwrox. 


* DEMONSTRATION. 


The ſegment is 72 S 5 hu & 
gment is = 2v4/dv Xx a” > c). 


Suppoſe it = 20 x (nde — mop +py/dv) = 2 do X 


Ry OR. +þ u mie) ; 
Gans cu de” he” as" as, 


Then, equating the like coefficients, we have 2 4 Sas - — 
| 3 
A 
= — — — 2 . el 5 8 14 1 8 
= 2, and 5 F rn res and p = 75 


Wherefore 
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E XAML E. 
Taking, again, the ſame example as before, where 
ers E 
We have (7 V/34cc+59vv + $W4ce+vv) X ov 
= 26878 7998 = the area very exact. 


R UV. L E.; Mi 


1. Divide the verſed fine, or height, by the di- 
'ameter. IS | 

2, Find the quotient in the column of verſed fines 
in the table of circular ſegments, at the end of the 
volume. S 

3. Multiply the number immediately on the right 
of the verſed ſine, in the table, by the ſquare of the 
diameter, and the product will be the area. 
| Note. 


"—_— 


Wherefore 2 Xx (my/dv — wv + p/dv) = 50 Xx 
74/do = $ wv + fdp), as in the rule. 

Corol. Suppoſe Ju D = Adee loft fg. I: then Pp 
Ar av — 500 — do + ov = oy = 


Wherefore if aq divide pr in q, ſo that 7: 14 :: Db: pq: 
then (7 0a TFA D) x Dr will be nearly equal to the ſeg- 
ment ADBA. And this rule is not only new and very ſimple, but 
alſo. the moſt exact of any approximation that I know of for 
this purpoſe. 


* DEMONSTRATION. 


The rule is founded on this property, D 
That: ſegments whoſe , verſed fines are 


AE 
as the diameters, will be to each other F P / 
x on 


as the ſquares of the diameters; which is 
thus proved, 

Let apBa, adba, be two ſimilar ſeg- 
ments, cut off from the fimilar ſectors 
ADBCA, adbca, by the chords Az, ab. 
And draw cp to biſe& them. 

Ihen, by ſimilar triangles, ca : ca:: 
— Apr (er): ca- (Cp) ;; br: dþ. 
4 


That 
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Note. When the quotient, ariſing from the verſed 
fine divided by the diameter, has a remainder, or 
fraction, after the fourth place of decimals ; having 
taken the area anſwering to the ſaid four firſt figures, 
ſubtract it from the next following area, multiply the 
remainder by the ſaid fraction, and add the product 
to the firſt area; and the ſum will be the area for the 
whole quotient — This method is uſed when accu- 
racy is required; but for common ule, the fraction 
may be onutted, 


EXAMPLE. 


If the diameter be * and the verſed fine 2; 
what 1s the area? 

Firſt & = 4 = O84 6, the tabular verſed fine. 

Then a againſt *0384 ſtands 00991672, and the dif. 
ference between this area and the next *00995517 is 
-0000384 5,which multiplied by produces*0G002 366, 


which added to · oo 1672 gives *00994038 = the ares 


belonging to the verſed fine +0384,*;. 
Wherefore 00994038 X 52 & 52 = 26*87878752 
= the area, nearly the ſame as before. 


Ro- 


— — 


That is, ſimilar ſegments have their verſed fines as their radii or 


diameters. 
Again, fince fimilar ſectors are as the ſquares of the diameters, 


as well as fimilar triangles as the ſquares of their hke fides, we 
ſhall have A*: car ;; ſector CADB : ſector cadb :: A AB: A 
cab :: ſegment Ap BA (ſector ADB - Acas) : ſegment adba 


(ſector cadb — A cab). 
Now, putting 4 = any diameter, and g verſed fine. We 


ſhall have 4: v:: 1 (diameter in the table) : - = the verſed 


ſine of a ſimilar ſegment in the table, whoſe area let be called a. 


Then 1* : dd :: a: add = the area of ſthe ſegment whoſe 
height is v and diameter 4, as in the rule, 


— 


227 do $208 og OE 
CES. 


. 
i 
Y 4 i 3 
2 
* 
ng 
x 
15 
3 
£4 
8 
» 
* 
E 
1. 
* 
«> 
* 
#3 + 
3 
7 
7 7 is 
> 
wag" 


— 


JJV 


„ NS ED 


+ 


= Suppoſe the greater chord aB be 96, the lets 


— 
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PROBLEM XI. 


To find the Area of the Zone or Space ABCDA in- 
cluded between two parallel Chords AB, cD, and the 
two Arcs AD, CB. | 


= UV 3 


Find the area of each ſegment AE BA, DECD, and 
their difference will be that of the zone required. 


3 
eee 1 \C | 
A— SN 
FAR 
ECTS. 
Fr 
5 


EXAMPLE bo 


chord De 60, and the diſtance pq between them 26; 
required the arca. 

Draw ap, and let ps be L Ar, ok L ap, and 
RT L Pq; then QT = TP, becauſe AR = RD; and 
UR AA TUD, But, in the ſimilar triangles 
DAS, Nor, it will be os : RE 5 OM. 
e — ar hpaxarot E 27. And 
Ds 210 52 
hence op = OT —TP = 214 —13 = 14. 

Then oE = OAS VAT ro = 48* +14 = 
50 = the radius. | 

Whence PE =0F - or = 50— 14=36 

OE -O = 50 - 40 10 the two 
verſed ſines. 


L a 
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And 36 | 
2 = io the two tab. verſed ſines. Againſt 
which, in the table, ſtand the areas 2 545 505 3, 
and 4087628. 
Then 2545 5055 X 100 X 100 = 25455055 
04087528 Xx loo Xx 100 — 


their difference 21367527 is the 
area of the zone required. 


EXAMPLE II. 


Suppoſe the greater chord AB to be 20, the lex 
DC 15, and their diſtance P 17+. Required the 
area of the Zone ABCD. 


= Ly, 4 
F 8 
3 9. **2 1 
- * . A d 
. 9 4 \ 
D 2 O 's 
R 4 
8 
57-4 
* 
0 A 
15 
vr 
P B . 
At " 
. * 
\ * Sn 
4 2 
P FW 
5 
5 * 7 
> * yh 
_ 
*»n.4.o0w* 


Here, as in the laſt example, 
To = q . 35 * 5 
a. 2X 2X73 

Which being leſs — TP (82) half — TO of 
the chords, it ſhews that the center falls within the 
zone; and then it is eyident that the whole circle 
diminiſhed by the ſum of the two ſegments . Arz, 
DEC, will give the zone. 

Now, OPZ=ETP—TO=8:.. — 4 =74. Hence a0= 

2 


Von + 10 == =theradius; there- 


fore the diameter is 25. And o = QT + TO=0; 
+ 14 10. 


: 1 
© 


W hence 
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Whence E =0E -O = 12: — 10g 24, 
PF ZOF —OP 22 — 715. 


and 2=—= 2 the tab. 1 ſines. 
Againſt which tas the areas 04087 528, 
and *11182380. 


Then :04087528X25X25=the ſegment DEC, 
11 182380X25X25 =the ſegment AFB, 


whoſe ſum 1s *1 5269908 82. 25 

But +78539816X25* = the whole circle. 
Their dif. is 62 369908 X25*= 395* 15 the zone 
ABCD required. 


1 HJ Ki: 


To the area of the trapezoid Ap, add that of 
the ſmall ſegment AG DEKA, and double the ſum 
will be the area of the zone aBecp required. And 
this rule 1s eafier than the other, as only one ſegment 
is to be found. 


EXAMPLE. 


Suppoſe the ſame dimenſions as in the laſt 
example. 
Then, drawing the radius ox, we ſhall have OR = 


WP VG Fra)“ Tor N —(5 


=" +75 = 4/60) ne 8828834765. 
Hence 6R = 06 — OR = 125 — 8. zen . 
3661165 the rs line. 


Therefore £22295 — 14644666 the tabular v erſed 


: (EF fine; the tabular area for which is · 7 134954. 
7 0 L 2 Then 
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Then 07134954 X 25 X 25 = 45934625, 
the ſegment AGDRA, But 
(Dear) X x B===153*125, the 
trapezoid AP. 

Theirtum s. + —— 1977184623, 
the ſemi- ſeg. Ar . The double 39 5:43692 50. 
is the zone ABD, the {ame as before. 


FROBLEM III. 


To find the Area of the Ring included between the Cir- 
cumferences ABPA, DEQD of two concentric Circles. 


KY SS TÞs \ 


Multply the ſum of the diameters by the diffe. 
rence of the diameters, and the product again by 
7854, for the area of the ring required.“ 


11 * 


* DE MONSTRAT ION. 


? 


For, fince the ring is evidently equal to the difference of the 
two circles, if the diameters be called p, d, and · 78 5398 &c.= a; 
the ring will be = ap* —ad*=ax(D+4) x (Dd—d). 2. E. P. 

Corol. 1. Whence, if there be made bw perpendicular to the 
radius CDA, the ring will be equal to the ciccle whoſe radius 18 
DW, 
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EXAMPLE 


If the diameters of two concentric circles be 10 and 
6, what will be the area of the ring included between 
their circumferences ? 

*7854X.(10 +6) X(10—6)=*73854X16X4= 
50*2656, the area required. 


RU SS; a 


Multiply halt the ſum of the circumferences by 
halt the cifference of the diameters, and the product 
wilt be. the area.* 

EXAMPL E. 


T aking the ſame example as before, we ſhall have 


. 10 2 314160 
Firſt 31416 * > ok $496 the circumferences. 
6, 10— 
Then 3 2 18.8496 10 2 —— x 4 


50*2656, the area the 3 as before | 
art ABEDA 


Note. This rule will ſerve, alſo, for an 
of the ring included between the parts Ab, BE, of 
two radii, by uſing half the ſum of their intercepted 
arcs tor half the ſum of the circumferences. 


; 1 3 Thus, 


——— n _—_— _—_— 
—_ 


DW ; or equal to the circle whoſe diameter is pw, a tangent to 
the Jeſs circle, 'and terminated by the greater. 

Corol. 2. Or the ring is equal to an ellipſe whoſe axes are 
„ d and o d. As will appear by comparing the above rule 
with the rule for an ellipſe to be hereafter given. 


* DEMONSTRATION OF RULE II. 


For the circumferences o, c, are equal to 4aD, 4ad ; therefore 
a * (D) ee; which, ſu bllitured in the laſt rule, gives 
4 * Di) x (D—d)=(! +1) x (po- = Gee) x (2D —1@), 
as in the rule. 2. E. D 

And it is evident that a ſame rule will ſerve for a part of the 
ring AE by two radii, uſing the lengths of the included curves 
Orc an Co | 


* 
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Thus, if the length of the arc as be 15; then, 
by reaſon of the ſimilarity of the arcs aB, DE, it will 
1% een = 9, the arc DE.. 

Whence 40615 +9) Xx 1010-6) D 2 X2 = 24, 
the area of the part AB EDA. | 


% HLNfs 


_ Multiply the perpendicular breadth of the ring, 
that is, the difference of the radii, by the circum- 
ference RsT (or part Rs for the part ABEDA) having 
the ſame center with, and equally diſtant from the 
bounding arcs.* 


EXAMPLE, 


Taking, ſtill, the ſame example; it will be 

Firſt ap = A- D = 5—3 =2, the diſtance of the 
circumferences. 

And RSD +DR = cD+{ab=3+1=4, the 
radius of the middle arc. 5 

Hence 3.1416 & 8 = 25'1328 = the middle cit- 
cumference. 

Therefore 25 1328 X 2 = 50*2656, the area the 
ſame as before. 

And for the part ABE DA, we have A: R:: AB: 


P R 0» 


* DEMONSTRATION. 
" of 


For this circumference, being equally diſtant from the other 
two, will be equal to half their ſum. Wherefore &c. 

Corol. Hence the whole ring, or any part of it ABEDA, in- 
cluded between two radii, is equal to a parallelogram on the 
ſame baſe Ab, and whoſe altitude is equal to xs the middle cir- 
cumference. = 5 


2 


* 
ee. 3 2 8 OS . . 3 * : — 2 N — . 2 10 n — - 2 
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PROBLEM XIII. 


To find the Areas of Lunes. 


„ 


Lunes, /unulz, or little moons, are ſpaces included 
between the interſecting arcs of two excentric circles, 
as the lune aBcbaA ; which is, evidently, equal ro 
the difference of the ſegments ABA, Abe. | 


If apc be a triangle right-angled at c, and if 
ſemicircles be deſcribed on the three ſides as di- 
ameters ; then the triangle T (ABC) will be equal to 
the ſum of the two lunes L 1, L2.—For the greateſt 
ſemicircle is equal to the ſum of the other two; from 
the greateſt ſemicircle take the ſegments $1, 82, and 
there will remain the: Ar / from the two leſs ſemi- 
circles take alſo the ſame two ſegments s 1, 82, and 
there will remain the two lunes LI, L2 ; wherefore 
T=LI+L2, | 


Q 


„ Whence, 


3 L VN E. Part 2, 


Whence, if the two ſides ac, cs, of the triangle 
be equal to each other; the two lunes will, alſo, be 
equal, and each lune L1 equal to the A acD; and 
therefore the ſegment s 1 = ſemicircle Aga AA 
= double the ſeg. AW Da, or double the ſeg. pvcp, 


SE C i. 3. 


A PROMISCUOUS COLLECTION OF QUESTIONS 
CONCERNING AREAS. 


1 QUESTION I. 
N the trapezium aBcD are given AB = 64, BS 
153, CD =12, and DA =9, allo B a right angle; 

to find the area of the trapezium. 


B TT C 
. „„ 2 
Fiſt - A + c VU) + FE = 
16-9 = At; ani W319 x41 % 39 „ 299 = 
2 2 2 2 


3V379X41X139X19%9 = 2429824279 = 
51*5305098 = the area of the triangle apc. 
| And 


— 


* Some of the queſtions in this ſection are taken from other 
books; but the methods of ſolution are, generally, different 
from thoſe uſed in the books from which they were taken, they 
being there moſtly ſolved by an analytical proceſs. And I have 
conſtructed thoſe of which the conſtructions do not appear to 
be ſelf-evident, 


= 7 8 0 4 N * 4 % C 8 8 8 > TEA 2 Wau, : N 4 * 5 
\ es. I a * 1 <2 1 : 8 4 - 3 5 * Eon yea 2 Ly 3 1 . * * r i 
1 „„ SSSR __ N —Y r * >. Ts x TT 44-5 e 8 2 —_ A a 2 . 22 5 
eee . PU ** r Fes Hl I „ PAT i * Sn x fo — _ , "of = — Aa de 4 — 41 — 2 2 "ws F. mas 4 Hong Py -. 
"to TK, Pp . „ r — n e bl TiO. ts RE : 3 22 on 4 SORT 
5 3 n * De — —— * 2 32 v 5 po. . 5 7 *. 2 2 ; I D on 5 


FI 


SN Y 


> "te S n I 83 5 g {6 Fg 2 
OM of. *. LES. IE ey A elitr . 32 A 
„„ Fit oo SEO ee; | 3 ; | 
b 9 * 23 * n 3 34 2 SEP 1 22 
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Chains 

trapezium, the length of its f:des being ,, 26G 
as in the margin, and the tum of the ne = 132 
wo oppoſite angles B and p equal to ep = 100 
| DA = 260 


required the area. 
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1 1 78 for : 
And == X 2 X — = 50*7, the area of 


the triangle ABC. 
The ſum is 102:5305098, the area 1 of the trape- 
zium required. 


QUEST. 2. To find the area of a 


180 degrees. 
By rule ; of prob. 3 of ſect. 1. (32-4 being half the 

per meter) 

v/(32:4— 150) x (32'4—13'2) X (32 4—10) x (32: — 

VIS X19*2 X 2254 X C = 21504 ſquare chains 

= 21:504 acres = 214. 2r. 0*64 perches, the area 

required. 


ote. A conſtruction of this problem may be ſeen 
in Simpſon's Select Exerciſes, page 135. 


QuesrT. 3. In the pentangular field AB DE are 
given AB— 14, BC = T> CD IO, DE 12, EA = , 
and the diagonal ac = 17 chains, allo: E a right angle; 


Fiſt ad = DpE*+2f = wit +5” = 
Then al X 28D = % 629530 = AE 
Andy/ 20X 7 3X7X10=104/42=64:807407 = Abc. 
Allow 19X2X5X12=24/570=47 749345=A ABC. 
The ſum of all three is 142:556752 ſquare 
chains = 14A, 10227 r. the area required. 
QUEST. 
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Quksr. 4. Given the baſe Ac = 32, Ab ;, 
E S9, the perpendicular EF 4, and the perpen- 
dicular p6 = 3; required the area of the triangle 
ABC. 


i : | 
1511 8 

Draw 6H parallel to 8c. Then, by the ſimilar 

triangles GDH, FEC, we have FE 4: EC9g :: GD 3: 
DH ; and hence AH = . Again, from the 
ſimilar triangles acn, ABc, we have AH ?: AC 32 :: 
DG 3 : the perpendicular 13 = *#. 
Hence jacx1B=16X7%= 130;5=130"72347; 
15 the area of the triangle required. 


Qursr. 5. What is the ſide of that equilateral 
triangle, whoſe area coſt as much paving at 8d a 
foot, as the palliſading the three ſides did at a 
guinea a yard? | 

The ſides are 7s. a foot, and the B 
area 55. a foot. And that the pro- 
duces may be equal, the quantities 
muſt be inverſely as the prices; but, 
by rule 2, page 113, 4305 is the 
area; therefore : 7 :: 380: 230 J : 
: : po = 3XHR07X3S = $43 A 7 
7 03. -: 
= 727461339, the fide required. 


Quxsr. 6. Surveying a quadrangular field, I 


found the four ſides to be 10, 9, 7, and 6 chains, in 
a ſucceſſive order: I likewiſe, at the two extremes 
of the longeſt ſide, took the bearings of the oppo- 
ſite angles, which were N. k. by k. and N. W. 

Hence the content of the field is required. 
1 From 
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From the given bearings of the angles c and p, 
from à and B, it appears that the diagonals ac, Bo, 
make the angle a1DÞ at their interſection of 7 points 
or 784 degrees; therefore, by rule 3, problem 3, 
ſection 1, we have 2 (104 ＋7 . — 9*—6*) X tang. 
783% = 32 X + * 5*0273395 = 9 X 50273395 = 
218716 ſquare chains = 44. 3*499456 perches, 
tie content required.“ | 

QuEsrT. 


— 


* CONSTRUCTION. 


With two of the given lines 45 10, and 4e 6, make a right 
angle 5; and with the other two complete the trapezium abcp. 
In the perpendicular Ec produced, take EF = 84937492 = the 
double of the area 40*218716 divided by ab g; and with the 
center F and radius equal to 64 a fourth proportional to DA, A6, 
be, deſcribe an arc meeting, in c, another arc deſcribed with 
the center D and radius pc; then join b, c, and with the other 
two given lines, Sc and ba, complete the trapezium ABcp, 
and it is done. . ; h 

For, having drawn ac, ac, and cr, and let fall the perpen- 
diculars, cy upon Ap, c upon AF, and FG upon PCGz 
fince AD? + pc* + 2AD X DFH = AC®* = AB* + BC®* +2AB X BO, 
and AD*+ pc* + 2AD X DE = Ac* = Ab + ber, by taking 
theſe latter quantities from the former, it follows that 
2ADXEP = 2AD X DP —2AD X DE = 2AB X Bo, and conſequently 
B: FG (ET) :: DA ; AB :: BC : CF by the conſtruction; 
whence the triangles cg, cor are fimilar, and therefore 
C: c:: CB : CF :: (by the conſtruction) Ab: AB; and 
hence cd AB = AD X CG; and, by adding c x AD to each we 
have ce X ap + CQ_ x AB = double the area ABCD = CP x AD 


| FCG x AD EFX AD = (by the conſtruction) double the given 


area, 
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QuersT. 7. Given two ſides of an obtuſe-angled 
triangle, which are 20 and 40 poles; required the 
third ſide, that the triangle may contain juſt an acre 
of land. | 


Pg 


Pa _ 
A SS 


Now the area 160 — 20 (ZAB) = 8 = the perpen. 
nm ep; but Vc - cov? = S20* — 8* = bs; 
hence AD = AB+BD =40 + Vꝛ0 8 and Ac 
V ab* +bc* = 8* +40* +20*-8* + 80% 20ʃ-887⁶ 
=4V 125>209/21 =4Xy/105=24/5=58:87634686 
and 23*09925922, either of which may be the ſide 
required, 


QresrT. 8. Given the four ſides a8 = g, Bc = 10, 
co = 11, and Da=12, and the angle BBC = 30, 
formed by the diagonal Bb and the fide pe; required 
the area of the trapezium. 


RES 


\ 


„ 


A D 


Firſt, by trigonometry, Bc : :: 2 = $. £BDC 
3 1 | 5 4 
=— 55 the fine of the angle DBS = 33 22 
whence 1807 30˙— 33? 22 = 180 63˙ 22 = 
116* and 3. Lic : 8. Le ::; BC: BD 
= 10 * 8938936 X 2 = 17877872. 

Then gc Xx D KZs. C ION II X · 4469468 = 
49164148 = the area of the triangle Bop. , 

An 


— 
4 2 
* 
F 
"v7 
* 
1 
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, 
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And v 19'438936 X 10438936 X 5.438936 * 
1.56 1064 = 48*54337 = the area of the triangle 
ABD. 

And their ſum = 97:707518, is the area of the 
whole trapezium. 


QuEsT. 9. If from the right-angled triangle A, 
whole baſe is 12, and perpendicular 16 feet, "be cut 
off, by a line DE parallel to the perpendicular, a 


triangle whoſe area is 24 ſquare feet; what are che 
ſides of this triangle? 


The triangles Asc, Ap, are ſimilar, 
and the areas of ſimilar triangles are as 
the ſquares of their like fides; but 12 & N 
= 96 1s the area of the triangle ABC, 
therefore 


| „ 16: 6% = 665 
54/24: 8 a2 nn a1 
and AD + DE* =4/6* + 8* =,/100 = 10 = AE. 


QuEsrT. 10. If from a triangle whoſe ſides are 13, 
14, 15, be cut off by a line drawh parallel to the 
longeſt fide, an area of 24; what ar& the lengths of 
the tides including oY area ? 

Firſt, 2 LES = 


—=21= S half the ſum of the 


tides ; from w ch cach ſide being taken, leaves 6, 7, 
8; therefore 21 Xb6X7 x8 =v/ 3X7 N48 


3X4X7 = 84 = the area of the given triangle. 
Then, as in the laſt, 


13: 13/2 
V 84: /24 : 14: 14475 


i the 23 man 
2 V/ 14 incloling the 
51/14. area cut off. 


Quesr. 11. Given the area = 144, the- baſe 
AC = 24; and one angle BAC = zo, at the baſe; to 
find the fides as. sc. | 


Firſt, 
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B 


DC 


Firſt, 144 = 12 (ac) = 12 = the perpendicular 
BD. | = 

Tac, MISH|CA 3011 =h 4D :: 12 = DB 
24 = AB. 5 

But AP = aB* — BL? V2 — HM”, and Dc = 
Ac - ADS 24=V 24* 125 

Therefore nc =/ pb* +Dc* = 24VW/2—w3 = 
I2X(/6—v2)=12:423314184. 


Or, ſince AB is = ac, the Ce will be = the £8 
= {(i80—30) 3 75; hence Lone = 15*; and 
therefore as radius 1 : ſec. 15* = 150352762 :: BD 
I2 : 12 X 1*0352762 = 12:4233144 = BC. 


Note. It is pretty evident, that this triangle will be 
conſtructed by drawing AB to make with the given 
baſe ac an angle of 30%, and meeting with a line 
drawn parallel to, and at the diſtance of, the perpen- 
dicular By from ac in s the vertex of the triangle. 


QUEST. 12. Given the area 1012, 4800 ratio of 
the ſides of a triangle, viz. Ac to CB,” as 4 to 3, 
and AB to CB as 3 to 2 ; to find the ſides. 


It is evident that the ſides AB, Ac, Bc, are in the 
ratio of the three numbers 9, 8, 6, reſpectively; and 
therefore a triangle whoſe fides are 9, 8, 6, will be 
ſimilar to the triangle propoſed ; but fimilar tri- 
angles are as the ſquares of their like ſides, and 


N88; is che area of the tri- . 


angle 
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angle whoſe ſides are 9, 8, 6; therefore 3/8855 : 


2012 :: 

8: 5 10847375 = 52:47024= AC, 
6 : 244/ * Ml 7:4 10847375 = 39352603 Sen, 
9: 36% 2 220 10947375 = da BA. 


Quxs r. 13. The diſtance of the centers of two 
circles, whoſe diameters are each 50, being given 
equal to 30; it is required to find the area of the 
ſpace incloſed by their circumferences, and that of a 
ſquare inſcribM in the ſaid ſpace ? 


; A. 
Conſtruction. 


Having deſcribed the cir- 
cumferences including the 
common ſpace AHBI, IH 4 
being the common part of . 
both the diameters, biſect _.:7 1 1777 
1H in e, and through © 3 FM 
draw FCD, GCE, each making : E 
half a right angle with In, F : E 
and meeting the arcs in bp, : 

E, r, 6, the four angular 
points of the ſquare. 


5 
Calculation. 

If x be the center of one of the Circles, then 

KH—=KC=25—1I5=10=CH Sen 1s the height of 


CH O . 
each ſegment; and —= = =-2 = the tab. verſed 


fine; to which, in the table of circular ſegments, 


correſponds the area 11182380; therefore · 1118238 X 


50X50X2 = 559*119 = the two ſegments, or com- 
mon ſpace AHBIA. 


Again, 
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Again, drawing KD, we ſhall have, as KD 25: 
e rs ü 135 or 46 54.4 £00 = 35" v7 1 
hence 1305 a 6, 1801607 62 = 
19? = ben as radius: s. LK: KD ks) 
| DL = 8. 507778, the double of which is DE = 
17:015556 = the fide of the ſquare. And therefore 
* 15556 X 177015556 289˙529 is the area of the 
ſquare. 
Qursr. 14. Given the baſe ac = 13, the area 45, 
and the ratio of AB to Bc as 2 to 3; to find the figes 
AB, BC, of the triangle ? 


— 


A DE 3 

Firſt, the area 45 = 71 (Zac g G the perpendi 
cular 3D. Then take AE: EC:: AB: Bc, that is 5 =2+ 
2: 6 = Ak, and ſuppoſe BF =Ba, 
3:9 = ke; as alſo the lines BE, Er, 
and the perpendicular rs to be drawn; and we {hal 
have the two triangles aBz, EBF, equal to each other 
in every,reſpec&t ; but \ 


. 3 1 + = 13 = AaBr, 

EC 2 VBC3 

their difference is 9 = AEFC; 
or AEFCE AABC - ABFE = A ABC - 2 A ABE 
45 - 36 2 9; hence 9 (Azrc) + 4; — =28= 
the perpendicular y; but EGO =V/er* —r6&' = 
 =6*—2* =4/22, and 6C=EC—EG = 9-32 
whence, by ſimilar triangles, FG : GC :: BD: ber 
27-— 4086. and, conſequently, AD = AC DC» 
3/32—12; wherefore, laſtly, aB D + DA 
—=/ 6* + (39%L32 — 12) 8 "+ (vV32 —4)* = 
6 13—8,/2 = 7 79146 and, as 2 :3 :: AB: BC 


=9w/13—ÞbvV2 = 1108719. 


$ : 20 


From 


1 


* 
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From the foregoing ſolution the following con- 
ſtruction is evident. 

Having drawn H1 parallel to Ac, and at ſuch diſ- 
tance from it as is expreſſed by the perpendicular 
2D, found from the given area and baſe, and taken 
AE to EC in the given proportion of as to Bc; with 
the center k and radius EA deſcribe an arc meeting 
in r, with a line KL drawn parallel to ac, and at 
ſuch diſtance from it as is denoted by a third propor- 
tional to Ee, ke - EA, and BD; then through F 
draw eg meeting HI in B, and join B, A. 


QuesT. 15. Given the ſegments BD = 10, and 
DC=14, of the baſe he, made by a line Ap biſecting 
the vertical angle a, and the ſum of the fides 
BA + AC = 48; to find the area. 


It a line biſect any angle of a A 
triangle and cut the oppoſite fide, it 
is known that the ſegments of that 
fide are to each other, as the other 
ſides adjacent to them. B 


5 8 
BD 10: 20 =BAz, 
DC 14: 28888 
hence the area is /36X8X12X16 = 6X2X2 X 
4V2X3 = 964/6=235"15100154 


Qursr. 16. Having given the continuations of the 
two tides of the vertical angle of a given triangle, to 
find the area of the triangle formed by the ſaid con- 
tinuations, and a line connecting their extremities. 


Therefore as Bc 24: BAT AC 48 :: 0 


That is, Given AB = 2, BC = 3, AC 


2 2 
ne at =7, ep = 10% Wh „ 1 0 
required DE and the area of the triangle BDE. 

M Firſt, 
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Fiſt, NEX XX i415 = the arca of the 
triangle aBc. But ſince tne vertical angles at B are 
equal, and triangles, having one angle in cach equal, 
are as the rectafgles of the ſides about the equal 
angles; we ſhall have 6: 35 :: 4/15: 5 
16944302 = the area of the triangle BDE. | 

Then, having drawn Er perpendicular to Bc, 
„VIS ZGB) AVIS ET; but VBr*—er? 

= 25—X25 Ev = = By, and par 


=7p7?þ pr; hence v pr? + ypx* = 


+ « 
— 
— 


n. 
. 


VEY+135X(2) =2vV33*+15X5* Ev 1464 
3 


Quksr. 17. Given the area 100 of the equilateral 
triangle aBc, whoſe bale falls on the diameter, and 
vertex in the middle of che arc of a ſemicircle ; re- 
quired the diameter DE of the ſemicircle. 

Since the area of an equilateral 
triangle is equal to the {quare of 
the fide drawn into V3, we ſhall 
have the ſide aB = — and 


the half of it ay O = =; whence the radius of 
53 72 


the circle or perpendicular of the triangle Be is = area 

| 10 . . 

+AP 10 55, = 04/3; the double of which 15 
204/ 3 =26:32148026, the diameter required. 

| Otherwiſe. Since Ap Nr, therefore AP X BY 


BPV = 100 the area; hence 37 = io, 
and 2B? = 20% 3, the diameter. 


QVEsT. 18. The area of a triangular meadow 18 
100 perches or ſquare poles, and the length of one of 
its tides is 40 poles, which is alſo a mean propor- 

| tional 


* 


P 
X n F ; » 6 * 3 * 5 — > 4 5 # 
1 3 ” * * 5 as. © dV * 1 * \ q . 1 - = Pf oat b 
SUSE) a — n A 4 * al 4 4 COMET. "42 1 N J 1 . kT rs, I by * . 2 * * 1 2 
9 EIT +” 3 Te 8 92 „„ * r - L 3 PFC Li « — 22 RA 1 
1 * n , » | +4 A, «YO PS. ne ee I EI a 8 on SD n RB. „„ k "OR, TS S n N 2 8 d e Mp , 
» a+. . . «4 _ . *- - So” 4 he 9s A „ ELLYN Ps RICE 5 * 's n - 7 ry 4 F Pe > U 
- - 4 Fe , p 2 - 42 5 7 rr VANE 8 7 at * * 5 5 0 g — CAST; * 
. l 4 * f * * þ " - o * =; 2 
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I 


raiſe ep perpendicular 
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tional between the other two ſides; from which it is 
required to find the unknown fences, 


Make AB = 40 = the "> My 
baſe, or given tide; on 
the middle c of which 


and equal to e = 5, 
the perpendicular height 
of the triangle. Then, 
fince the rectangle of 
tuo fides of a triangle 


drawn into the fine of their included angle, is equal 
200 


to double the area, we ſhall have = = r for the 
fine of the vertical angle; therefore draw Bt making 
the angle cBE equal to the complement of that angle, 
and meeting ep produced in E; fo will E be the 
center of the circle circumſcribing the triangle. 
Therefore, with the center E and radius ER or EA, 
deſcribe an arc ABF meeting DF, drawn parallel to 
AB, in F; then draw AF, FB, and it is evident that 
AFB will be the triangle required. 3 


Calculation. 


Draw re perpendicular to AB produced. Then, 
ſince is the s. of LE, it will be as : 1 8. 40 :: 


es 20 : 160 = BE; or thus, by geometry, 
AF X FB o * 40 

— 22 — = 160 = Br. Again es 
2FP 10 


VEB -C“ = 160* =20* = 2063 6; 
hence DE = CE—CD = 609% 3, and DF = 
15 sV1g+24v7; but BP = DF — CB 
= 5V15 + 24/7 —20, and therefore BF = 
Vr. +By* = 108+ 6/7T—2V 15 $2497 = 


2480833, and conſequently FA = 775 8 == = 


6449447. - 


M 2 Quesr. 
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Quzsr. 19. The four ſides of a field, whoſe di- 
agonals are equal to cach other, are known to be 23, 
35, 31, and 19 poles, in a ſucceſſive order; from 
whence the content of the field is required. 


Conſtruction. 


Make as and ac perpen- 
dicular to one another, and 
each equal to one of the given C 
ſides, as 35; with the centers 
B, c, and radi equal to the 
two remaining oppoſite ſides 
25 and 31, deſcribe two arcs, 
interſecting in D; draw Ap, | 
and BE perpendicular and equal to it; draw AE and 
DE ; and ABDE will be the trapezium.“ 


Calculation. 


Draw ze meeting AD in 7, upon which let fall 
the perpendiculars az, bm. Then Bc AB TAC 


5 6 2 . 
35v/2,and Au = By = "BC = 352 — 2 again, 


2 
— X36 -g1* _ 2114 _ 1614/3 
2BC 70% e 
| 1 | ICT 12 
and HM — B — Bl = * — .- o/ 7." 
3 100 * v2 „ 
but 


_ 


* For, by the conſtruction, An, Bo are the two ſides. 35 
and the diagonal BE Ab; fo that we have only to fhew that 
AE, ED are equal to the other two fides, 31, 19.—Now, by the 
conſtruction the angles cap, ABE, being each the complement ot 
BAD, are equal to each other; and, by the conſtruction ca and 
AD, AB and BE, about thoſe equal angles, are alſo equal; and 
therefore the remaining fides cp, Ak are likewiſe equal, that 3 
AE = 31.— But, by the property of all triangles, A2 AE = 


Br*—FE*=BD* — DE? ; and, therefore, bx SVD TAE —as* 
— - 2 12 < == | 


* 


E e 
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but py =vVBD* — BEN * 2 (—)* = 
VI —2X151* = 16898; and, by ſimilar 
triangles, An + Dm : mm :: an: ur S 2 
| 175 ＋ 449 
hence Ar = bs 
An 7 — x/+X35*X(175+4/8449)* +2 x 420* 
b # 
be 175+ 453449. F 


and, by ſimilar triangles, ur: um:: Ar: ADE 
V 793 + 7/8449 = BE.—Then, becaule Ap is 
equal and perpendictar to BE, by rule 2 prob. 3 
we obtain the area = AD X BE NI fine LF = BE“ 
= x (793+7+/8449) = 718214547 ſquare poles 
= 4ac. I ro. 38:214 547 perches. | 


Otherwiſe. 


. SCH 2 
Having found B = —y 2; we ſhall have, as 


BD: BY-:: 1 25 02 = *6044/2 = 85418499 the 
coſine of the 4 DBM 3 20%; but LaBm=4s?, 


conſequently C DBA = 76* 20'; then as aB+8BD 60: 


AB—BD 10 :: tang. L LBDA + LBA D Z 512 50: 
tang. 2 L. BDA 2 4 BAD = 11 58", hence 51* 50' — 
17 53 = 39 f = Zan; lflly, = 4a 
S. LABD :: BD: DA = 37*897 = BE, which is nearly 
equal to V/ 793+7+$449 = 37:99025, the value 
above found, 


Quesr. 20. The trapezium ABCD is to be mea» 
ſured ; and, becauſe of ſome obſtructions from wood, 
water, &c, or for want of proper inſtruments, there 
can be taken only the following meaſures : viz. AB 
58-5 chains, Bc 27:3, c 50, and DA 32 chains; allo 
in Ap, continued, there is meaſured any diſtance 
DE 275, and the diſtance from E to e is 32*5 chains; 
required the area. 


M2 


Draw 


166 PROMISCUOUS QUESTIONS, [Part 2, 


A D 


Draw the diagonal ac, and on ap, produced, let 
fall the per pendicular CP, 


Becauſe pc* is = DE* + EC + 2DE XEP, we ſhall 


DC? —EC* — PDE 207 2 — 5 „ 2 
have EP = | bank tif. n 
2 DE 56 9 
but rC cr + Br = 3255*—1255* = zo, 
therefore AD Xx pe = = 16x 30 = 480 the area of 


the triangle acp. 

Again, APZAD+DEÞEP=32+27'5+12:5= 
therefore ac APE TFC = 72" + 30t = 78. 

Alſo, letting fall the perpendicular 30, fince as* 
= Ac“ + Bc* —/2ACc X cd, we ſhall have ca = 
AC* +BC* —AB* —_ 1 

2 = 2184; and hence 30 VCL 

= 16:38; therefore a AC X QB = 39X16:38 = 63882 
= the triangle aBc. 


Whence 480 +.638:82 = 111882 ſquare chains 
=111*362 acres — I 11 ac. Zr. 21*12 perches is the 
whole area required. | 


Quxsr. 21. To find the length of a chord cutting 
off any part, as ſuppoſe 3 from a circle whole di 
ameter is 289. 

The arca of the whole tabular circle, or of the 
circle whoſe diameter is 1, is 785398163 the + of 
which is · 26179939 nearly, which is a ſegment ſimi- 
lar to the ſegment to be cut off. Now, the verſed 
line anſwering to this area, in the table of circular 
ſegments, is +367 53395, which taken from the whole 

| diameter 
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diameter 1 leaves · 63246605 for the other part of the 
diameter; then, becauſe the ſemi-chord is a mean 
proportional between the two ſegments of the diame- 
ter, we ſhall have 2 /e 63246605 X 36753395 = 
96426162 = the chord of the tabular ſimilar ſeg- 
ment. Therefore as 1 : 289 :: 96426162: 2786716 

= the chord line required. g . 


Quxsr. 22. In the unpaſſable field A Bop there are 
meaſured the, ſides AB 29, AD 59, and DC 15 
chains: alſo, by drawing Bs parallel to ap till it 
meet with pc, produced, in 6, BG meaſures 23; and 
Ge, 10 chains; required the content. | 


B G 


Draw Br parallel to Gp: then is BapH a paral- 
lelogram, and contequently BH = 6D = 23, and up 
= 36 = 23; hence AUZAD—HD= 36. 

But, letting fall the perpendicular 31, In = 
An“ + BUY* — AB* | | — 
— — = 15, amd 8 = 


= 20. Whence (Ab ＋ BC) X ip1 = 82 X10 820 
is che area of the trapezoid ABGD. | 

Again, drawing the diagonal BD, FD X BI = 
23X10 = 230 = the triangle BuD = the triangle 
BGD; but the triangles 30 p, Bcc, being of the ſame 
height, are to each other as their bales 6D, G0; 
that is, DG : GC :: triangle BDO: triangle BSG = 
7 K 230 = 2 * 46 = 92. 

Whence, by taking the triangle Bcc from the 
trapezoid ABGD, we have 820—92 = 728 ſquare 
chains = 724. 3r. 8 perches = the area required. 

Note. It is evident that this figure will be con- 
ſtructed, by firſt forming the triangle ABH, and join- 
ing the parallelogram BG DH to it. 

B14 (QUEST, 
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QuesT. 23. To find the area of the hexagonal 
field ABCDEF, the fides Bc, DE, AF, being produced 
to meet in the points x, v, z; there are given the 
following dimenſions, 2 3 39, BC 118, CY 25, YD 30, 
DE 100, EX 65, XF 23, FA 109, and AZ 37 chains, 


Firſt, by prob. 2 ſect. 1, the D 
area of the triangle EYE 18 


14196 ſquare chains. 
But, it appears from rule 2 of 
the ſame problem, that the areas 
3 


of triangles, having one angle E 
common, are as the rectangles EE 

of the fides including the com- 

mon angle; therefore AM 7 1 


ZXXZY=169X182:37X39::14196:666=A ZzBa, 
YZXYXZI82X195:25X30::14196:300= ACvYD, 
XYXXZ=195X109:05X223::14196 :644Z AEXTF, 


whoſe ſum 1610 
taken from 14196the AZ vx 
leaves 12586 the area 
of the hexagon ABCDEF required. 


Qvksr. 24. It is required to find the area of the 
heptagon ABCDEFG inſcribed in the trapezoid HKI, 
the dimenſions being as below: 

Viz. HB 34, BC 85, CI 17, 1D 42, DK 66, KE 13, 
EF 91, FL 26, LG 29, GA 160, and AH 33. 
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Firſt, drawing 1M parallel to KL, and letting fall 


the perpendicular 1x, 1M will be = K = 130, 


| IMD + HM* -* 
HM = HL—IK = 114; hence NM = h 


2 HM 


= zo, and IN in — NM = 120. 

Hence 21N Xx (1K +HL) = 60 X 330 = 19800 = 
the trapez. 1KLH. 

But a trapezoid is to a triangle, having each one 
anole equal, as the rectangle under the ſum of the 
parallel ſides and the other fide including that angle, 
in the trapezoid, is to the rectangle under the lides 
including the angle, in the triangle. 

Or, As that one of the two ſides in the trapezoid, 
about the angle, which is not one of the parallel ſides, 
is to half the diſtance of the parallel tides, fo is the 
rectangle under the two ſides of the triangle about 
the angle, to its area.* Therefore 


136 : 60 :: 33 X 345405; = Ann 
136: 60 :: % Ac 
130: 60 :: G 3266 = ADDER 
130: 60 :: 26 * 29: 348.2 AGFL, 


the ſum is 1554 
which taken from 19800 the trapezoid, 
leaves 18246 ſquare chains 
= 18244. 2 I. 16 perches. 
Note. This is conſtructed as the 22d. 


QrEST. 


— 


FIT 1 
* 


* For An Nn: A BAH :: (radius: 18. £H ::) HI: 2 Ix :: 
(by equal mult.) NIK THL: I IN X IK + HL the trapezium. 

In the ſame manner, GL X IF: AGIT :: LK: EIN :: LK X 
IK + HL :ZIN X IK + HL. | 

But the angles 1 and k are the ſupplements of the angles u 
and L, and have, therefore, the ſame lines; and, conſequently, 
the rule will be the ſame for them, 


, 


— — 
1 


D 
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Qresr. 25. In the quadrangular field AB od, if 
ab be | 46*8, de 195, the perpendicular BE 44˙8 
chains, and b a right angle ; allo if AB be to Bc as 
8:10 5; 08 required to find the content of the tra- 
pezium ABCD, and the length of the lictes AB, BC, 


= 

” / \ > 
| N% 8 1 
L 1 * 

Fg F. — ir 

ol Ft | 
A 1 R 
Couſtruction. f 


Draw ap g 46'S, and DS 19g making a right 
angle o with it; join Aa, c; take AF: FC :: 8: 55 OT 
AF: 4e 13 make AG ZAF, and Fu parallel 
to it and to Fc; draw GHI meeting ac produced 
in 1; with the center 1 and radius 1x, deſcribe an 
arc meeting in n, a line drawn parallel to, and at the 
liſtonce, of, the perpendicular 448 from Ap; and t 


will be the other point of the figure required.“ 


Calculation. 


Uirſt, A N ο +pc* = 50'7, and, by the 
conſtruction, 13 38 :: Ac: 31'2 = AF; hence 
FC 


— — — 


* DEMONSTRATION. 


Becauſe, by fmilar triangles, AI: AG or AF :: FI: FH or FC, 
we have, by diviſion, Af: Fl:: FI 2 CI, or joining 1B, AI: BI:: 
EI: ci; but the £1, included by theſe proportional lines, 1 1 
common to both the triangles ABI, BI, therefore thoſe triangles 


are ſimilar, and conſequently AB: BC;; Al; BI or FI :: AG 
828. 
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. => 
FC = AC—AF 19˙5. Then, by ſimilar triangles, 
11% (= AG — FH Or AF—FC) : 30's (= AF or al 
15 5 ien re) : £2 =-F1 - or My 
whence al or AF+FI1 = 83˙2. Then, by ſimilar 
triangles again, (drawing IK perpendicular to a 
produced) as AC 50% 41 
AD 40'S : : 76-8" = as 
2 19˙ 35 3 .ꝗ⁵ß 
whence, (drawing 1L parallel to E), LB Or BE— EI 
= 128, and EK or LI =V BI*—BL* = 50'4; and 
hence AEZAK—EK =26:4, and AB VAE TER 
ae 5:: Ab 525 „ne. 
But AEX EB => 591-36 triang. ABE, 
And LED X (BE + cb) = 655˙86 trapez. E BCD, 


Their ſum is - — 1247-22 1q. chains 
or 124.80. 2 r. 33 
the area of the quadrangle Ano required. 


Qu sr. 26. Given the three ſides AB 13, AC 14, 
and Bc 15, of a triangle. Abe, divided into three 
equal parts by the two lines Fe, 'ED, both parallel to 
Ac; it is required to find the areas of the two ſeg- 
ments uU, KIT, and zone LMNK, into which the 
inſcribed circle is cut by thoſe lines. 


B 


Firſt, 
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Firſt, 21 X8X7x6=v/7 X 3*X4* = 7X34 
= 84 the area of the triangle ABC. 

Then 84 - 7 (tac) = 12 is the perpendicular 
BQ; and 84 — 21 (CAB ＋ ATEC) = 4 is the 
radius, or 8 1s the diameter #1 of the inſcribed circle, 

Now, the triangles BF, BED, BAC, are ſimilar; 
but ſimilar triangles are as the ſquares of their like 
_ dimenſions ; alſo thoſe triangles are to one another 
as the numbers 1, 2, 3, reſpectively ; therefore 

n r.. 

| V3: Be: S232: 4. = 4v0= By; 
Hence a- BHS 12—44/6 = Pq=theverled fine in, 
and BQ—BO=12—4/3=o0q=the verſed ſine is; 
and In- 1s 24/4 S the verſed finesn, 


Then, div iding the verſed fines 1s, IR, by the di- 


ameter, we have 493-4 4 — *.. = 36602 5404, 


q WE. Dy” 
EM. 

the correſponding tabular verſed fines; to which, in 

the table of circular ſegments, belong the areas 


260344499, 


and 17577983, 
whole ſum 43612432, 


taken fron 78539816, 


an 


=-*275255128; 


— 


leaves · 34927384, 
the area correſponding to the zone. Then each of 


theſe being multiplied by 64, the ſquare of the di- 

ameter, gives the ſeveral areas following, viz. 
26034449 = = 1666204736 =thelegment LIK, 

64X 117577983 1124990912 =theſegmentMHN, 
34927384 =22*35352576 =the zone MLKN+« 
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GENERAL DEFINITIONS, 


1. Solid, or body, is a figure extended in 

every direction. It is commonly ſaid to 
conſiſt of length, breadth, and thickneſs, which are 
three of its extenſions; of which the direction of 
each is perpendicular to thoſe of the other two 

2. The meaſure of a ſolid is called its ſolidiry, 
capacity, or content. 

3. By the menſuration of ſolids then are deter- 
mined the ſpaces included by contiguous ſurfaces ; 
and the ſum of the meaſures of theſe "including ſur- 
faces, is the ſurface or ſuperficies of the body. 

4. Solids are meaſured by cubes, whole fides are 
inches, feet, yards, or any other aſſigned quantity; 
and hence the ſolidity of a body is ſaid to be fo many 
cubic inches, feet, yards, &c, as will fill its capacity 
or ſpace, or another of an equal magnitude 

5. The leaſt ſolid meaſure is the cubic inch, other 


cubes being taken from it according to the propor- 
tion in the following table. 


7. alle 
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Table of Solid Meaſure. 


8 


Cubic inches cubic feet 
1728 i cubie yaids 
46656 27 
7762392. 44925 1663 
| 946793055000 287496000] 1064500C 


iſcub. poles 


10. 


64000 


[25435506105b0001147197952000 $431776000[32 760000 


[ Part 3, 


turl.| 


1 se. mile 
512 1 


ESC TI 10 3 


; 


OF PRISMS, PYRAMIDS, AND THE SPHERE, WITH THE 
MAY 


PARTS INTO WHICH SOME OF THEM 


BE CUT BY PLANES. 


. Priſm is a ſolid, or 

A body, whoſe ends are 
any plane figures, which are equal 
and ſimilar; and its ſides are 
parallelograms. 

A priſm is called a triangular 
priſm, when its ends are tri- 
angles; a ſquare priſm, when its 
ends are ſquares; a pentagonal 
priſm, when its ends are penta- 
gons; and ſo on. 

2. A cube is a ſquare priſm, 
having ſix ſides, which are all 
ſquares. It is like a die, having 
its ſides perpendicular to one 
another. 

3. A parallelopipedon is a 


ſolid having fix rectangular ſides, - 


every oppolite pair of which are 
equal and parallel. 


4. A cylinder is a round 
priſm; having circles for its ends, 
f | 
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5. A pyramid is a ſolid having F 
any plane figure for a bale, and 
its ſides are triangles whole ver- 
tices meet in a point at the top, 
called the vertex of the pyramid. 

The pyramid takes names ac- 
cording to the figure of its bale, 
like the priſm ; being triangular, 
or ſquare, or hexagonal, &c. 


6. A cone is a rdund pyra- 
mid; having a circular baſe. 


7. A ſphere is a ſolid bounded 
by * one continued convex ſur- 
face, every point of which is 
equally diſtant from a point with- 
in, called the center. — The 
ſphere may be conceived to be 
formed by the revolution of a 
ſemicircle about its diameter, 
which remains fixed. 


8. The axis of a ſolid, is a line drawn from the 
middle of one end, to the middle of the oppotite end; 
as between the oppoſite ends of a priſm. Hence the 
axis of a pyramid, is the line from the vertex to the 
middle of the baſe, or the end on which it is ſuppoſed 
to ſtand. And the axis of a ſphere, is the fame as a 
diameter, or a line paſſing through the center, and 
terminated by the ſurface on both ſides. 


9. When the axis is perpendicular to the baſe, it 
is a right priſm or pyramid ; otherwiſe it is oblique. 
10. The height or altitude of a folid, is a line 
drawn from its vertex or top, perpendicular to its 
baſe.— This is equal to the axis in à right priſm or 
| pyramid; 


> 
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pyramid ; but in an oblique one, the height is the 


perpendicular fide of a right-angled triangle, Whoſe 
hypotenuſe is the axis. 

11. Alſo a priſm or pyramid 1 is regular or irregu- 
lar, as its bale is a regular or an irregular plane 


figure. 


12. The ſegment of a pyramid, ſphere, or any 
other ſolid, is a part cut off the top by a plane paral- 
lel to the bale of that figure. 

The ſection made by the plane, is a plane fimilar 
to the baſe of the figure; and every ſection of a 
ſphere is a circle. It the ſed ion be made through 
the center, it is a great circle of the ſphere, having 
the fame diameter with the ſphere; if not, it is a 
little circle. 

13. A fruſtum, truncus, or trunk, is the part re. 
maining at the bottom after the {ſegment is cut off. 

If a fruſtum be cut by a plane diagonally paſling 
through the extremity of one fide at the leſs end, 
and through the extremity of the oppoſite ſide at the 
greater end, the two parts into which 1t 1s cut, are 
called ungulas or hoofs; the greater hoot being that 
including the greater end; and the lets, that including 
the leſs. 

14. A zone of a ſphere, i is a part eee be- 
tween two parallel planes; and it is the difference be- 
tween two ſegmients. When the ends, or planes, are 
equally diſtant from the center, on both ſides, the 
figure is called the middle zone. 

15. The ſector of a ſphere, is compoſed of a ſeg- 
ment lels than a hemiſphere or half ſphere, and of 4 
cone having the ſame baſe with the ſegment, and its 
Vertex 1n the center of the ſphere. 

16. A circular ſpindle, is a folid 
generated by the revolution of a ſeg- - 
ment of a circle about its chord, 
which remains fixed, 
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17. A wedge is a ſolid having a rectangular baſe, 
and two of the oppoſite ſides ending in an acies or 
edge. 

18. A priſmoid is a ſolid having for its two ends 
any diſſimilar parallel plane figures of the ſame num- 
ber of fides, and all the upright ſides of the ſolid 
trapezoids.—lf the ends of the priſmoid be bounded 
by diſſimilar curves, it is ſometimes called a cylin- 

= dro. 
3 19. An ungula, or hoof, is a part cut off a ſolid 
by a plane oblique to the baſe. : | 


PROBLEM 1, 
To find the Surface of a Priſm, 
| 


CROS ANY RULE. 


| . | It is evident, that, if the area of each fide and end 
be calculated ſeparately, the lum of thoſe areas will 
be the whole ſurface of any priſm, whether right or 
oblique ; or, indeed, of any other body whatever.“ 
hut for a right priſm ob{erve the following 


b PARTICULART YTLE. 


Multiply the perimeter of the end by the height, 
and the product will be the ſum of the ſides, or up- 
right ſurface. 

If the ends of the priſm be regular plane figures, 
multiply the perimeter of the end by the ſum of the 
height of the priſm and the radius of the circle in- 
(cribed in the end, and the product will be the whole 
ſurface. 


N E x- 


— 
* — 


— r= 


* The ſurfaces of ſimilar priſms, and indeed of any other 

ſimilar bodies, are as the ſquares of their like lineal dimenſions. 
| 0 e from their being compoſed of fimilar plane figures, 
alike placed, GP - .. OT .. 
ee... Tg ai Hes — M6%%g 


= t 
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EXAMPLE I. 


What is the upright ſurface of a triangular priſm 
whoſe length is 20 feet, and the ends of its baſe each 
18 inches ? | 


Here 18X3 = 54 inches = 4+ feet is the peri. 


meter of the bale. | 
Therefore 4: X 20 = go ſquare feet is the upright 
ſurface. 
Again, by rule 2 problem 4 ſection 1, we have 
2X3. X 3 X 433013 = 149485585 = the area of the 
two ends. * Fo | 
Therefore 919485585 is the whole ſurface, 


EXAMPLE 11. 


What is the ſurface of a cube, the length of each 
of whoſe ſides is 20 feet? 


Firſt, 20 X 20 = 400 is the area of one ſide. 
And 400 * 6 = 2400 is the whole ſurface required, 


EXAMPLE TIN, 


What muſt be paid for lining a rectangular ciſtern 
with lead at 2d a Ib, the lead being 7 feet to the lb, 
ſuppoſing the length within fide to be 3 feet 2 inches, 
the breadth 2 teet 8 inches, and height 2 feet 6 
inches ? | 


Firſt, (38 ＋ 32) X2 * 30 = 70 Xx 60 = 4200 
ſquare inches, the two ſides and two ends together. 
Then, 38X 32 = 1216 is the area of the bottom. 
Therefore 4200 + 1216 = 5416 ſquare inches 
= 374+ {quare feet, is the whole area. | 
And 3775 X 7 = 2634, lb, is the whole weight, 
CUP i1lb:2d:; 263 T7: 21 3s 105d, the 
colt, h 
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BIAAMPFLE IVs 


- 


What is the convex ſurface of a round priſm, or 
cylinder, whoſe length is 20 feet, and the diameter of 
whoſe baſe 1s 2 feet ? 


Firſt, 31416 X 2 = 62832 is the circumference. 
Therefore 6˙2832 & 2Q = 125*664 is the convex 
ſurface. | N | 


. EXAMPLE v. 


What is the whole ſurface of a cylinder whoſe 
length is 10 feet, and the circumference 3 feet? 


Here - 2 Soy = 477463 is the radius of the end. 
Theref. 10.477463 X 3 = 3143239 is the whole 


ſurface. 


PROBLEM II. 


7 find the Solidity of a Priſm. 
Multiply the area of the baſe by the height, and 


the product will be the folidity.* 
WS | © E x- 


For, if we conceive to be cut off from the priſm, by a 
plane parallel to the ends, a part whoſe height is equal to the 
lineal meaſuring unit; and then imagine both its ends to be 
divided, in a fimilar manner, into as many ſquares as are ex- 
preſſed by the area of each, the fide of each of thoſe ſquares 
being equal to the lineal meaſuring unit; and, laſtly, ſuppoſe 
planes to be drawn through the correſponding lines of diviſion; 
it is evident that the part cut off will be divided, by thoſe planes, 
into as many cubes as there are ſquares in each end, and alſo 
having the ſame dimenſion with thoſe ſquares, viz. the lineal 
meaſuring unit; and this number of cubes is the meaſure of the 
part, | 

But the magnitude of the whole priſm, or, indeed, of any 
Other of an equal baſe, is to the magnitude of the part whoſe 
height is the lineal meaſuring unit, as the length of the whole 


is to that unit (1). 
And 


180 PRISMS. [ Part 3. 


FAAMEFL SS @. 


How many ſolid feet are in a {quare priſin whoſe 
length is 54 feet, and cach fide of us bate 14 feet? 
eis the area of the end. 


1 6 11 0 = 11 1 
ENR 22 07 TO Toll, 


. 


How many ale gallons of water will che citern 
hold, whole length, breadth, and height, are 3 feet 2 
anches, 2 fect 8 inches, and 2 feet 6 inches? 


38 X 32 X 30 = 36480 is the ſolidity in inches. 
And 36480 = 282 , 8 ＋ 47 = 12947, the dee 
gallons. 


ER AMPLE I. > 


What is the capacity of a cylinder whoſe height, 
and the circumference of its baſe, are each 20 feet? 


a. 20 . 10 
Firſt, 233 the diameter, and 10 X 
3141 3*14i0 
100 1 . 3 | 
FNR 0; the area of the end. 
. 


Then * X po = 7 = 636·61828 is the 


Content, 
E X 


* 


S — 


And therefore the meaſure of the whole is equal to that 0! 
part as often repeated as there are lineal meaſuring units 1 
ht; that is, equal to the baſe drawn into the height. 

J that the rule is true for oblique priſms as well as right 
ones, will be evident by conce:ving, according to che method 0! 
CAavaALERIUS, a right and an oblique priſm, of equal baſes and 
heights, to be made up of an indefinite number of equal thin 
plates, all parallel to the baſe ; for the priſms being both ot 
height, tHe one of them will require as many of ſuch plates te 
compole it as the other, 


— 
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EXAMPLE IV. 


What is the capacity of the oblique cylinder, whoſe 
axe, and the circumterence of its baſe, are each 20 
feet; the. axe making an angle. of 75 with the 
batc ? 


Asinthe laſt example, thearea 
28 125000 
ph L Or — . 
7854 3927 
But, as radius: ſin. CB 75 :: 
AB 20: 19318516 = ac, the 
height of the cylinder. 
1 25000 
3927 
= 125000 & *0049194082 = 
614920602 is the capacity re- 
quired. 


of che baſe is 


Thereſore 


* 19*318510 


Otherwiſe. 


As radius: fin. 4B :: 636-61828 (the capacity in 
the laſt example): 63061828 & 9659258 = 
614˙92602 the capacity, the ſame as before. 


EXA To 


Suppoſe the right cylinder whoſe length is 20 feet, 
and diameter 3 feet, be cut by a plane parallel to, 


and at the diſtance of, 1 foot from its axe: required 
the ſolidities of the two priſms into which the cylin- 


der is cut. 3 

4 = — - = 16 = the tab. 0D; 
verſed fine; to which in the table | 
of circular ſegments correſponds | 
the area - - 08604117 | | 
which taken from +78539816 ARTE 
leaves the other leg. *69935699 AE — 


N 3 | Then 
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Then multiplying each by 32 or 9 gives 
9 de enn 17437053; = ſeg. og, 
9 X 6993 5699 = 6˙29421291 = ſeg. DAE. 
Hence 5 
20 K *77437053 = 1548741 = ſlice FcnBt, 
20 X 6:29421699 = 125'88434 = ſlice F61atD. 


"PROBLEM III. 


To find the Surface of a Right Pyramid. 


Multiply the perimeter of the baſe by the flant 
height, or length of the fide, and half the product 
will, evidently, be the ſurface, or the ſum of the 
arcas of all the triangles which form 1t.* 


* —_—_— —_—. 


* 


* Coro!. 1. Hence, becauſe, in a right cone, the circumference 
of the baſe into half the fide, is equal to the curve ſurface, and 
into half the radius, is equal to tae baſe; therefore as the radius 
of the baſe is to the fide, ſo is the baſe to the curve ſurſace.— 
And the ſame 1s true of any other pyramid whoſe baſe is a regu- 
lar figure, viz. as the radius of the circle infcribed in the bale is 
to the ſlant height, ſo is the baſe to the ſurface. 


Corol. 2. Let there be a cone and cylinder of the ſame baſe 
and altitude, the common altitude being equal to the radius of 
the baſe; then the baſe, the ſurface of the cone, and the ſurface 
of the cylinder, are to one another as the numbers 1, „2, and 2, 
and ſo are in continual proportion. 


And the ſame is true of any other regular priſm d pyramid, 
of the ſame baſe and altitude, the altitude being equa{.to the 
radius of the circle inſcribed in the baſe. 


Moreover, the curve ſurface of a cylinder, is equal to a chile 
whoſe radifis is a mean proportional between the fide of the 
cylinder and the diameter of its baſe. And the curve ſurface ot 
a cone, is equal to the circle whoſe radius is a mean proportional 
between the fide of the cone and the radius of its baſe, 


4 
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EXAMPLE TI, 


What is the ſurface of a triangular pyramid, the 
flant height being 20, and each fide of the baſe 33 


Firſt, 3 X 3 = 9 1s the perimeter of the baſe. 
Then 9 X 10 = 90 is the ſurface required, 


EXAMPLE It 


Required the ſurface of a ſquare pyramid whoſe 
flant height is 20, and each fide of the baſe 3. 


Here 3 & 4 = 12 is the perimeter of the baſe. 
Therefore 12 X 10 = 120 is the ſurface ſought. 


} 


Required the convex ſurface of a circular pyra- 
mid, or cone, whoſe ſlant fide is 20, and the circum- 
terence of the baſe 9. 


Here 10 * 9 = go is the convex ſurface required. 


| PROBLEM 1V. 
To find the Surface of the Fruſtum of a Right Pyramid. 


Multiply che ſum of the perimeters of the ends 
by the flant height, and half the product will be 
the ſurface.* | 


EXAMPLE I. 


How many ſquare feet are in the ſurface of the 
fruſtum of a ſquare pyramid, whoſe flant height is 


N 4 : 10 


——_— 
„ 


* DEMONSTRATION. 


For the ſurface is compoſed of a number of equal trapezoids, 
whoſe common height is equal to the ſlant height of the fruſtum, 


and the ſums of whoſe parallel fides, make up the perimeters of 
the ends of the fruſtum. | 
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10 feet, each ſide of the greater baſe being 3 feet 4 
inches, and each ſide of the lets 2 feet 2 inches? 


Here 4 * (40 + 26) = 4 x 66 = 264 is the ſum 
of the perimeters. | 

Then 264 * 10 X 6 ſquare inches = 11 X10 = 
Ito feet, is the ſurface required. 


EXAMPLE U. 


If a ſegment of 6 feet flant height be cut off a cone 
whole Nant height 1s 3o feet, and circumference of its 
baſe 10 feet; wv chat will be the ſurface of the fruſtum ? 


As 30 = the height of the whole 
: 6 = the height of the upper part 
:: 10 = the bottom circumſference 
: 2 = the circumference at the top of the fruſtum, 


Then 6 x 24 = 144 is the ſurface required. 


PROBLEM V. | 
To find the Salidity of a Pyramid. 


Mruluply the baſe by the perpendicular height, 
and g ot the product will be the content.“ 
E X- 


* Let vas be a pyramid whoſe baſe is any 
plane figure, regular or irregular, ve a perp. 
to the baſe in v, and meeting the ſection ad, 
parallel to the baſe, in p; and put A for the 
area of the baſe As, a for that of the ſection 
ab, V the height y of the pyramid, and x 
| the height ep of the fruſtum 445 B. | 

Firſt, the parallel ſections AF, 45, are to 
each other as the ſquares of-their diſtances, 
vr, Vp, from the vertex. For, becauſe they 
are ſimilar plane figures, u bich are as the 
„ of e like ſides, we ſhall have 
a : (by ſim. triangles) AV? : 
@V* 22 (by imilar triangles again) pv* (%): 


V = = (6 = x[*) 7 \ 
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EXAMPLE I, 
Required the ſolidity of a triangular pyramid 
whoſe height is 3o, and each fide ofthe baſe 3, 


Firſt, 4* X 433013 = 3897117 = area of baſe. 
Then 3'897117 X10 = 3897117 bs the ſolidity. 


E X 
A - 
Hence we find a= (hb -) x , and ax Ee ( -). 
5 F hh” hh 
. s * XxX 
the fluent of which is ax x (1 —=+ + ) = the content of the 


h 3hb 
fruſtum aabsr. 


Corol. t. Since VA: Va :: h: h- , it will be VA Ma: 


At = , which being ſubſtituted for / in the 


VA Va 
i „ 
quantity Ax Xx (1 — 7 + 37705 expreſſing the content of the 


fruſtum, that content will become * * (A+aÞ+y/ Aa). 


Corol. 2. Or, if s be a fide, or any other line, in the greater 
end, and q a ſimilar fide or line in the leſs, ſince s s: s:: &: 5, 


22 : : : 33 
PENCE , which being ſubſtituted inſtead of it, gives 


881785115 
3AXX vs ile 


for the value of {be ſaid fruſtum. 


Corol, 3. If x = , then a = ©, and the general expreſſion 
becomes ! A% = the whole pyramid ; which is our rule. 


Corol. 4. If the baſe be a regular figure; let s be one of its ſides, 
5 a ide of the leſs end of the fruſtum, and = the area of a ſimilar 
igure whoſe fide is 1, to be found in the table in page 114: then 
uss, and a n,; hence the ſolidity of the fruſtum will be 


| $3 —F3 
(58 ＋ 8 A- 55) X $85 = 
= in$sh, 


Coro. 5. If /= Ass the half ſum of the ſides, and 4 As- 34 
the half dif, then the fruſtum will b- = (2/* + 4*) x 4ns. 


Corol. 


X 1nx, and that of the pyramid 
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EXAMPLE II. | 

Required the ſolidity of the ſquare pyramid, each 
fide of whoſe baſe is 30, and the flant height 25. 

Firſt, 30 X 30 = goo = the bale. 

But ac AC -AB E V25 15 
SVS XS = ο =v4x5 = 
4 * 5 = 20, the perpendicular height. 

Then 3oo X-20 = 6000 is the ſo- 
lidity. 


Core). 6. If the baſe be a ſquare; then 2 = 1, and the la 
expreſſions become }$$h for the whole pyramid, and 
1 


; 
($$8$+$5+55) Xx , or eee 34, or (3/* + 4 3 x, for the 
fraitum. Z 


Corol. 7. If the baſe be a circle then » = +7854, *261855h = 
8534 


the cone, and (ss +85 +55) * 2618 * or x 261805 


| $ — $ 
or (V +4) x 2618 = the fruſtum; where s is the diameter 
vt the baſe, and s that of the top. 


Corol. 8. If a = a; then (A +a+ aa) x 4x becomes 
3ZAX4x=aAx the priſm. | 
Corol. 9. Hence a priſm is to a pyramid of the ſame baſe and 
height, as 3 to 1, and to the fruſtum of the ſame baſe and height, as 
$$+85+55 
- Bs 


; to * .* a t + a + * 
1 — 2 —, or as 32tc01 4 — Ox as 3 to 
| b 3b 3 A A : 


OF I -þ — + —, 
1 | 

Corel. 10. Similar pyramids are as the cubes of their like 

ficdes, For the pyramid is as a4, or as /s, or as vA becauſe A 
is as %%% by fimilar triangles, 

Cerol. 11. All fimilar ſolids are as the cubes of their like 


ſides, This follows from their being compoſed of fimilar 
pyramids, | 
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EXAMPLE Ih 


Wanting to meaſure an oblique cone; and having 
taken the circumference of the baſe equal to 40 feet, 
and the outward angle which the ſide of the cone, 
where it was ſhorteſt, made with the horizon, 85? ; 
going thence in a direct line towards the part to 
which the vertex inclined, to the diſtance of 100 feet, 
I found there the angle of elevation of the vertex of 
the cone to be 50* : required the ſolidity. 

The £3 + 42 = $5 2” = 145” 
which taken from 180 
leaves £ BCE 45 


Thens. .BcE45* 984948 50 
s. CE 50* 98842540 


BE IOO = 20000000 
Be. 270347690 
| And radius - < 10*+0000000 
S. 4885" - 99983442 
Be. = 20347690 


be 1079228 240331132 


But 74558 = = = 12*732396 15 the diameter. 


And 12.732396 X 10 = 127*32396 is the baſe, 
Theref. Dc X 127+32396 = 4244132 X 1079228 
= 4550*386 is the content of the cone. 3-23 


EXAMPLE IV. 


There is a cone whoſe perpendicular altitude is 40 
feet, and the circumference of its baſe 30 feet, which 
is cut by a plane drawn from the vertex, and paſſing 
through the baſe at the diſtance of 2 feet from the 


center ; 
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center; what is the ſolidity of the whole cone, and 
of the two pyramids, u, GHAC, into w hich ; it is 
cut? 

Here x 9*549299 is 
the diameter of the baſe. 

And its half 477.4648 1s 
the radius, 

Therefore 4.774648 — 2 = 
2774048 is the verſed fine of 
the leſs ſegment of the circle. 

Then, to find its area by the table of circular ſeg- 
ments, 2*7 74040 — 9*549299 = *2905611 is th 
tabular verſed fine, to which anſwers the tabular 

ſegment 18955709; 
and this taken from 78539816 

leaves the other tab. ſeg.. 5958410). 

Then each of theſe ſegments multiplied by the ty, 
of the diam. give 17 2856 for the leſs bale 6316, 

and 54*3341 for the greater baſe 6aK6, 
Then 662 230. 474 S the leſs py ramid, 
and . X 5443341 = 724˙4 54 S the greater pyr. 


their tum is 9549294 S the whole cone. 


PROBLEM VI. 


To find the Solidity of the Fruſtum of a Pyramid. 


Add into one ſum the areas of the two ends and 
the mean proportional between them, multiply the. 
{im by the perpendicular height, and + of the pro- 
duct will be the ſolidity. 

That is, If A be the area of the greater end, 

a that of the leſs, and þ the height, 

Then (a Or 46) X will Le the ſolidiry. 


Nate 


Sect. 1.) _ PYRAMID. 139 


Note 1. If the ends be regular polygons, the par- 
cicular rule for them will be eafier, thus: Add to- 
gether the ſquare of a fide of each end of the fruſ- 
tum, and the product of thoſe tides, multiply the 
ſum by the height, and the product by the tabular 
area anſwering to the particular figure of the ends, 
and g of the laſt product will be the content. 

Or, Divide the difference of the cubes of the ſaid 
ſides by their difference, and multiply the quotient 
by the height, and the tabular area, and take 5 of 
tie product. | 

Note 2. If the ends be circles, the fruſtum will be 
that of a cone, and then multiply -2618, namely x of 
7854, by the height, and the product either by the 
quotient ariſing from the diviſion of the difference of 
the cubes of the diameters by the difference of the 
diameters, or by the ſum ariſing from the addition 
of the ſquare of each diamłꝭter and the product of the 
diameters, or by the ſum ariſing from the ſquare of 
the half difference of the diameters added to triple the 
ſquare of the half ſum.* 


EXAMPLE Ib 


How many folid feet are there in a tree whoſe 
bales are ſquares, each fide of the one being 15 inches, 
and exch ſide of the other 6, and the length along 
tac ſide meaſures 24 feet? 


. Here15X15=225,thecrexterbaſe, 
and 6 * 6 = 36,the leſs, 


and 15X 6 = go, their mean. 


their ſum is 351, 
and ; of 1t is 117. 


5 F * 
* 1 . * 
— o 
+ * 
* * 
y N \ 
— — — — —— — —— — 


But, 


—— 


— — 


All theſe rules come from the demonſtration of prob. 5, and 
Its corullarics, | 
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Burt, AB — DE = 7} — 3 = + = AF, and 
WaDd*'—arF* V(24X12) — (44) = 287-9649 
inches = DF, the perpendicular. 

Therefore 117 X 287-9049 = 33691-8933 inches 
= 1949762 feet is the ſolidity. 


EXAMPLE II. 


If a caſk, which is two equal conic fruſtums joined 
together at the baſes, have its bung diameter 28 
inches, its head diameter 20 inches, and length 40 
inches; how many gallons of wine will it hold? 


Here 20 X 7854 = 314-16 is the area at the end, 
and 28“ X 7854 = 615˙7536 S area bung circle, 
and 20 X 28 & 7854 = 439*824 their mean propor. 
their ſum is - - 1369 ˙7376, 
and its third part is - 456*5792, 
which multiplied by 40, the length of both fruſtums 
together, produces 18263*168 ſolid inches; which 
divided by 231, the inches in a wine gallon, thus, 
3) 18263*168 


$31 2 11. 7) 60875-7226 
11) 8696746 


gives 79*0613 wine gallons. 


Or (207 + 28* + 20 X 28) X 40 X 2618 = 
1744 X 10.472 = 18263168, the ſolidity the fame 


as before. 
PROBLEM VII. | 
To nd the Solidity of a Wedge. 


To twice the length of the baſe add the length of 


the edge, multiply the ſum by the breadth of the * 
an 
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and the product by the height of the wedge, and 
z of the laſt product will be the ſolidity. 

That is, uſing the letters in the demonſtration be- 
low, (2L + I) X # bis the content.“ 

Note. If the length of the edge be equal to the 
length of the baſe, the wedge will be equal to half a 
priſm of the fame baſe and height, or equal to half 
the product of the baſe and height. 


EXAMPLE I. 


How many ſolid feet are in a wedge whoſe bafe 
is 3 feet 4 inches long, and 10 inches broad; and each 
end is inclined to the bale in an angle of 70*; the 
edge being 2 feet 6 inches long ? | 

Firſt, re = IL — 1 = ʒ inches. 

Aud as rad. : tang. L 50” :: FÞ 5: an = 

Then, + &þ X (2L +7) = 10 * 110 X 2:289564 5 
= 1100 X 2:2895045 = 2518-52095 ſolid inches 
= 145747 ſolid feet. 


*FDEMONSTRATION. 


Put L = rc the length of the baſe, 
/ = EF the length of the edge, 
b = AB the breadth of the baſe, C 
h = Ep the height of the wedge, F 


| D E 
Then, fince it is evident that, according as the edge is ſhorter 
or longer than the baſe, the wedge is greater or leſs than half a 
priſm of the ſame height and breadth with the wedge, and 
length equal to that of the edge, by a pyramid of the ſame 
height and breadth at the baſe alſo, and the length of whoſe 
baſe is equal to the difference of the lengths of the edge and 
baſe of the wedge; we ſhall have 1 * (KL) = 
157% + 36h X (LY EX (al T 21 —21) =bh x * ＋ 70). 
Corol. If 1 = T, the rule will become 144 x (3L) = 239 
= 2 a priſm of the ſame baſe and height, as it ought. 
holium. It is evident that, whether the two ends, or the 
two.fides of the wedge, be equally or unequally inclined to the 


baſe, it will make no difference in the rule. 
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a 


WCXAMPLE . 


It the length and breadth of the baſe of a wedge 


be 35 and 15 inches, and the length of the edge p 
what will be its ſolidity in feet, ſuppoſing the bd 
to make an angle of 1136 with one end of the 
wedge, and of 1255 with the other. 


Let E be perpendicular to the baſe, ER paralle] 


to the end pF, and Ry Q perpendicular to AB, 
Then d = jEF — BC = 55— 35 = 20, and 
the angles at R and Q, or the lupplements of the 
angles 115* and 1255, gre 65 and 55* and conſe- 
quently the unglq REQ=Z 6059 Hence, 
ess d: A 2 18˙91/75 
and s. C go": 1 65: 2: RE : EP = 17˙14508, 
the height of the wedge, or h. | 
Wheref. 4 X (2L +!) = 2 N KI; X I7' 14508 X 
(750+ 55) = 8S* 57254 X5X125 = $357" 8375 {old 
inches = 3:1006 ſolid feet, the content required. 


PROBLEM VIII. 
To find the Solidity of a Priſmoid. 
GENEKAL RULE, 


To the ſum of the areas of the two ends, add iour 
times the area of a ſection parallel to, and equally 
diſtant from, both ends; multiply the laſt, ſum by the 
height, and g of the product will be the ſolidity. 
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PARTICULAR RULE.* 


Or, If the baſes be diſſimilar rectangles, take two 
correſponding dimenſions, and multiply each by the 
ſum of double the other dimenſion of the fame end 
and the dimenſion of the other end correſponding to 
this. laſt dimenſion ; then multiply the ſum of the 
products by the height, and +. of the laſt product 
will be the ſolidity. | 


That is, if L, / be one dimenſion 
of each correſponding to each other, 
and z, 4 the other correſponding 
dimenſions, and + the height. 


Then f(2L +7)B + (27 + L)5] 
x S the ſolidity. | 


* 


Note. Correſponding dimenſions are thoſe which 
are connected by a tide of the ſolid, as is evident in 
the figure. 


9 E X- 


* DEMONSTRATION. 


It is evident that the rectangular priſmoid is compoſed of two 
wedges, whole baſes are the two ends of the priſmoid, and whoſe 
neights are each equal to that of the priſmoid ; therefore, by the 
laſt problem, its ſolidity will be =[(2L +!) B + (21 + L)6] x $6. 
Which is the particular rule. 


Corol. 1. Since 11, + 11 = M, and 18 +16 = , are the 
length and breadth of a ſection parallel to, and equally dif- 
tant from, each end; the, above rule [(2L+/)B + (2/+L) 5] 
* 3 or (281. + Bl + 231 + br) x , will become 
(L + bþ1 + 4mm) x Zh. That is, the ſum of the areas of the 


mo ends and four times the ſection in the middle, multiplied by 


th, | 

Corol. 2. This laſt rule will ſerve for any priſmoid, or eylin- 
droid, of whatever ſigures the ends may be; inaſmuch as they 
may be conceived to be compoſed of an infinite number of 
rectangular priimoids, Which is the general rule. | 


C 


10 Xx SX 4 = 320 
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EXAMPLE I. 


How many ſolid feet of timber are in a tree whoſe 
ends are rectangles, the length and breadth of the 
one being 14. and 12 inches, and their correſponding 
ſides of the other 6 and 4 inches; and the perpen- 


dicular length 30: feet? 


Firſt, by the general rule, 


44 2 = 10 
2 - the dimenſions in the middle 
12 +4 __ 16 — 8 c 

2 e 


= four times the middle area 
14 X 12 = 168 = area of the greater end 
6X Zaren of the leſs end 


their ſum is $14 {quare inches = > ſquare feet. 


1 2 


— feet 
6 9 X 3 . 


5 
the Oldie. 


Secondly, by the particular rule, 
Here I 2 14, B S 12. I = 6, 5 4 inches, and 


S 30, feet; therefore [(2L + 1s + (21 + 1)#| 


1h= Ed eZ, 
* 144 


302 = 1825, fect, the 


| "ag as before. 


EXAMPLE 11 


What is the capacity of a waggon whoſe inkide 
dimenſions are thus: at the top, the length and 
breadth 81, and 55 inches; at the bottom, the 
length 41 * breadth 292; and the perpendicular 
depth 47 

Hcre iy 2 N » + ( + 0 ＋ * 21 = 
(102 & 55 ＋ 8175 X 2950 K 4/˙25 X42 802 1˙625 
X 15*75 = —— 59375 cubic inches = 448 01629 
ale gallons, the content required. 


P R O- 


N 
N 
3 
1 
2: 
%s 
au 
*. 
1 
4 
ws 
. 
1 
* 
3 
* 
d * 
3 
4 
— 
EY : 
9 
10 
22 
75 
3 
1% 
3 
>. 
a. 
1. 
12 
* 
* * 
2 
— 
þ 
% 


E 

% 

* 
o 

® 


n r . 2 Te wa —_ = ä 
F . Sch WR oF 2 8 * . Fe — . 0 7 K $3 ad. 


24 
73. 
; 
5 


Sch. 1. PYRAMIDIC HOOFS. 195 


To find the Solidity of the two Parts, called Ungulas 
or THoofs, into which the Fruſtum of a Reftangu-= 
lar or a Square Pyramid, or a Reftangular 
Priſmoid, is cut by. a Plane Inclined 

to its Baſe. 


: 2 5 / [ "a a  \ " 8 9 
F ²³ e on Ir” 20 VIE INE? 


CASE 8 


If the plane, paſſing throngh a II 6 
and B, cut the end in EF, be- \E \ 
tween GH and DC; it will cut off * 5 
the wedge AEHGFB; whoſe baſe | . 
is Erol, edge. AB, and height . F 
W1- 
; dls 


the fame with that of the fruſtum, il : 
or priſmoid; and the remaining 4 LG 5. 
part AEDCFBQP will be a priſ- N | 

mod. Þ 0 


— & 


— 


Then, by problem 7, find the content of the 
wedge ABFEHG, and that of the priſmoid 
aBQPDCFE by problem 8. N 


8 E — Vie Bp: * 
. 


Ly Meg 
$ l & 3454.44 


EX A Ee 


W {i che fruſtum of a ſquare pyramid be cut by a 
W plane, paſſing through one ſide of the leſs end, and 
through the middle of the greater end ; what are the 
contents of the two. parts, ſuppoſing each fide of the 
greater end to be 15 inches, each tide of the leſs 6, 
and tlie flant height 24 feet? 

Since, by example 1 problem 6, the perpendicu- 
lar height is 287-9649 inches, therefore, 

Firſt, +(2 X15 + 6) X 74 X 287-9649. = 
45 X 287-9649 = 12958-4205 inches = 7:499086 
lect, the content of the wedge. | 

| O 2 And 


* 
v 


f 
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And 4[(30+6)X54+(12+15) X6]X 287-9645 
= ;(18X15+27 X6) X 287-9649 XK 2879640 
= 20733*4728 inches = 11998536 feet, the priſ: 
moid. | 

C ALS Ih» 


If the plane paſs through pe, as well as ay, 
the ſolid is thereby divided into two wedges or hoot: 
ABCGHD, ABCQPD, whole two baſes are the end; 
or baſes of the ſolid. | 

And then the contents of the two parts will be 
found*by problem 7. 


ES AMET SS. 


Let there be taken here the ſame figure as in the 
laſt example, to find the content of the two wedge: 
into which it is cut. 5 

Firſt, :{30+6)X 15 X 287.9649 9 X 287˙9649 
= 25616'841 inches = 1499817 feet, the greater 
wedge. | 

And © (12+15) xX6X287:9649 = 27X287-9649 
= 77750523 inches = 449945 feet, the lets 

wedge. 


CASTE It 


It the plane cut the fide of the ſolid in ef; tie 
part cut off azq e will be a wedge, whoſe bale 
is AQ; and which being taken from the whole figure, 
will leave the content of the part A RñHe DGH. 


t. 


Let there be taken here the ſame figure, ſuppoſing 


the plane to cut the fide pc in ef at the diſtance o 
10 feet from , which let be now ſuppoſed one 
ſide of the leſs end aq; to find the ſolidity of the 
WO parts. 


Firſt, 


a P * -X.- AX y » 8 «2 . * 3" * A «<= 2 * 
Dr VTG Nb ͤ It on ora = 
— * : . 1 * * As * 

* — - 
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Firſt, As PD 24 : Pe 10 2: * Hl G 


287-9649 the height of the whole Bl AF 
ſolid : 119:98530 the height of 55 90 
the wedge A Ce. i/ 15 
And $3 PD 24 1 FE 10-53 WI AY 
pe r: ef —pQ = 8 — MA Wo 77 
FL» | | B. 
Hence ef = 3*75 +6 = 9575 . 
= the length of the edge. | P 0. 


Wherefore . (12 + 9:75) X 6 X 119˙98536 = 
212 * 11998536 = 87 X 2999034 = 2609˙68 158 
inches = 1:51023 feet, the ſolidity of the 
| wedge Ade. 
which taken from 19:49762 the whole fruſtum found 
by prob. 8, 
leaves 17:98739 for the content of the 
| part ABFeDCHG. 


PROBLEM X. 


To find the Curve Surface of a Sphere, or of any Seg- 
ment or Lone of it. 


Multiply the circumference of che ſphere by the 
height of the part required, and the product will be 
the curve ſurface, whether it be ſegment, zone, he- 
miſphere, or the whole ſphere.* 

O 3 | Note. 


= 


* DEMONSTRATION. 


Put 4= the diameter AB or 200, 
* = CE the height of the zone 
ADFB, y =!DE, Z= AD, þ = 3*I4159, 
and 5s = the ſurface required, 

Then 5 = 2pyz; but y: 2d f: x: 2, 
or 2yz = dx; therefore 5 = pd, 
and conſequently s = fdx; viz. the 
product ot the circumference of the 
| lphere and height of the zone; for 
pd is = the circumference of the 
Circle whole diameter is 4. 


198 8 PH E R E. [Part z. 


Note. The height of the whole ſphere is its di- 
ameter. 


ANL. 


If he diameter or axe of the earth be 79571 
miles, what is the whole ſurface, ſuppoſing i it a ber. 
fect ſphere ? 

Firſt, -79573 X 3*141592 = 25000 miles, very 
near, = the circumference. 

Then 79573 * 25000 = 198943750 fquare 
miles = the whole ſurface required. And the halts 
99471875 = the ſurface of the hemiſphere. 


E X- 

Corol. 1. When x becomes = c6 
= 1d, s will be = ipdd = the ſur- . — 2— bd 
face of the hemiſphere. 1d con- gl 3 
ſequently that of the whole ſphere 1 18 1—— — 
p dd, the product of the circumter— „ 
ence and height or diameter. A——— D 

Corol. 2. To or from {pdd, the \ = | 3 
ſurface of the hemiſphere, add or 15 . 5 
ſubtract pd x, that ot the zonc AD F 8, == 
and the remainder pd x (1d = x) = 11 


24 xn will be the ſurface of the 
ſegment DG F, viz. the — of the circumference and height, 
So that the rule is general, 2, E. D. 


Corol. 3. The ſurfaces of ſpheres, and alſo of their ſimilar 
parts, are to each other as the ſquares of their diameters, For, 
by exterminating the common given quantity p, they are as 4 
the diameter, into the height of the part; but the heights ot 
ſimilar parts are as the diameters; ; therefore &c. 


Corol. 4. The ſurfaces of any ſegments or zones of a ſphere are 
to cach other, or to that of the whole ſphere, as their heights. 
For þd 15 common to them all. 


Corol. 5. Or the ſurface of any ſegment or zone > of a ſphere, is 
as 1ts height, | 


Corol, 
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EXAMPLE - II. 


To find the ſurface of the two frigid zones of 
the earth. | 

Note. The frigid zones are the two oppoſite ſeg- 
ments bor, du,, in which each of the arcs po, 
Au, or half the breadth of the zone, is 23 degrees. 

Draw the radius cF ; then the angle rcE = 234 
degrees, and its complement EFS = 66 degrees; 
alſo the angle E = go degrees. 


Phes, 45 $.-4E : $ % 0 = 20767 100 
| = 36488675054. 
Which teken from c — — 397887 50000, 
leaves the height GE — —' 3300074946. 


And the circumference 1s 2 5000. 
Hence 25000 X 3300074946 = 8250187 305 


S the ſurface of the ſegment por or frigid zone. 


Corol. 6. The ſurface of any ſegment or zone, is equal to 4 
times a circle whoſe diameter is a mean proportional between its 
height and the diameter of the ſphere. For this circle is = 


% x (Vd) Ada. 


Corol. 7. Hence the ſurface of a ſegment pr is equal to 4 
times the circle whole diameter is the chord p drawn from the 
vertex to the extremity of the baſe ; or equal to a circle whoſe 
radius is that chord. For DGS VON X GE Ax. 


Corol. 8. And hence the ſurface of a ſphere is equal to 4 times 
the area of'a great circle of it; that is, 4 times the area of a 
circle of the ſame diameter with the ſphere. And conſequently 
the ſurface of an hemiſphere is double the area of its baſe, 


Corol. 9. Or, the ſurface of a ſphere is equal to a circle whoſe 
diameter is double to that of the ſphere. 


Corol. 10. The ſurface of any ſegment or zone of a ſphere, is 
equal to the curve ſurface of a cylinder of the fame height with 
it, and whoſe diameter is equal to that of the ſphere. 


Corol. 11. Hence the ſurface of a whole ſphere, or of a he- 


miſphere, is equal to the curve ſurface of the circumſcribed 
cylinder, 0 | 
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EXAMPLE III. 


To find the ſurface of the torrid zone IK, which 
extends to the diſtance of AI or Az 23+ degrees on 
cach tide from AB the diameter. 

Hen Ee ing = 23 x degrees. 

Then, : s LLKC *: e 1 586-5 

And the height r = 2cr = 3173*144- 

Hence 25000 X 3173"144 = 19328600 ſquare 


miles = the {ſurface of the torrid ab: 


EXNAMPLE IV, 


Required the convex ſurface of each of the tem- 
perate zones IDFK, id, which are included be- 
tween the frigid and tortid zones. 

Here, by the iſt ex. cv = 3648-8675 
and by the 2d ex. CL = 1586*572 

their difference is LE = 20622955 = the height. 

Therefore 25000 X 20622955 S 51557387; 
{quare miles = each temperate zone. 


Hence the two trigid zones = . 1650037: 
the two temperate zones = 103114775 
the torrid zone = 7932800 


their ſum is 198943750 
or the ſurface of the whole ſphere. 


EY SBS S £2 4 


To ind the Lunar Surface a B DOA, included betwee. 
two Great Circles ABD, ACD of a Sphere. 


. 


Multiply the diameter Ab by B 
the breadth Bo of the ſurface in 
the middle, that is, by the arc "0. > Og. 
which meaſures the angle Bac A — 
of inclination of the two circles; 3 
and the product will be che ſur- Eg 


tace ABDC A. 
That 
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That is, if 4 = Ap the diameter, 
and a = the length of the arc Bc, 
Then ad is the ſurface. 


*© kk hk mn 


As four right angles, to the ſurface of che ſphere ; 
Or, As one right angle, to agreat circle of the ſphere; 
Sg is the angle made by the two great circles, 
To the ſurface included by them. 


EXAMPLE. 


Required the ſurface included by two great circles 
forming an angle of 25 degrees; the diameter of 
the ſphere being 10 feet. g 

1. By rule 1. 

Firſt, 31415926 X 10 = 31*415926 15 the circumf. 

And 360: 25 (:: 72: 5:: 144: 10):: 314415920 :; 
2:1$1661 the greateſt breadth of the turface. 

Then 2-181661 X10 =21*81661 15 the ſurface req. 

„ 


* DEMONSTRATION. 


If the great circle 3c #, whoſe poles are a and p, be conceived 
to be divided into an indefinite number of equal parts, and great 
circles be conceived to be drawn through the points of diviſion, 
and through Aa and Dp: it is evident that the whole ſurface will 
be divided, by the circles, into the fame number of parts, ſimilar 
and equal to one another; and that, therefore, -the ſurface in- 
ors between any two of thoſe circles, will be as the number 
of parts, or as the arc of the circle BE included by them; 
wheretore as the whole circumference RE is to the arc Bc, or as 
four right angles to the angle Bh Ac, ſo is the ſurface of the 
ſphere to the lunar ſurface AhDοDỹeA; or alſo as one right angle 
is to the angle h ac, fo is the area of a great circle of the ſphere 
(Jof the ſurface) to the lunar furface. Which is rule 2. 


Corollary, If d be the diameter, and e the circumference of the 
ſphere, and à the arc xc; then, from the proceſs above, 


ar: cd (the ſurface of the ſphere) ; ad = the lunar ſurface, 
Which is rule 1, | 
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8. By mie 2. 


Here 31415926 X 10 = 31415926 is the fur. 
face of the ſphere. 


And 3 :: (144: to ::) 314˙1 5926 


2181661 che ſurface required. 


PROBLEM XII. 


To find the Area of a Spherical Triangle; that is, the 
Spherical Surface included by the Arcs of Three 
Great Circles of the Sphere Interſeftins 
one another, 


As 8 right angles or 720?, 

To the ſurface of the ſphere ; 
Or, As 2 right angles or 180“, 
To a great circle of the ſphere ; 
So is the excels of the 3 angles above 2 right angles, 
To the area of the triangle.“ 


T hat 


* DEMONSTRATION. 


For having produced all the fides of the 
triangle AB (), till they interſect again, 
and form the triangle p, which by the prin- 
ciples of the ſphere will be equal to the 
former triangle v; put 28 = + the ſurface 
of the ſphere =p +Q+ RTT. Then, 
by the laſt problem, 

180˙ A n r r, 

180 : 8 : Zs: 2 4 a. | 
15 0 :: Is 2 RTR; hence 

180 : a+B+c:;: is: zr TTT Q+R = 

22 + {82 
and as 180: AT n+ c—180::13s:2P :: 
A183 4e 180 9 

= E. D. 


Corollary. When r = o, then (A + B + or) s= 180; but 
when Þ = pd, half the ſurface of the ſphere, then s — 180 
= 360, or = 549: conſequently a + B + c 1s always between 
i180 and 540, that is, greater than 2, and leſs than 6, right angles. 
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That is, p4d X * _ = the area of the triangle; 
utting Þ = 314159, 
s n diameter of the ſphere, 
s = the ſum of the 3 —_— of the triangle. 


EXAMPLE 


If the angles be 55, 60, and 85 degrees; what is 
the trilineal ſurface; ſuppoſing the diameter to be 
10? 

Here 78 33982 X 102 = 7853982 A of the 
ſurface of the ſphere. And 55 + 60 + 85 — 180 


= 20. 


Then 180 : 20, org : 1 :: 7853982: 872664, 


the area of the triangle required. 


' 


PROBLEM XIII. 


To find the Area of a Spheric Polygon, or to find the 
Spherical Surface included by Any Number of 
Interſefting Great Circles. 


As 8 right angles or 720)”, 
Io the ſurface of the ſphere; 
Or, As 2 right angles or 180?, 
Toa great Circle of the ſphere ; 
So is the excels of all the angles, above the product 
of 180 and 2 leſs than the number of angles, 
To the area of the ſpherical polygon. 


That is, putting » S the number of angles, 

s = the ſum of all the angles, 

4 = the diameter of the ſphere, 

? = 314159 Kc. 
ZF Then 
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— 18 — 
S—1 5 - (1 2) = the wen of the 


Then pd“ * 
ſpherical polygon.* 


EAAMP L Es 


What ſurface 1s included by the intercepted arcs 
of five interſecting great circles of a ſphere, of 10 feet 
diameter; ſuppoſing the ſum of the angles formed 
by thoſe arcs to be 640 degrees. 

Here the ſurface of the ſphere is 3*1415926 x 102 
= 314*159206. 

And 180 x (4— 2) = 180 x 3 = 540; which 
taken from 640, leaves 100. 

Then as 720: oO :: 314:15926 : 4363323, the 
area of the polygon required. 


p Ro- 


* DEMONSTRATION. 


For if the polygon be ſuppoſed to be divided into as many tri- 
angles as it has ſides, by great circles drawn to all the angles 
through any point within it, forming at that point the vertical 
angles of all the triangles. Then, by the laſt problem, it will 
be, in any one triangle, 

As 720: s:: ſum of its angles —180 : its area. Theref. by compol. 
as 720: 8:: 5 + all the vertical angles — 1802 
: ſum of all the triangles or area of the polygon, 

But all the vertical angles = 360 or 180 x 2. Therefore 

s — 180 X (2 — 2) PE 
+ 7 


720 


As 720: 8 :: 5 — 180 * (n — 2) „55 X 
area of the polygon. 2. E. D. 


Corollary, When the polygon is = o, then 5is = 180 x (2-2) 
and when the polygon is = the ſemi ſpheric furface, then 
s = 180 x ( 2) + 360 = 180 * ; conſequently s the ſum 
of all the angles of any polygon, is always between 180 * 
(n — 2) and 180 x 4, that is, leſs than » times 2 right angles, 
but greater than = - 2 times 2 right angles, x being the whole 
number of angles. 4 


. 
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PROBLEM XIV, 


To find the Surface AEB included between Two 
Interſetting Little Circles of a Sphere. 


Through the poles p, e, and in- D 
terſections A, B, of the two little 
circles AFB, AER, draw the great 
circles AD, BD, AC, BC; and alſo 
the great circle DEF C. , A 


| B. 
By prob. 12 find the area of the Do” | 
triangle ; c p, having firſt found the 6 N 


angles at.B, o, and p, from the 
viven ſides, by the principles of ſpherical trigo- 
nometry. 

By prob. 10 find the ſurface of the ſegment cut 
off by the circle of which AFB is a part, thus, viz. 
As the diameter is to the verſed fine of the arc pF, 
or DB, ſo is the ſurface of the ſphere to that of the 
legment, | 

Then as 4 right angles, to the CB De, 

So is that ſurface, to the part of it DB p. 


In the fame manner find the ſurface cBE, 


Then from the ſum. of DBF and cBE take the 
triangle DB Cc, and the remainder will be the part 
B EF; the double of which will be the whole 
AEBFA, 


PROBLEM -AY. 


To find the Solidity of a Sphere or Globe. 
* Aa ULE 
Multply the ſurface by © of the radius, or by + of 
the diameter; and the product will be the ſolidity. 
Ba s RULE 


—_— 


— 


* DEMONSTRATION. 
The ſphere may be conſidered as conſtituted of an infinite 
number of pyramids, whoſe baſes compoſe the ſpheric ſurface, 
and 


'J 
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. 


Multiply ihe cube of the diameter by · 5236, and 


the product will be the ſolidity. 
That is (of 31416 or) · 52364 = the ſolidity. 


E X- 


— gt 


and all the vertices meeting in the center, their common height 
being equal to the radius of the ſphere. And conſequently the 
ſphere, or any ſpherical pyramid, being a part contained within 
right lines drawn from the ſurface to the center, is equal to a 
pyramid whoſe baſe is equal to the ſpherical ſurface, and height 
equal to the radius. And therefore the ſurface of the whole, or 
of any ſuch part, being drawn into 4 of the radius, will give the 
ſolidity, as in rule 1. 


Corel. 1. Since the ſurface of the ſphere is = Ad, we ſhall 
have dd x (Jof the fadius or) }d = 1þd* = *523598775 Ke. 
x ds (which is rule 2) = ; of a cylinder of the ſame diameter 


and height. 


Corol. 2. If h be the b or verſed ſine, of any ſegment; 
then, fince pd its ſurface, Lþd*h = *523598775 &c. * dh 
will be the tolidity of the ſpheric py ramic, « or cone, whoſe baſe 
15 the ſurface of the ſegment. 


Corol. 3. Hence ſpheres and their fimilar pyramids, and alſo 
any other ſimilar parts of them, are as the cubes of the 
diameters. 


Corel. 4. If to or from d, the ſpheric cone, be added or ſub- 
tracted Xx () x 4b x (d—h) = = pd  Lpi hi pb, 
the cone whoſe bale is the ſame with the bate of the ſeg⸗ 
ment, and whoſe vertex is in the center, the ſum or difference 
| 27 d 0 — 9 = = 1 phe x (5d — 4), will be the ſphenc ſegment 
whole height is /, either greater or leſs than the hemiſphere, or 
of whatever magnitude h 18, not exceeding d. Or if » be == the 
radius of the ſegment's baſe, ſince 4% = * + H, the ſegiizent 


will be 4þ-*h + 1p = ph x (3 +4), 


Corol. 5. Hence the difference between two ſegments whoſe 
hetghitHare kh, , and the radu of their baſes: R, x, will give for 


the "fruit or zone p x (ZRT BB — 3% — ); "which, 


putting @ tor the altitude of the fruſtum, and exterminating n 
and 5 by means of the two equations (x2 + 1) þ = E 52 5 Its 
and @ = H — , will become Lap x (K + , + 542). 

94 Corol. 
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EXAMPLE Eo 


Suppoting the earth to be ſpherical, and its dia- 
meter 79574 miles, what is its ſolidity ? 


1. By rule 1. 


By exam. 1 of prob. 10 the ſurface is 1989437 50. 


Then 198943750 X 7957+ * 4 = 203857437700 
miles is the ſolidity. 


2. By the 2d rule. 
Here-5236d*=:5230X(7957+)*=203858149120 
miles = the ſolidity by this rule. The difference 
ariſing by taking the number *5236 rather too great. 


PROBLEM XVI. 


To find the Solidity of the Segment of a Sphere. 
| WES IE - | 


To three times the ſquare of the radius of its baſe, 
add the ſquare of its height; multiply the ſum by 
the height, and the product by 52 36, for the ſolidity. 

That 1s, if T = DE the radius of its baſe, 

5 = 6x. the height; 

Then *5236+h x (37r + bh) = the lolidity of the 
ſegment vo F. By cor. 4 to the laſt problem. (See 
the figure in page 198.] ; 


= 
Corol. 6. If one end of the fruſtum paſs through the center, 


then R =14* =? + 2, and the laſt theorem will become 
a þ * ** + 342) = ap X (44. — 14"). 


RULE 


Corol. 7. Hence the middle zone, or the double of the laſt 
expreſſion, will be 24% x ( + 2a*) =2ap x (1d4* —1a*); 
where a is half its altitude, and V half the diameter of each end. 
But if A be its whole altitude, and p the diameter of each end, 
thoſe theorems will become Ap * (D* + Ar) = 4ap * 
(d g = Zap x (di + 27t), 
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From three times the diameter of the ſphere, ſuh. 
tract twice the height of the fruſtum; multiply the 
difference by the ſquare of the height, and the pro- 
duct by :52306, tor the ſolidity. 


That is, 

If d = 6H the diam. of the ſph. 
Ec the height of the fruſt. [ See fig. page 199.] 
Then 5236 Xx (3d — 25) 


= the ſolidity of por. By 
cor. 4 to the laſt problem. 


EXAMP LL Es 


What is the ſolidity of each of the frigid zones of 
the earth; the axe being 79573. miles, and half the 
breadth, or. arc Do, of the zone being 23 degrees? 


By rule 2. 


As 1 = tabular radius: 39787 = radius of the 
earth :: 08293 99 = tab. verſed fine of 234 degrees: 
3300074946, the verſed ſine or height of the leg- 
ment. | 


Thgn+52364*X (34—2b) =+5236X 330: 0074940 
* 23213˙23 50108 = 1323679710, the content. 


By rule 1. 


As 1: 3978 :: 3987491 = tabular ſine of TL 
degrees: 1586*57282526, the radius of the bale. 


hn Then · 32365 X (35 +þ*) = · 3236 X 33040074940 


* 7560544936 1323680299˙69, the ſolidity. 


P RO- 
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PROBLEM XVII. 


-To find the Solidity of a Fruſtum or Zone of a Sphere. 


Add together the ſquares of the radii of the ends, 
and 4 of the ſquare of their diſtance, or of the 
height; multiply the ſum by the ſaid height, and 
the product again by 15708 for the content. 

0 


That is, (& T + ih) X T) 7 
2% = the ſolidity of the 14 ba NN K 


fruſtum whoſe height is , and 7 

os A ———_— 
the radii of its ends R and x, \ / 7 Y 
p being 31416. By cor. 5 to 5 2 
prob. 1 5. L * 


EXAMPLE I. 


What is the ſolidity of the fruſtum of a ſphere, 
the diameter of whoſe great end is 4 feet, the dia- 
meter of the leſs 3 feet, and the height 24 feet? 


Here (R*+r* +34*)X1*5708þ=(2*+1'5*+3X2*5") 
X 1.5708 X 23 = 87 X 3927 = 32*725, the ſolidity 
of the fruſtum required. h 


EXAMPLE II. 


What is the ſolidity of each temperate zone of the 
earth, extending from 234 degrees to 66 degrees of 


latitude, and the diameter of the earth being 79574 
miles? | | 


By the example to the laſt problem, the radius of 
the top is 158657282526. | | 

And as 1 : 39787 :: «9176601 = tabular fine of 
667 degrees: 3648:86750538, the radius of the 


baſe, 
P Alfa 
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Alſo by example 4 prob. 10, the height i; 
2062*2955. 

Then (x“ + r* + 3#*) Xx 1557086 = 17249126 
* 2062*2955 X 1*5708 = 55877778668, the ſo— 
lidity of each temperate zone. 


Otherwiſe. 


Since the radii of the ends of this zone, are the 
. fines of 234 and 66 degrees, which are complements 
the one of the other, the ſum of the ſquares of thoſe 
radi will be equal to the ſquare of the radius of the 
| ſphere; and therefore (dd + hh) x 157080 = 
17249136 X 20622955 X 1*5708 = 55877778668, 
the content, as before. 


PROBLEM XVIII. 
To find the Solidity of the Middle Zone of a Sphere. 


Multiply, either the ſum of the ſquare of the dis- 
meter of the end and £ of the ſquare of the height, 
or the difference between the ſquare of the diameter 
of the {ſphere and + of the ſquare of the height, by 
the height, and the product by +78 54 for the con- 
tent. 


Thatis,(pp +2 DN 7854 5 _Þ 

or (dd — bh) Xx :7854h is FN 

I — 
the content of the middle 7 
zone whoſe height is Y, the N. 1 * 
diameter of each end p, and | [| 
the diameter of the ſphere d. i L 

C 


By cor. 6. to prob. 1 5. 


EXAMPLE I. 


Required the ſolidity of the middle zone of 
ſphere whoſe top and bottom diameters are each 3 
feet, and height 4 feet, | 

4 Here 


Sect. 1. SPHERE. | = 


Here (DD + 2 bh) X 78545 = (3* + 2X4*)X 4 
X +7854 = 59 X 4 X 2618 = 617848, the content 
required, : | 


EXAMPLE II. 


What is the ſolidity of the torrid zone of the earth, 
which extends to 23% degrees on each fide of the 
equator ; the diameter of the earth being 79572 
mules ? 


By the example to prob. 16, the fine of 234 de- 
orees, or 3 the height of the zone, is 1 586*57282526, 
and the whole height is 3173145650 52 = b. 

Then (dd — ＋ þh) Xx *7854h = 
7957/75 * 3173*14565052*) & 3173*145605052 
X +7854 =. 149455081137, the content. 


sc HOL IV x. 


From the laſt three problems we find that 
The two frigid zones = 2647359420 
The two temperate zones = 111755557330 
The torrid zone = 149455081137 


whoſe ſum 263857997893 18 
the whole ſphere, nearly the fame as found in 
prob. 1 5. | 


PROBLEM XIX. 
To find the Solidity of the Second Segment of a Sphere, | 
DEFINITION, 


| A ſecond ſegment is a part cut off a ſegment by 
2 plane perpendicular to the baſe. 


3 VII 
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By prob. 14 find the curve 
ſurface of the ſecond ſegment 
AECe, which being drawn 
into + of the radius of the 
ſphere, will produce the con- 
tent of the ſpheric ſector 
o E Ace; from which if there be taken the 
OE Ae, whoſe baſe is the ſegment Age, and og 
oH; and from the remainder be taken the pyriny 
OECe, whole hale is the ſegment ce, and hoyli 
Kk o, or HI; it is evident that the laſt remainder will 
be the ſecond ſegment AC e: for theſe two gym. 
mids and the ſecond ſegment compole the {pen 


pyramid. | 


PROBLEM XX. 


To fird the Surface of a Circular Spindle, or of ay 
Segment or Fruſtum of it. 


From the product of the height of the ſolid and 
radius of the revolving arc, ſubtract the product d 
the ſaid arc and central diſtance ; multiply the re- 
mainder by 31416; and double the product will be 
the ſurface deſcribed by that arc; whether it be the 
whole or any part of the ſpindle.* f 

That 


* — 


* DEMONSTRATION. 


Put z = the arc ce, x = its fine RE, r and c for the radiu 
and central diſtance, and þ = 3*14159. Then the fluxion of the 


ſurface 5is = 2þ2 X RP == 2þ x (Z Vr — #x cs); but, by 
the property of the circle, 2 /r — xx is =» x; therefore 5 = 


2þ x (ra — cg), aud 5 = 2p Xx (rx — cz) = 2þ * 
(„X RB -i). ö | 
Corel. 
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That is, 
r= Fc the rad. of the arc, 
= FE the central diſt. 
„r the height, 
a= PP its revolving arc, 
92 3˙1416. 


Then (br — ac) Xx 29 
= the ſurface of that part 


PP Qg. | E 


EX AMP L E. 


Required the ſurface of a circular ſpindle whoſe 
greateſt diameter is 30, and its length 40 inches. 


Here, by the property of the circle, EK = AE* = 
EC = 400 ＋ 15 = 26+; and 262 + 15 = 414 18 
the diameter c K, or 205 = the radius of the circle. 

| P 3 -- 


2 


Corol. 1, When RE = AE, the rule becomes 2þ X 
(„ X AE -e X Ac) for the ſurface of half the ſpindle, or 
2þx(rXAB—cX ACB) for that of the whole. ' 


Corol. 2. If from the ſurface of the ſemi-ſpindle be taken that 
of the fruſtum, there will remain 2p Xx (r X AR — c X AP) for 
that of the ſegment Ar: ſo that the rule is general. 


Corol, 3. When E coincides with p, c vaniſhes, and the ſpindle 
becomes a ſphere; and then the theorem becomes barely 2pr xz 
the ſame with that before found for the ſphere. 


Corol. 4. From cor. 1, it appears that the radius is to the 
coſine of an are, always in a greater proportion than that of the 
are to its ſine, or of the double are to its chord. But thoſe ratios 
approximate to an equality as the are diminiſhes, till, when the 
arc vaniſhes, they become accurately equal, and the arc and 
chord vaniſh alſo in a ratio of equality. Conſequently, in ſmall 
arcs, the are is a fourth proportional to the coſine, fine, and ra- 


dius, nearly. Thus, the fine and coſine of an arc of 1 degree 


are *0174524 and «9998477 to the radius 1; then *9998477 : 
174524 :: 1: *0174550 = the arc nearly, the, true figures 
being 0174533. 
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And EF = FC —CE = 204 — 15 = 57 the cen- 
tral diſtance. 

Alfo, as 20+ : 20 :: es 
*96 the tabular ſine of * arc Ac, to which belong 
73˙7 39K cer ees, the double of which 147˙4796 are 
the mnber of degrees i in the whole arc Ac. And 
therefore by rule 1 prob. 6 ſect. 1 part 2, we have 
01745329 X 1474796 * 20% = 5362508 for the 
length of the revolving arc. 

. Therefore, by che rule, (r — ac) X 2p 
= (204 X 40 — 5362508 * 55) * 62832 
= (25 Xx 40 — 53˙62 508 X 7) X + & 62832 
= 62462444 * 5236 = 32700 5336, the ſurface 
required. | 8 


PROBLEM XXI. 


To find the Solidity of a Circular Spindle, 


From - of the cube of half the length of the ſpin- 
dle, ſubtract the product of the central diſtance and 
halt the generating circular ſegment; multiply the 
remainder by 4 times 3*141 59, and the product 
will be the content of the ſpindle.* 

That 


** * *— „* —_— — —_— — — 


* GENERAL INVESTIGATION. 


hw. RE =, EF =< 3'14159 2 . the fluxion of the 
ſolid s will be = px * * = pu * (Ar — c< = 
pa X (HP* —c x (2HP —c) = px X * en # * (2np+c) = 
Sx X (rf — tf ze * RP); 
and s = px x (ri — c — 42 a — X RPCE) 
= „L* = 387) x 2c X neat the fruſtum genera- 
ted by 2 CRE. 


Corol, 
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That is, 


If S Ax the half length, 
c=EF the central diſt, 
gs = the area ACE, 


p = 3'14159. 


Then (ac) * 4 2 
the whole ſpindle Ac; DA. 


EXA MPL E. 


If the length of a circular ſpindle be 40, and its 
greateft diameter 30 what 1s its ſolidity ? 


By the laſt problem the radius is 2055, the central 
diſtance 555, and the length of the whole arc 5362508 ; 
hence, 53*62508 X 205 = double the ſector FAB; 
(lines being ſuppoſed to he drawn from the center 
to a and B); and 40 X 5 = double the triangle 
FAB; conſequerfly 53*62508 X 205. 40 X 55 = 
(53062508 X 25 — 40 X 7) X 4 = 883'8558 = 
double the ſegment ac B; + of which, or 220-9639, 
is half that ſegment. | 

Then (Z ac) x 4p = (3X 20 220.9630 & 5 
X4X 3˙1416 = (+ X 20* — 220˙9639 X 13) X 20 
* 31416 = 275-542 X 62:832 = 17312858, the 
lolidity required. 

P 4 p Ro- 


— —— — — 


66 


Corol. 1. When x becomes = AE, the theorem above be- 
comes (1AE3 — c X ACE) X 2þ = + the ſpindle, and 
(FAE3 -K ACE) * 4þ = the whole ſpindle. 

Corol. 2. If from half the ſpindle be taken the fruſtum, there 
will remain p x (AE*X AR — (AE — a3) — 2CAAPR)=PX 
GAR x (ZJAE— AR) — 2c Xx APR) for the ſegment Faq of 
the ſpindle, - | 

Corol, 3. If E coincide with r, the ſpindle will become a 
ſphere, c will vaniſh, and the theorems above become 2% x f 
F x 61 for the whole ſphere; X HF Xx (r- — FHF?) 

for the ſpheric fruſtum; and 14 X GH* x (3GF == GH) forthe 
ipheric ſegment; which are the ſame with th heorems 1 
problems 15, 16, and 18. | 


216 CIRCULAR SPINDLE, [Part z. 


HROBLEM XIII. 


To find the Content of the Middle Fruflum or Zing 
of a Circular Spindle. 


From the ſquare of half the length of the ſpindle, 
take A of the ſquare of half the length ot the middle 
zone ; and multiply the remainder by the {aid half 
length of the zone; from the product ſubtract the 
product of the generating circular area, and central 
diſtance; then the remainder drawn into 2 times 


3*14159 will be the content of the middle zone. 


That is, putting 
1 = Ex halt the length of the zone, 
L = Ea halt the length-of the ſpindle, 
c = FE the central diſtance, 
4 = the generating area RP YW. 
Then C L—+!)[—ac] X = -the- 2d 
PYZQ: f 


EX AMP L E. 


If a caſk, in the form of che middle fruſtum of a 
circular ſpindle; have its head diameter 24, bung 


diameter 32, and length 40 inches; how many ale 
gallons will it hold? 


Here cx -P = 16 — 12 = 4:= TC, and 
PT'>TC = 400 = 4 = 100 = TK; hence 100 
+ 4 = 104 = the diameter, and 52 = the radius 
of the generating circle, 


re — CE = 52 — 16 = 36 = EF the. central 


1 


diſtance; and AFT — FE? 2 — 30 3 


4V 13*—9*: = 4/88 =84/22 = AE half the 
length of the ſpindle, 


P R NX RW 12 Xx 40 480 S the area RPTYVW- 
And the ſegment PS, is 107.5185. Ti 
c 


TY IS w_ 


Sect. 1.] CIRCULAR SPINDLE. 217 


The ſum of theſe two is 387˙5185 S the gene- 
rating area RPCYW. 

Then {(LL — I/ / —ac]X 29 = 
[(64 X 22 — -- X (490 X 20 — 36 X 587*5185] X 
2 X 3*14159 = 43427879 & 6˙28318 = 
27286*5411256 the ſolidity in inches. 

Then 272865411256 + 282 = 96:7608 ale 
gallons. | 


PROBLEM XXIII. 


To find the Content of the Segment of a Circular Spindle. 


From 3 times half the length of the ſpindle ſub- 
tract the height of che ſegment, and multiply the 
remainder by the ſquare of the ſaid height; from + 
of the product ſubtract double the product of the 
generating area and central diſtance ; then the re- 
mainder drawn into 3141 59, will produce the con- 
tent, | 

That is, [(3 EA —AR) X+AR® — 2FE X APR] 
X S the lolidity of PA. 


EXAMPLE. 


If the length of the whole {ſpindle be 12, and its 
oreateſt diameter 9; what will be the content of a 
legment of it whoſe height is 1 ? | 


Ag* _ 36 Y 72 
49 
diam. and G = the radius of the generating circle; 
FC—CE = 6. —4. =13 =E* the central diſtance; 


=8=EK; KEFEC =8 +4; =121 = 


Vr VV = rr, 


er- r = 6-34 35 = 6 | 
By the table of circular ſegments, the half ſegment 
PCT is 6*736234375, to which adding RT = 5X2. 
= 10, makes 18736234375 = the area RC. 2 
Allo 
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Alſo the half ſegment ACE is 19*886763281, 

Their difference = 1 150528906 is the genera. 
ting area APR. 

Therefore [(3AE—AR)Xy AR —=2FE X APR 
Xp = (17 X4—3+ X11: 1 50528906) X 4314159 
= 1639815495 X 314159 = 31516323, the 
content "required. 


PROBLEM XXIV. 


To find the Curve Surface of the W DEAGD 
of a Cylinder, 


Put h = the height av, 
v = AF the verl. fine of Ak, 
A = the diameter AB, 
2 = the arc kA of the bale, 
s = the right fine Fc, 
c = the coline of the ⁊ arc, 


Then s is the 


3 {urface.* 


0 


K 
* n 


— — 


* DEMONSTRATION. 


For, having drawn Hr, 1K parallel to FA and AD reſpectively? 
and joined the points u, K; ſince it is evident that the ſurface i 
generated by the motion of 1K along the arc Ale, kl x the 
fluxion of 1A will be the fluxion of the ſurface. Therefore put 
2 = Al, x4 S its fine IL, and y = its coſine; then x1 y c 


and, by ſimilar triangles, FA: Ab:: HI: IK = 2 x Oc); and 
hence the fluxion of the ſurface, or æ X IK is 4 * (yz—c2)= | 
5 x (1dx cs); the fluent of which is = Xx (iLdx — ex) = 
(when AT = AG) 8 * (ids fac); the double of which is 


h | 
5 (ds — @c) = the whole convex ſurface pEAGD. 


Cor ol, 
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That is, from the product of the diameter and 
ſine, ſubtra& the product of the arc and coſine, and 
multiply the difference by the height, and divide by 
the verſed line. 

Note 1. When r is the center of the baſe; then 
v = 24, ande = ©; and then the theorem be- 
comes db, v 12. the product of the diameter and height 
ual to the curve ſurface. 

Note 2. When ar exceeds 2 A3, tha ac mall 


be added. 


EXAMPLE 1. 


Given the diameter A B 100, the height Ap 140, 


and the verſed ſine AF 10: required the curve 
ſurface. 


Here d = 100, 5 = 140, and v = 10: 
therefore d — v = 50 — 10 = 40 = c. 


And Vrdd cc 9 1000 =/g00 = 30 s. 
But 5 = 3 „ is the ſine reduced to the 


radius i ; to which, in a table of fines, belong 436? 
52:268' = 36*87113 degrees. 
Then, by rule 1 for the length of a circular arc, 


*01745329 X 3687113 X 100 = 64:352252 is the 
arc a. 


_— 
ken *09008) X 14 
= 42590992 X 14 = 2 = the convex 
ſurface required. 


E X- 


Corol. 1. If r be the center; then = s = 14, and c =0; 


and then the theorem becomes barely 4% = 4 times the triangle 
FDA. 


Corol. 2. When Ar exceeds 14, e is negative, and then — ac 
becomes + ac, 


Corol. 3. If x coincide with B; then s = o, and c= = £w; 
and the theorem becomes 1 ab = the ſurface of the half cylinder. 
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R 


If the diameter and height be 100 and 140, as 
before, and the (ction b. be made through the center 
of the bale, or 24 50; what is the convex 
ſurface ? 

Here, by note 1, 45 = 100 x 140 = 14000 = = 
the convex ſurface required. 


EZAMPLE III. 


Suppoſing * and + ſtill the ſame, and = 99; 


to find the convex ſurface. 


Here 2d — v = 50—90 = —40=c, 5 3othe 
ſame as before, but it is here the ſine of the opp 
mental arc, which therefore is 180 — 36˙87113 = 
143-12887 degrees. Hence · 1745329 & 14312887 
X 100 = 249807013 — the arc 4. Or "the arc 
may be ſooner found by only ſubtracting the arc in 
the firſt example, viz. 64352252, from 314159265, 
the whole circumference. 
dit ac p 

WV 


þ-= **(3000+9992*28052) 
= + X 1299228052 = 20210*21414 the convex 


ſurface required. 7 


Then, by note 2, 


PROBLEM XXV. 


To find the Solidity of the Hoof of a Cylinder. 


From £< of the cube of the right fine, ſubtract the 
product of the baſe and coſine of half the arc of the 
baſe ; then multiply the difference by the height, 


and divide by the verſed fine, the quotient will vx 
the 
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the ſolid'ry required. That is, putting, as before 


þ = the height Ap | — 

S the verſed fine A CY 

s = the right fine FG 0 

c = the coſine AAB — AF 5 E 

þ = the baſe, or area of the . 
ſeg. GAEG 3 A | 

| 353 — bc _ _ 
Then _— * the ſo- N 

lidity.“ G 


Mie 1. If g be the center, that is, if the baſe be 
equal to the ſemicircle, then v = 5s, and c o; and 
therefore 2bss = 2. dd is che ſolidity in that caſe. 

Note 2. If v exceed zd, that is, if the. baſe ex- 
ceed the ſemicircle, then c is negative, and þc muſt 
be added. | | 

E x- 


* DEMONSTRATION. 
For, the fluxion of the ſolid is = the A HIk drawn into the 
* * F » o N a 
fluxion of 11, which fluxion will, therefore, bex x — x ar 
2 


(uſing the ſame characters as in the demonſtration of the laſt 


. 
» 


= 


| : hx 7 hx 
robl 5 — c == coor — OD — 
problem) = ZZ x (y =<)* == O2. e x 


(4dd—ax—2cy+ce)=—= * Gad = xx — de + 2c * ALA cc) = 
2 


al | hx he 
w' 27 9 


. * * . h A 
Xx area rain, when 1 coincides with 6, is — Xx (+5 c), the 
20 


K | | 
double of which n X (353 — bc) = the content of the ſolid 
DEAGD required, 


Corol, 1. If x fall in the center of the baſe; then c = o, and 
= © = 44; and the rule will be 244h. | 

Corol. 2. If Ar exceed Fs, c will be negative, and then - bc 
will become ＋ be, | 

Corol. 3. If r fall in 3; o, and c = — 74; and then the 
theorem becomes 16% = half the cylinder, 
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EXAMPLE 3s» 


If the diameter as be zo, the height ab 120, and 
the verſed fine A F 10; what is the ſolidity of the 
hoof? N 

Or ſuppoſing a cylindric veſſel asp, containing a 
fluid, to be placed in ſuch a poſition that the ſurface 
of the fluid, diſpoſing itſelf parallel to the horizon, 
may cut the baſe in E, leaving 40 inches of the 
diameter dry, and the fide of the cylinder in p, 120 
inches diſtant from the baſe; to find how many ale 
gallons are in it; the diameter of the baſe being 9 
inches. 


Here # 2-129, 4 = 50, and v = 10. - Then 
—: 2 145 c, and Vadd ce 
=v/25*—15* Velo = 20 26. 

And, to find the baſe by the table of ſegments, 


- = 2 mas being found in the column of 
verſed fines, oppoſite to it is the area 1118238 : hence 
50 X 50 X *1118238 =. 279*5595 = 6 is the fep- 
ment or bale. opts 

Then E=E = 12 K (Xx 86000 — 15X279* 5595) 
= 12 X (53334 — 41933925) = 12 X 11399406 
= 13679-2896 = the ſolidity in inches; which, 
divided by 282, the inches in a gallon, give 
48: 50939 ale gallons for the content. 


ER AMPLE Ih | 


Suppoſe the cylinder ſo placed, that the ſurface of 
the liquor may biſect the baſe, and riſe up the ſide 
to the ſame diſtance of 120 inches from the baſe: to 
find the content. a 


Here, by note 1, we have dd = 50 X 50 X 20 
= 50000 ſolid inches 177.3049645 gallons, for 


the content in this caſe, 
| E X 


rr ww @a dd «a _ ia 
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EXAMPLE III. 


Suppoſe, now, the ſame veſſel ſo placed, as that 
the ſurface of the liquor may leave only 10 inches 
of the diameter dry, {till riſing to the ſame diſtance 
of 120 inches along the ſide; to find the content. 

Here the part of the cylinder's baſe left dry, 1s equal 
to the baſe in the firſt example, viz. 279*5595 
- which, therefore, taken from | 
50 * 50 X .*78539816 = 19634954, the 
whole circle, leavgs 16839359 = 6, 
the baſe of the ungula in this example. 


Now v = 40, c = 135, and $= 20. 

Whence EEE þ = (3X 8000 + 252590385) 2® 
= 30592*3718 X 3 = 91777*1154 ſolid inches = 
325'45076 gallons, the content in this caſe. 


PROBLEM XXVI. 


To find the Solidity of the Elliptic Hoofs of the Fruſtum 


of a Cone, made by a Plane cutting Diagonally 
the Oppoſite Extremitics of the Ends. 


* From the ſquare of the diameter of the baſe of 
the hoof, ſubtract the product of the diameter of the 


— — 
— — 


Let AE nr be the baſe of 
a cone, or of any other 
pyramid, right, or oblique ; 
Az a ſection through the 

vertex by a plane perpen- 
dicular to the baſe; and 
EVF, ECF two other ſections 
perpendicular to ave, the 
former through the vertex, 
and the latter through the 
fide, at c, between v and B. 
On as let fall the perpen- 
diculars vn, c1; and on be 
the perpendiculars vx, BI. ; 


and draw 6c parallel to AB, and meeting Ay and vn in & and x. 


Then | 


other 
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other end of the fruſtum, and a mean proportional 
between the diameters; divide the difference by the 
difference of the diameters; multiply the quotient 
by the height of the hoof, and the product by the 
diameter of its baſe; ſo ſhall the laſt product mul. 
tiplied by · 2618 give the content of the hoof.— That 
is, putting 

D = AB the diameter of the greater end, 

4 = 6c the leſs diameter, and 

þ = c1 the perpendicular height. 


Then — 9˙26 8 D the greater hoof ac, 


N /pd— di 
| And xo 26 18 4b S the leſs hoof acc. 


| A plane being conceived to be drawn through c and 
A4. — The proof is in corollary 2. 


E X- 


1 „ 


Then it is evident that EF RV is a pyramid whoſe baſe is Ef; 
(A), altitude vu (a); and therefore its content is equal to f as; 
and that Efe is a pyramid whoſe baſe is EFC (B), height vx 
(5), and therefore its content equal to 335; and moreover that 
the difference of theſe pyramids, or 4 A4 — 4 is the content oi 
the hoof Ergc. | 

But, by the fimilar triangles aBv, Gvc, it is 


AB — CG 2: CI Or | HV — VM :: AB: Hv, or 4 — 


alſo AB — GC 2 e:: AB: HV :: c: VM = ———j 


and pc : BD :: (by the fimilar triangles 1cp, DBL) ci : BL: 
(becauſe of the ſimilar triangles Bcr and Vu, vxc and cus) 
| „ Seel GC X CI X DB | 
vn {= )::jvx (8) = — . 
AB —GC DC x (AB -c) i 
Wherefore the hoof Erzc will be 


1 
CI GC X DB . N 
AB — GC DC 


theorem for the hoof of any pyramid, 


Corol. 1. If the baſe be circular, or the pyramid a cone, and 
the angle cps be leſs than the angle vapr; or, which is the 


ſame, if cb and ya, produced, interſect in x; the ſection 1 
| wi 
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EXAMPLE I. 


If a conical veſſel, whoſe bottom diameter is 30 
inches, be inclined to the horizon till the liquor in 
ir juſt cover the bottom, and its ſurface, diſpoſing 
itſelf into the poſition Ac, cut the fide 3 of the 
veſſel in e, at the diſtance of 18 inches from the 
bottom AB; how many wine gallons of liquor are in 
it, ſuppoſing the diameter 6c of the veſſel at c to be 
19'2 inches? 

Here 5 = 30, d = 19%2, nd Þ = 18. 


Whence — * 2618 Df = DIL 1902 


—_— 39 — 19*2 
. 1 : 
8 1 A: 18 « tf — 4395 * LEED ac 2618 — 
6 8 x 2618 S: Hs 
2196 x 30 x 18 x *2618 _ 2196 X 2618 X 10 = 


A 84 
as inches. Which being divided by 231, 
WW thus, | | 


3)5749"128 G 
231Z3X7X114 7)1916'376 , 
11) 273-768 8 


gives 24 888 = E 
wine gallons, gn 


mu Ex- 


8 — 
1 


will be a ſegment of an ellipſe whoſe tranſverſe axe is cx, and 


conjugate No x G, No being drawn parallel to az, and 
meeting VB produced in o. And then the above general 


. 101 . 
theorem will become 2 —_ Xx (AB X circular ſegment 
— GC 


Ep — GC X DB ine: ; 

5e Xx elliptic ſegment zer) , by prob. 6 ſect, 3 

3CI oy 28 

Indi rea X (as x cir. fog. u LE 23 X 00 X68 
ge 5 DC X CN 


x cir. ſeg, whoſe diameter is cx and height cp) =, fince fimilar 
ſegments 
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EXAMPLE Il, 


Let there be taken here the ſame dimenſions as in 
the laſt example, ſuppoſing the veſſel to be narrowelt 
at the bottom, to find how my ale gallons are in 
it. 


Here — 2618 4b 


304/30 x 191 —19. 
20 =" 0x 
X *2618 X 194. X 18 
381 X 19+ x 18 „ 2618 
10+ 
3 X _ X 18 Xx *2618 


117 90 * 2618 = 117*12 X 96 X 2618 = 
2943*55 inches. Which being divided by 282, 
give 10*43, for the number of ale gallons required, 


P RO» 


ſegments are as the ſquares of their diameters, — X (a2 
; A 


B — GC 


x circular ſegment EBF — DENK CN x Lo GC x ſeg. 
DC X AB*. 
AB X DC 


of the cir. AEBF whoſe height is ) = the content of the 


elliptic hoof EFCB. 
.  6cxXxca 
But, by fim. triangles, 6c — Ab: pc ;:: C: on = — 
| GC —A 


G 
and GC—AD; DB;; GC: NO <D= 


; which values 0 
D 


No and Nc being ſubſtituted inſtead of them, in the abore 
expreſſion of the elliptic hoof, will give 


12 * [AB & cir. ſeg, — x eg. 
AB — GC AD 
of the cir. AEBF Whoſe height i is 
AB Xx (Ge Sn. 35 0 43 DB 
= er, 2* l cire. ſeg, EBr — Ex) 3d 


» —v+4) 


* ſegment of the circle as whoſe height is 


— 
— 


m—_— _ pMmD@ .T << «a OJ... 


" — — XY 
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PROBLEM XXVII. 


To find the Solidity of the Elliptic Hoofs of the Fruſftum 
of a Cone made by a Plane cutting off a Part 
. of the Baſe. 


1. From the verſed fine, or height of the baſe of 
the hoof, ſubtract the difference. of the diameters of 
the baſe and end of the fruſtum, and divide the re- 
mainder by the diameter of the ſaid end; find the 
tabular ſegment whoſe verſed fine 1s equal to the 
quotient; find alſo the tabular ſegment whole verſed 
line is expreſſed by the quotient of the verſed fine 
of the baſe of the hoof divided by the diameter of 
the baſe of the fruſtum ; multiply the former ſeg- 
ment by the cube of the diameter of the end, and by 
the quotient of the verſed ſine of the bale of the hoof 
divided by the difference between the ſaid verſed line 
and the difference of the diameters, and by the 
root of the ſaid quotient ; and multiply the latter 

22 ſegment . 


—_— rn 
— 


= the elliptic hoof Ern; putting / for the height of the hoof, 
and p and / for the diameters of the bafe and end, or top, of 
the fruſtum, reſpectively. N 

: Orif we would reduce the 
circular ſegments in the laſt 
expreſſion to thoſe of a circle 
whoſe diameter is 1, to be 
found in the table of circular 
lexments at the end of the 
book, that expreſſion will be- 


come 


3 
7 Xx. [v5 x tab. 


ſeg. whoſe height is 


BD 3. 
D B D - D ＋＋ d 
* tab. ſeg. whoſe height is 


BD — | | . 
BY 4 = the elliptic hoof xen. And this is the ruls 


in prob. 27. 


And 
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ſegment by the cube of the greater diameter; mul- 
tiply the difference of theſe two products by + of the 
height of the hoof, and the product divided by the 
difference of the diameters will give the content of 
the hoof required. 

2. Subtrad 


—_ 
* 


And if this value of the hoof be taken from 3 x = 


= that of the whole conic fruſtum, the remainder 
1h 
3 


v — A 
8 


Xx : [D - d X 2 — D3 Xx tab. ſeg. whoſe height i 


BD BD 2 | 3 : 
w—_ + d3 X r tabular ſeg. whoſe height iz 


U 


1h 
] or f * [— 2d3 + p3 x tab. ſeg. whoſe heightis 


AD BP 2 
2 — 22 
BD — 54 


a 
elliptic hoof EFSGA. 


x tabular ſeg. whoſe height ih 


<] will expreſs the meaſure of the complemental 


Corol, 2. If the points p and A coincide, the ſection E vil 


| be a whole ellipſe, and the rules in corollary 1 will become 


—dy/od 
2D & 5 Ao = the elliptic hoof Ac, and 


D — 4 
d —-* | 
3b X * 7 = the complemental elliptic hoof Ac. 
And theſe are the rules in prob. 26. 


H : : 
5 denoting the height of the whole 


cone by n, the laſt theor, will become {2 n x (D* —d,/pd) = ACB, 
| and qu x (Dy/Dd—dd) = ac6- 


Corol. 3. Since 


Coro. 4. But 32H b = the whole cone vA B, and therefore 
12h — H Xx (D* — 4% bd) = Inady/Dd = the top part 
Ac. Which top part, conſequently, is to the whole cons 


| 2 
YAP, as 32 H4 Dd toEnyD?, or as 4 to br; or the ſquare 
of the whole cone vA is to the ſquare of the top part vac, 
as Þ3 to .. : 
| Coral, 
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2. Subtra& the meaſure of the hoof, above found, 
fom that of the whole - fruſtum, and the remainder 
will be the meaſure of the complemental hoof. 

That is, if p and 4 be the extreme diameters of 
the fruſtum, and h its height; alſo P = the tabular 


ſegment whole verſed ſine is =, C S that whoſe ver- 


ſed ſine 15 — £ f and a = *785398 &c. 


- , ED BD 1h 
Then(PXD x BD — 225 N D—d 


= the content of the elliptic hoot EFB. 


And | 
(b XD + xt xi 


„S to that of the complemental hoof 


= 
EFCGA. 
Theſe are proved in corollary 1 to prob. 26. 


Q 3 E X- 


—_d__ 


9 OI 


Corol. J. If the angle op | * 
be equal to the angle vA B, 7 

or if the ſection EC be pa- / 

rallel to the fide aG of the 6 
cone, it will be a parabola e 
whoſe axe is CD baſe EF ay > 


24/AD xDB=24/(D—d) xa, AD 
and its area, * prob. 5 ſet | 4 Ai 
4 part 3, = FDC X EF = 

. and : 
therefore the general the- N 
orem will become 


3 ; d(D—d) 
Dc 


* (px cir, ſeg, EBF — 


— x $pey/(D —d) x a) 
h . 
=1h x — tab. ſeg, whoſe height is — -td\/(B=aJx a) 


= the parabolic hoof «x 3c. 


Which 
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TAAME SL &+ #s 


If a veſſel in the form of the fruſtum of a cone, 
whoſe bottom diameter is 3o inches, be inclined to 
the horizon till the ſurface of the liquor in it cut the 
bottom, leaving 10 inches of its diameter dry, and 
meeting the tide in c at the diſtance c1 of 13 
inches from the baſe : how many Wincheſter gallons 
are in it, ſuppoſing the diameter 6 c of the veilel at 
the top of the liquor to be 194 inches? 

| Here 


3 


3 
= the meaſure of the 


Which being taken from 1% x 
D =; 
whole fruſtum arcs, the remainder 


x 13 
1h x [+da/(b = d)d — 


13 3 8 
* > * my N 
5 7 tab. ſeg. whoſe height Is 55 


1 3 | 
x [(D = A u — d) —nd3 + bs x tab. ſegment 


1 


v2 4 


or 


* . D » * -. 
whoſe height is 7˙ will expreſs the meaſure of the complemental 
44 . 


parabolic hoof E FCG A. 


N 


Corol. 6. It the cp exceed the 
LVAB;z or, which is the ſame thing, 
if Þc and Av, produced, interſect above 
», as in N; the ſection ECF will be an 
hyperbola, whoſe tranſverſe axe is CN. 
But in the hyperbola, as well as in the 
other conic ſections, the tranſverſe axe 


GCXCD 
CN = — 
P D 


„er being drawn paral- 


4X CD 


lel to vA, or = 
. 5 0 38D 


„and the 


DB 
d — DB 
area of the hyperbolic ſection being found by prob. 6 ſet. 5 


part 3, and ſubſtituted in the general theorem, will give the ſo- 
lidity of the hyperbolic ungula, 


conjugate of each alſo = oc = dy 


Corel. 7. If p coincide with 1, or cps be a right angle, the 
tranſverſe and conjugate axes of the hyperbolic ſection wall 


2dh . 
become — and d reſpectively, 
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Here Dp = 30, d = 192, b = 18, and 


3D = 30 — 10 =, 20. 
Whence — _ = = = = 66662, the tab. verſ. 
the tabular, area for which is 55622573; and 
-p 20-3019 f — 40 23 — 2875 — 
—  » MM. + ms 


| the tabular area anſwering to which is *37187178, 
Again, d*=27000, whichmultiplied by*5 5622573, 


W the former area, produces 1501809471. 


BD BD ah 153 y 29 
And i X XV ————;= (193) X— 


BD — DOH D—D+d — 
=. 19%, _ 197 XK 48˙ X 40 
XV == 1917 * 555 * 201 184. — 23 * 2 


xV46 = 22686470698 „ which muluphed by 
37187178, the latter area, gives 8436-45824. 
Then 6581-63647, the difference of theſe two pro- 


| Che 35 
ducts, veing multiplied by = == = 3 = 57 
the quotient of 7. of the height divided by the dit- 
terence of the diameters, will produce 3656-4647 for 
the ſolidity in inches: which being divided by 2684, 
the inches in a corn gallon, give 13*6029 corn or 
Wincheſter gallons, for the quantity of liquor in the 


veſſel. 


EXAMPLE II. 


If a veſſel, in form of the fruſtum of a cone, 
cloſe at both ends, be placed in ſuch a poſition, that 
the liquor may juſt cover the leſs end, and 10 inches 
of the diameter of the greater ; what number of wine 
gallons are in it, ſuppoſing the diameters of the two 
e to be 30 and 194 inches, and their diſtance 18 
inches? 


9.4 Here 
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Here the part filled is the complemental hoof 
to that in the laſt example. Therefore if from 
(p*+(D +4)d) X A = (30* +194 X 494) X6x 
785398 = 8692-661, the content of the whole fruſ. 
tum, be taken 3656-4647, that of the. hoof in the 
laſt example, the remainder 5036-1963 will be the 
content, 1n inches, of the complemental hoot ; which 
being divided by 231, give 218018 wine gallons for 
the content required, 


PROBLEM XXVIII. 


To find the Parabolic Heoofs of the Fruſtum of a Cone; 
that is, of the Hoofs made by a Plane paſſing 
Parallel to the Side of the Cone, 


Multiply the baſe of the hoof by the greater di- 
meter of the fruſtum, and divide the product by the 
difference of the diameters ; from the quotient ſub- 
tract 4 of the product ariſing from the multiplication 
of the leſs diameter by the {quare root of the product 
of the leſs diameter and difference of the diameters; 
then the remainder multiplied by + of the height will 
be the content of the hoot required. 

That 1s, (—= — 4dy/(D—4)d) X S the 
parabolic hoof EFCB; Where p and 4 are the di- 
ameters AB and Gc, of the fruſtum, Y the height 
CI, and a the baſe EBF of the hoof. [ See the fp. 


Page 229. | 


EXAMPLE, 


If a veſſel, in the form of the fruſtum of a cone, 
be laid with its upper ſide parallel to the horizon, 
and if the greateſt diſtance of the ſurface of the liquor 
from the bottom, whoſe diameter is 30 inches, be 
18 inches; how many ale gallons of liquor are in 
it, ſuppoſing the diameter of the veſſel, at the 


greateſt 


Sect. 1-] CONIC UNGULAS: 


233 


greateſt diſtance of the ſurface of the liquor from 
the bottom, to be 193 inches. 


Here the dimenſions are the 
ſame as in the laſt problems; 
and BD = D—d4 30 — 195 
= 104 = 10'8 the verſed fine, 
or height, of che baſe; which 
divided by the diameter 3o, 2 
gives $36 = the tabular verſed 
fine; the area anſwering to 
which is *25455056; which multiphed by goo, 
the ſquare of the diameter, gives 229.095 504 for 
the circular ſegment, or baſe of the hoof. Then 

O 2 290* 318-2 
22950955 * 858 = Ro — 636'37039- 

Again d - 4) X d = 4 X 19: 104 X 194 
TX i190: Ky/ NEE 2 X 192 & 14˙4 = 
4 X 0:4 X 144 = 368-64. 


Then (636:37639— 368-64) X 75 =267*73639 X 6 
= 1606-41834 inches, the ſolidity; which being 
divided by 282, give 5:696526 ale gallons, for the 
quantity of liquor required. 


Note 1. If from 8692661, the content of the 
whole fruſtum, found in the ſecond example of the 
aft problem, be taken 1606-418, the content of the 
hoof, above found, the remainder 7086-243 will be 
that of the complemental parabolic hoof DAacc. 


Note 2. If the ſection Er be an hyperbola, the 
hoofs may then -be found after the manner deſcribed 
m the fixth corollary to prob. 27. 


BRO- 
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PROBLEM XXIX. 


To find the Convex Surface of the Elliptic Hooſs of the 
Fruſtum of a Cone, made by a Plane cutting the 
Oppoſite Extremities of the Ends. 


To four times the ſquare of the height of the fruſ. 
tum, add the ſquare of the difference of the diameters 
of the baſe and end; divide the ſquare root of the 
ſum, by the difference of the ſaid diameters ; and call 


the quotient q. 3 
Wu pl 


— . 8 


* Let the right · angled triangle 
vo be conceived to 1evolve 
about the axe vo, the part u 
of the hypotenuſe deſcribing the 
ſurface of the ungula, while the 
part He of the radius of the bate- 
of the cone, cut off by the per- 
pendicular hy, deſcribes the 
ſpace FPIEBFs 
Then ſince, by the ſimilar tri- 
angles, von, u, it is every- 
where as HP: H5 :; Ho or oB: 
HV or BY, the ſpaces generated 
by theſe lines will be, likewiſe, 
in the ſame ratio, viz. 0B : By:: 
the area FIEBF : the ſurface 


BV 
FCEBS = — X FIEBF. 
BO 


And in the ſame manner, by reaſon of the fimilar triangles 
DIC, , being drawn parallel to px, we have pe: DI :: 
FCEF = B = the ſpace deſcribed by G,: Flur the ſpace de- 


» — 9 DI — 
ſeribed in the ſame time by c = — * rcEF = 1 
DC | 


» 


But the ſpace FiEBF = the circular ſeg, FBEF Or A — FIE 


- DI | 
=A——X Bb And conſequently 
C 


VB 1 VE DI 20> DI 
OB. OB De IB DC 
= the convex ſurface of the ungula EE Be. 


And 
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: Multiply half the ſum of the ſaid diameters by the 
: ſquare root of their product; and call the product y. 
Then | 
f 1. Cmultiplied by p and by 785398, will give 
me convex ſurface of the oblique cone. A cv. 

That is, 8 * bd = 


D — 4 2 
curve ſurface of Ac v. | 


2. Q multiphed by the difference between p and 
the ſquare of the diameter of the baſe, and by 
78 5398, will give that of the hoof, aBc, including 
the baſe. 

. 5 2 3 2 

That is, Le AG a)" % (DD — Nd 2 

the curve ſurface of AB e. 


o 


OST IG _ bs, - „* 
n 
ry 4 0 


3. 


— — 4 


x 
'2 
> 
A 
of 
aw 
I, 
1 z 


And the method of proceeding will be the ſame for any other 
kind of pyramid, 


1 


VB , 
Corol, 1. It from — x the circle as, the convex ſurface of the 
OB 
whole cone, be taken that of the ungula, above found, the re- 
| VB DI : 
mainder SN (FAEF + — X FCEF), will expreſs the convex 
d) 


ſurface of the remainiug fart EFCVA of the cone. 


Corol. 2. And if from the value of the part laſt found be taken 
Th : vc | 
— X circle 6C = X circle 6c, the convex ſurface of the top 
| Ol 


"ok * VB DI . 
cone Gvc, the remainder — x (FAEF + — „ FCEF — circle oc), 
OB DC : 


ill expreſs that of the complemental ungula EAG. 


Corol. 3. If the Zcyr be leſs than the ZAR, or the 
ſet. FcE be an ellipſe, the ſurface of the ungula will be 


VB ' 2 
©, (eir. ſeg, BE _ x ellipſe ſeg, FCE) = by proceeding 


as 
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3. qe multiplied by the difference between p and 
the ſquare of the top diameter, and by 78 5398, 
will give the ſurface of the hoof acc including the 

top. Ny 5 

R 2 + (D- 4) + 4 
That is, LAG OF Vd dd) = 
the curve ſurface of Acc. 


Where the letters denote the ſame Quantities as 
in the foregoing problems.—All theſe are proved in 
corollary 4. 


* — * —— _— —  — 


— „— * 


GC*--X DI DB 


7 


AB* X (GC — AD) = 


EN vB 
as in cor. 1 prob. 26, * (EBF — 


Xx ſeg. of the circle AB whoſe height is AB X — 


DD dd DB—=i(d—d) „ ps 
v - 4 1 vB - (o =- A) 8 


* ſeg. of the circle as whoſe height is Þ * — =o) = 
a 45* + (D — a)? 

D — 4 
DB DB — 4 (0D — 4) 


DB 
— a — b. { .* hoſe 
D 9 BD — (D —d) r 8 


ons 7 — 2), where þ is the height, and p and d the 


* (oz x tabular ſegment, whoſe height is 


height is — 
diameters of the baſe and top of the fruſtum. 
And the value of the ſurface of the remaining part EFcvA, in 


corollary 1, will become _ * (cir. ſeg. FAE + 50 x ellip. ſeg» 


Fee) = — X (Fat + nm m5 
"7 AB* (GC—=AD) GC—AD 1 

, . — 4h* + (p—4)* 
circle As whoſe height is AB * ——) == — * 


x ſeg. of the 


—— — DB 


d. „of the 
DD DB—(b=—d) w=2 © * 0 ; 


Cir. 


5 
* 
\# 
4 
* 
ns 
£5 
8 
4 
12 
9.2% 
4 
© % 
Ui 
. 1 
= 
3 
4 
-Y 
_ 
+ 
oC 
1 
** 
= 
= 
* 4 
= 
vl 
*y 
= 
J 1 
1 
BS 
0 
ww 
x 
* 
* 
= 
"— 
1 
. x 
a 
1 
ali 
=” 
4 
i» 
3 
& 
0" 
=, 
1 
6 
*\ » 
ih 
= 
5 
— 
5 
43 44 
of 
£ 4 4 
44 F 
* *y 
7 _ 
_ 
+ 
» 5 
72 % 
4 
* 
3 
by” 
13 
2 
-% 
of 
* 4 
"a 
1 


— —— add ad ah: n * R 
A * 4 . " * 8 * 2 * 222 — oo dg et Tha ev Elk <a 2* Sib oh = 
P 3 9 _ N P 2 a A. MS. EE A r n n >. 
La re * TY COT wrt * PRG * > q * 
Si ee ed oe. SSD, 7 EBW * a 
— 8 - ” . LS * * * 
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EXAMPLE. 


Required the convex ſurfaces of the two hoofs of 
à comic fruſtum, whoſe baſe and top diameters are 
30 and 1955 and height 18 inches ; the ſection being 
made through the contrary extremities of the diame- 
ters: together with that of the oblique cone Ac. 


Here D = 30, d = 194, and V 

121. | 
„ 

Then Q = — = C 
„A* 18* + 10.82 * 
2 10˙8 oy 1I*2 A 
14/10 + 3* = + V109 B 
3:48010217. 

S NN — 2434 30X 197 — 245 X 24 
= 003. And then 


1. - 2 


_ 
»Lü—ü— 


cir, a3 whoſe height is Þ x = L == Ih {4 += 
4 D—d 
(dꝛ x tab, ſeg. whoſe height is — + d * DB 40 
D DB — (D—d) 


DB 0 
22 x tab, ſeg. whoſe height is — 7 2). Or 


* /4*+(b = ad A0 D TA) — AD | D——-AD 
it is = ” ae I - 
5 d bann 4— AD 1 


X ſegment of the circle AB whoſe height is D * — = 
4/4 + (D —aj 


Wo x (o x tabular ſegment whoſe height is 
= 1(D +4) = AD o- AD 
me * — 9 0 . ; 
D So at V4 2 x tab. ſeg. whoſe height 
by 3 a” a. 


Alſo 
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1. CX PX 785398 = 273326528 X 5904 = 
1613˙7198213 inches = 11·20038 76 feet, the con- 
vex ſurface of the oblique cone acv. | 

2. G X 785398 Xx (D'—P) 1785398 „ 

3˙480 10217 X (goo — 590'4) = 273326528 x 
309·6 = 846:2189307 inches = $5:87652 feet, 
that of the hoof ABC. 

3. Q X 785398 X (P—&) = 7855398 x 
3:48010217 X (509*4— 36564) = 2:73326528 x 
221*76 = 6061289085 inches =, 442092285 feet, 
that of the complemental hoot acs. 

P R0- 


2 


—— 


— — 


. 


Alſo that of the complemental hoof in cor. 2, will become 


VB - DI . . 
— (cir, ſeg. TAE + rp x ellip. ſeg. Fg — the cir. co) = 
0 


VB sed X DI 
— Xx (— 2: X GC? FAE . 
OB ( * T AB X (GC — 


0 DB 
eds bing, 
GC — 49 

GC 


ſegment of the circle as whoſe height is AB x 


E 


7 . e 1 — 
EIT "7 EY FR yy. 20S 1. «hs Arn 
D — A DD d — AD 
"v4 5 x ſeg. of the circle as whoſe height is DX _ ) 


= * * (- 2d + p X tab. ſeg. whoſe height i: 


=D z(D + 4) — ap D — AD : 
D ne a leg, height 
3 d X e 1 IR Ex x tab. ſeg whoſe eig 
1s — —— 

wo” : 


Wire. 4. If p coincide with a, the rules in the laſt corollary 


: VB — — 
will become — * (ABL X2 N AB XVAI X GC = 


LEE „ 
b - A4 2 


face of the ungula ABc. 


Vd) for the convex fur 


And 


5 
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PROBLEM XXX. 


To fud the Convex Surfaces of the Elliptic Ungulas of a 
Cone, made by a Plane cutting off a Part of the Baſe, 


Multiply continually together the four followin 
quantities, viz, che quotient ariſing from the diviſion 


of 


— 


VB — GC 
And — X AIa/AB X GC X D 2 X VB X AI — = 
= * G LY = 


wy +0: v+d 
- Ad 2 


Vd for that of the oblique cone 


Ac. 


—— 2 Me 7 
1 (AIV/AB x GC—GC?) = 2 EO 
OB D — 


Alſo 


5M pu. for that of the complemental elliptic 


hoof Acc. 


Corol. 5. If pe be parallel to Av, or the ſection a parabola 


ſince its area B is 4ÞC X DF = FDC VAD X DB, the general 
theor, for the ungula will become 


, 52 8 2 
— X (ſeg. FRE — FDIY/ADXDB) = v4 5 = Ic * 
B o — 


(ſeg. rz to height bB - 5 (D -A) Vd ο = )] for the con- 
vex ſurface of the parabolic ungula PEB. 


And the rule in cor. 1 will be 


— 45 ) — 4) * 
VB Er om 


wen Wh (ſeg, TAE + #DI4/AD XDB) = — 


[ (ſeg. Far to height AE + 45(D—d) Vd (b — d)] for that of 


the part AEC. 


Alſo that in cor. 2 will be — X (ſeg. Fat T DIT VAD x DE 


_ 4D” X's} = 9 
D — 4 

Ab F I (D =αã Vid ( —d)— Addi, for that of the comple- 

mental parabolic ungula AEC. 


* (ſegment rat to height 


Corol. 
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of the ſquare of the leſs diameter by that of the greater; 


the quotient ariſing from the diviſion of the difference 


between the part of the diameter of the baſe not cut 
off and half the ſum of the diameters, by the diffe. 
rence between the ſaid part of the diameter of the 
baſe and the leſs diameter; the ſquare root of the 


' quotient ariſing from the diviſion of the part cut of 


the diameter of the baſe, by the difference between 
the part not cut off and the leſs diameter; and ſuch 
a ſegment of the baſe of the fruſtum, whoſe height 
is equal to the product ariſing from the multiplica. 

| tion 


— * 
—— 


Corol. G. If the angle cp8 be greater than the angle vas, or 
the ſection be an hyperbola, its area being found, and ſubſt. 
tuted for B in the general rules, will give the ſurfaces of the 


hyperbolic ungulas. 


Corol. 7. If the hyperbolic ſection be perpendicular to the 


baſe, p1 will vaniſh, and the general theorems will become 


VB CB * . * . 
— X ſeg. FRE = * ſeg. FBE its height being 13 = 
242 


OB 


.a/49* + (Þ —@) x ſeg. of the circle as, whoſe height is — 


p— 4 
for the curve ſurface of the perpendicular ungula cis. 


Alſo — x ſegment FAE = — x ſegment whoſe height is 


/4* + (0 =2)? 


22 Xx ſeg. of the cir. as whoſe height 1s 


= L E for that of the remaining part arc 
IG = * 
And = x ſeg. FAE — cir, CG = Ae (leg. 
' OB | D—d 


of the circle aB whoſe height is n 8 5 ), for that of the 


complemental perpendicular ungula Alcc. 
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| | 1 
tion of the quotient of the greater diameter divided 
by the Ic{s, into the difference between the leſs dia- 
meter and the part of the baſe diameter not cut off ; 
and call the laſt product R. — Then 


[. The difference between x and the baſe of the 
hoof, multiplied by the quantity &, in, the laſt pro- 
blem, will give the convex ſurface of the ungula 


required. * 


52 — . 02 
H,O -N * 
D — 4 


dd 10 +d) — an G; 0 


1 — * 
(8 vo 4— A0 


That is, 


NB . 
x leg. of the circle 


AB whoſe height is D X _ | b 


S the convex ſurface of the 


hoof ryre. Uſing ftill the Ac 7/6 —7B 
ſame letters as in the former g 
F H 


problems. 


2. The ſum of x and the remaining ſegment of 
the baſe, not included by the hoof above, multiplied 
by Q, will give the ſurface of the remaining part 
of the whole cone. | 


4 2 3 2 2 4 
That is, ee Ae (ſeg. FAE * 5 


b — 4 


DB . 
ſeoment of the circle AB 
1 wo AD X A 


whoſe height is b X == 


—= the convex ſurface 
of the part yEAve. | 


| 3. From the ſurface of the part in the laſt article, 

lubtract that of the little cone at the top, viz. the 
product of & by the area of the top of the fruſtum; 
and the remainder will be the ſurface of the comple- 
mental ungula. 


R That 
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4h + (0 —d)? 


That is, 2 x (—ndd I ſeg. Fat A 
Ad (DT) — Ap DB 
—_—— —— r ſeg. of the circle ax 


— AD 


= 
whole height is P * Tz = the convex ſurface of 


che complemental hk + FEAGC,—All theſe are proved 
in corollary 3 problem 29. 


. 


Required the convex ſurfaces of the parts into 
which a cone 1s cut by a plane which enters the fide 
at the diſtance of 18 inches from the baſe, and cuts 
off 20 inches of the diameter of the baſe ; that dis. 
meter being 30, and the diameter at the top of the 
ſection 194 inches. 


Here p g 30, 4 197, b = 18, BD = 20, and 
AD = 26 | 
| Whence@ = 1 24 199 = 


D—&4 


9:48010215. | | 
: The leg. FBE = 3o* X 55622573 = = 500 603157 
The ſeg. FAR = 30“ xXx · 22917243 = 206˙25518/ 


1 2 
R — (==)* X ＋ — * ſeg. whoſe diameter 
7 95 95 


39 X 9+ 
195 
X 30* x tabular leg. whoſe height! 55 


is 30 and height 
ä 1464/46 
_ 
2 1409 N 
5 * 23* 
And add = 785398 X (195) = 289*529179: 
ZI 
C X (FRBE—R) = 348010217 X 170 $41964 
= = 5*3868479 = the_convex turtace of the hoo! 
FEBC. 


* 37187178 = 320*761173- 


2. % 


— 
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2. G & (FAE TR) 34801021 X 52701636 = 
18344070779 = that of the part FAECV. 

3. GX (TAET Rd) = 348010217 & 237487181 
= 826˙479654 = that of the complemental hoof 
rAEcG. > 


PROBLEM XXXI. 


To find the Convex Surfaces of the Parabolic Hoofs made 
by a Plane cutting a Cone Parallel to one Side. 


Multiply 4 of the difference of the diameters of the 
baſe and top of the fiuſtum, by the ſquare root of the 
product of the faid difference and the leſs diameter; 
and call the product s.—Then 
3 1. The difference between 
aud the baſe. of the hoof, 

W multiplied by &, in the 29th 
problem, will give the ſur- 
face of the hook. 

That . 


D— 4 


ſegment FBE 4 (D — 4) 


G vV4(v—4)]= the convex A D\ / /O\|] B 
F lurface of the ungula Fez. @ 
Uſing {till the ſame letters. | F 1 


2. The ſum of s and the complemental baſe, mul- 
uplied by Q, will give the convex ſurface of the re- 
maining part of the cone. | 


That is, L £ — 
D — ; 


x [ ſegment PAE +=(D—d) 


VD =)] = the ſurface of the part ARE ev. 


R 2 3. Ihe 
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The difference between the circle co, and the 
"BA ot s and the complemental bate, multiplied by 
will give the {uriace of the complemental hoof, 


NEL. — x [ ſegment FAE+5(D—0) 


Sdiv—d)—ndd] = the convex ſurface of the 
complemental hoot FAECG. 


That is,. 


EXAMPLE. 


Required the convex ſurfaces of the parabolic 
hoofs of the fruſtum of a cone, whoſe height is 18, 
and 1ts diameter: zo and 193 inches. 


Here again Q_= 3˙48010217. 


8 = (D-) ο —d) = X 10% Vi 107 
= 103-08. '” 0 


The ſeg. FBE = zo X tab. ſeg. whoſe verſed fine 1s 


. ; 
= Or 40 or 36 = goo X 25455055 = 229095455 


The ſeg. FAE = 30* x tab. ſeg. whoſe height !s 
194 6 3 | | 
40 01 9 or *64 = goo X 53084761 47/7/6284). 
And add, as before, 289529179. —-Whence 


i. CX (FBE - 8) = 348010217 & 125˙4154952 
436˙458737 = the convex ſurface of the hoof Pre. 


2. QX (FAE＋ 5) = 3*48010217 x 581+4428349= 
2023*480521 = that of the part FAgcv. 
3. Cx (FAE+5—ndd)= 3:48010217X291 *91367 


= 101 ** = that of the complemental hoo! 
rcd. 
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PROBLEM XXXII. 


To find the Curve Surfaces of the Hyperbolic Hoofs of 
the Frujicum of a Cone, made by a Plane cutting 
it Perpendicular to the Baſe. 


1. Multiply the quantity Q found as in the pre- 
ceding problems, by the baſe of the hoof; and the 
product will be its ſurface. 


That is, 55 x ſeg. FBE = 2 x ſeg. of 


v - 4 


D - 4 
= the curve ſur— 


we circle AB whoſe height is = 
lte of the perpendicular hoof Fx Bc. [See the tig. 
at page 243. ]- 

2. Multply C by the complemental bale, and the 


4 product will be the ſurface of the complemental part 
of the whole cone. 


That is, — x ſeg. TAE = {2 — x ſeg. of 
the circle aB whoſe We is = = 2 or AD. or A1 


the curve ſurface of the part PA kv. 


3. Multiply & by the difference between the com- 
plemental ſegment and the circle 6c, and the pro- 
duct will be the ſurface of the complemental hoof. 

a/ 4* + (D —d)* 
D d 


* (- undd + ſeg. of che circle AB whoſe height is 
—.— = the curve ſurface of the complemental hoof 


VB 3 > 
That is, — x (ſeg. FAtE—cir.c6) = 


FAECG, Uſing ſtill the ſame letters as in the former 
problems. 


Note. The two firſt articles are the ſame rule, and 


ſerve for the whole cone as well as for any perpen- 
dicular part. 


ons 
R 3 | KL X- 
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EXAMNPEL Eo: 


Required the curve ſurfaces of the perpendicular 
hoofs of a cone, whoſe baſe diameter is 30 inches; 
the height of the ſection being 18, and the diameter 

of the cone at the top of the ſection, 194 inches. 


a = 3:48010217, 
Here again LEE = 289*529179. 


The ſegment FBE = 30* x tab. ſeg. whoſe heiglit i 
2 39— 195 
2 X 30 


or 18 = 900 X 613453 = 86*521077, 


| The ſegment FAE = 30* X tab. ſeg. whoſe heights 
| 327 9% or 82 = goo X * 68926363 = 620: 337267, 


| 2 * 30 
|  Andrag —ndd = 330· 808088. 


Whence, multiplying theſe three each by qa 
3*48010217, we have 


I. GX FBE = 3015102188 the ſurf. of kde.“ 


2. QX FAE = 2158-837068 the ſurf. of rA 
3. CX (FAE —1ndd) = 1151245945 the ſurf, d 


FEACG, 


. SECT: 
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SECTION I. 


* 


OF THE REGULAR BODIES. 


DEFINITIONS. 


1. Regular ſolid or body, is a ſolid contained 
A under ſome number of like, cqual, and re- 
gular plane figures. | 
2. The plane figures, under which the ſolid is con- 
tained, are the faces of the ſolid. And the ſides 
of the plane figures, are the edges or linear ſides of 
we ſolid. | | 
| 3. There are only five ſorts of regular ſolids, viz. 
Tze tetraedron, or regular triangular pyramid, hav- 
ing four triangular faces; 
The hexaedron, or cube, having ſix ſquare faces; 
The octaedron, having eight triangular faces; 
The dodecaedron, having twelve pentagonal faces ; 
And the icoſaedron, having twenty triangular faces. 


PROBLEM I. 
To Conſtruct or Form the Regular Solids. 


Having deſcribed figures, as below, on paſte- 
board, or ſome other pliable matter, cut them out 
by the extreme fides ; and cut the other lines half 
through; then fold them at theſe lines, ſo cut, till 
che tides meet; which being faſtened together with 
glue, or otherwiſe, you will have the form of the 
bodies. Namely, figure 1 will form the tetraedton 
figure 2, the hexaedron ; figure 3, the octaedron; | 
figure 4, the dodecaedron; and figure 5, the 
icolaedron, | 


R 4 Ro- 


To find the Surface of a Tetraedron. 


Multiply the ſquare of the linear edge by the 
root of 3, and the product will be the whole ſurface, 
or the ſum of che four faces. 


That is, a*\/ 3 is the whole ſurface; A being the 
linear edge, or a fide of one of the faces.“ 


EX 


CM — 


* DEMONSTRATION, 


For, by rule 2 prob. 4 ſect. 1 part 2, one of the faces will be 
= 1,/3 X A which being multiplied by 4, gives 4 NL tor 
dll the four faces. 2. Z. D. | 


% 
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EXAMPLE. 
If each fide of one face of a tetraedron be 1, re- 
quired the whole ſurface. 


Here A = 1; and therefore 1A 3 V1 
1:7320508 = the ſurface required. 


PROBLEM 111. 


To fnd the Solidity of a Tetraedron. 


Multiply r of the cube of the linear ſide by the 
root of 2, and the product will be the ſolidity of 


the tetraedron. 
That is, 1 A Ve is the ſolidity.“ 


* DEMONSTRATION. 


From one angle c of the tetraedron 
let fall a perpendicular cx upon the 
oppolite tide ADB, and draw EA. 

Then ac? = Ak“ T EC“; but, 
from the tables in page 81 and 84, it 
appears that; Ac = 4 an* is = AE*; 
therefore, by ſubtracting this equa- 
tion from the former, ; ae? will be 
= CE*, and hence CE = Ac. 
But app is = 4 4/3 = Ac v/3* 
Then Ick x ABD = 1A * Ac 3 = Ac 2 is the 
ſolidity. 2. E. D. 


Corol. 1. A cube is to a tetraedron of the ſame linear ſide, as 
1 is to 1 /, or as 12 is to . 


Corol. 2. Put r for the radius Er of the inſcribed ſphere, a 
for the lincar ſide Ac, B for the whole ſurface, and c tor the 
jolidity ; and we ſhall have 


8 +$& off 
B 2 7 3 | | 
Corol. 3. Hence alſo » or FE is = Ec; for, by the demon- 
ſtration, ck is = AMA 


Corol. 4. And hence the radius of the circumſcribed ſphere, 
equal to 3 times that of the inſcribed; that is, K = FC = 
CE — EF = 4 FE — EF = SFE = zr 244%. 


8 CH 0. 
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EXAMPLE. 


If the linear fide of a tetracdron be 1 ; required 
| | the ſolidity. | 
Here a = 1, and A2 = v2 = 11785117 
= the ſolidity required. 


PROBLEM IV. 


To find the Surface or Solidity of a Hexaedron er Cube, 


It is evident that 6 times the ſquare of the linear 
fide, will be equal to the whole ſurface; and the 
cube of the linear ſide, equal to the ſolidity of the 


hexaedron, or cube.“ 
PR 0- 


2 — 


4 S8 CHOLIU M. 


From this problem and its corollaries, together with the 


ö former problem, are deduced theſe equations. 
f 


1. A= 518558 = a/6c,/2 = 376 — 27%. 
2. B= A*y/3 = Qy/c'y3 =3$R*4/3 = 24 Ä 


3. C = AN = 37 M = op R574 8. 

4. R = 44 %6 = +a/2B4/3 =}4/3c4/3 = zr. 

To F = 12 4 76 — 11 9½ 373 * 190%. 
einen. 

Since, as is evident, the diameter of the Bo 


| inſcribed ſphere is equal to the linear fide 
of the hexaedron, and the diaineter of the 
circumſcribed ſphere is the diagonal av = 


Ac“ + D = AB + Bc? + cp? = 


a 3AB* = ABV; if A, B, and c be put to | „ 0 
denote the linear fide, the ſurface, and the H 
ſolidity of a hexaedron, and , x for the ra- eee 
dius of the inſcribed and circumſcribed A b 


ſphere; then in the hexaedron, or cube, we 


ſhall have theſe equations. 
I | 1. A 
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PROBLEM V. 
To find the Surface of an Octaedron. 


Multiply the ſquare of the linear fide by the roof 
of z, and double the product will be the ſurface. 
That is, 2 a%/3 is the ſurface,* | 


EXAMPLE. 


The linear fide of an octaedron being 1, it is 

required to find the ſuperficies. 13 
Hee a = 1, and 24 3 $$fg = be 
= the ſurface required. | 


PROBLEM VI 
To find the Solidity of an Oftaedron. - 


Multiply the cube of the linear ſide by the root 
of 2, and 4+ of the product will be the content of 
the octaedron. | 


That 
A= VIZ 4c = 3R4a/3 = 37% 
3 = 6 a2 = 6 e = | 82 = 20 
 C= a? 21277122 58 753 = Uri, 
* . Q N = Ns V. N- 
14 = 


/ - 1% =I. 


* DEMONSTRATION. 


By rule 2 prob. 4 ſect. 1 part 2, one face is = FA* 4/3; con- 
22 8 faces, or the whole ſurface, will be = 2A 4/3» 
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That is, 2A V is the ſolidity.“ 
| E X- 


1 7 
* DEMONSTRATION, 


Let k be the middle of the dia- : 
gonal ac of the ſolid, or the center 
of the ſolid; and draw pz, which 
will be equal to Ak. 

Then, ſince the ſolid is evi- 
dently compoſed of two equal 
ſquare pyramids, each baſe of 
which, ABcr, is equal to the ſhuare 
of the linear fide of the ſolid, and 
the altitude of each equal to pt or 
AE, half the diagonal of that ſquare; 
we ſhall have ABC H Xx. FAE = ABL 


X Ac = FAB AAB + BC = 
JAB Van = A3 for the ſolidity. E. D. 


Corol. 1. The radius Ax of the circumſcribed ſphere is = Re 
= /2A8* = LALL/z = ABy/F$. 


Corol. 2. The radius of the inſcribed ſphere, is equal to the 
quotient ariſing from the diviſion of 3 ümes the ſolidity by the 
whole ſurface, equal (from this prot lem and the lait) A3 4/27 


2AB*4/3 ABV = $Aby/O = ABY/FJo 
| $SCHOLI VU x. 


From the two laſt problems, and the corollaries, are deduced 
the following equations; in which A denotes the linear fide 
of an octacdron, B the whole ſurface, c the ſolidity, tue Ia 
dius of the inſeribed ſphere, and x the radius of the circuit» 
ſcribed ſphere. 

B * 3Ca/3 | p 

1. 4 _ = 922 — = 1 a2 Fo 


2 
2 * 
2. 1 24 %ỹ 6 — = 4R*4/3 = 1272 . 


3. j= DALE = +33 = 47%/3 
4. * = 24732 = BF ge FOR I/zc * 19%. 


12 


. =$ay/6 = n. = Ve 15 
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EXAMPLE. 


If the linear fide of an octaedron be I, what 1s 
its ſolidity? 


Here 4 = 1, and therefore aN = zW2 = 
-47140452079 is the content required. | 


PROBLEM VII. 
To find the Surface of a Dodecaedron. 


To 1 adg + or , of the root of 5; multiply the 
root of the ſum by 15 times the ſquare of the linear 
tide; and the product will be che ſurface of the 
dodecaedron. | 


That is, 15A*W 1 +53y/5 is the ſurface.“ 


EXAMPLE. 
If the linear fide be 1, required the ſurface. 
Here A = 1, and therefore 15A*W/1 +2y5 = 
I5W1 +2Zy;5 = 206457788075 is the ſurface 


required. 


P R O- 


& [ 


\ 


' * DEMONSTRATION. 

By rule 2 prob. 4 ſect. 1 part 2, the area of one face is 
2 * +2) 5, and therefore 12 faces or the whole ſurface 
will be 12 Xx f + 2/5 = i N. E. D. 


+, 


1 A | 
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— 


PROBLEM VIII. 
To find the Solidity of a Dodecaedron. 


* To 21 times the root of 5 add 47, and divide 
the ſum by 40; multiply the root of the quotient by 
5 times 


em 


* DEMONSTRATION. 


Let a be a ſolid angle of Ws, 
the dodecaedron ; and let the B 
extremities of the ſides Ap, 
Ac, AD, of the faces which 
form the angle, be connected © F 
by the right lines Bc, cp, | Salk 
DB, forming the equilateral „ 
triangle 2cp within the ſolid; „ EX: 
upon the center E of which "ER. ct J 
triangle let fall the perpen- | _ OR D 
dicular AE, and to the center 
p of one of the faces draw 
the lines AF, CF. 
The angle cap contains 


108 degrees, Whoſe fine 1s 14/10 + 24/ A to the gtdius 1; 
and the angle apc contains 36 degrees, whoſe fine is 


14/10 = 24/5; therefore as 10 —2775 x 4/10 + 2y5:: 


n ＋ 755 
; .. 


3 1 7 
= oY AC == + v5 ac. And much after the ſame man- 
ner, we find E = $cp4/3 = αο = TS Ac. 
bo 24/3 22 
Hence EA VAC cE = V act — (Oy act — 
ö 24/3 


— 3 | 
acV 1-3 35 = ac V. Then becauſe the 


chord of an arc 1s a mean proportional between its verſed fine 
and the diameter, and Az is the verſed fine of the arc whoſe 


chard is Ac, and its diameter equal to that of the cireumſeribe 
| ſphere; 


7 
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times the cube of the linear de; and the pro- 
duct will be the ſolidity. | 


That is, 5A?  =— . — — vS js the ſolidity. 
E X- 


—_— 


— — 


ſphere; we ſhall have ac* ＋ 2 AE = Ac 240 — L 


g * 
LE 6+24/5 
—=1A — 6 — 1 
1, _—_— — Ac r Laces x = - 


1 . v3 — — 5 = R the radius of the 


* 


circumſcribed ſphere. 


Again, the angle Arc contains 72 degrees, whoſe ſine is 
% + 24/5; and the angle ac? 54 degrees, whoſe {ine is 


DS, therefore as x/ 19 + 24/5 : 1+ x5 : AC: AF = 


© + * 3 82 5 + * 5 
/(10+24/5) Ac = Acy/ 10 5 

But, fince the radius of the circumſcribed ſphere is the hypo- 
tenuſe of a right-angled triangle, whoſe two legs are Ar and the 


radius of the inſcribed ſphere, we ſhall have VR AF? = 


Wu e e e 
4 10 


16 10 


= &c A r the radius of the inſeribyd ſphere. | 


Then, becauſe the ſolidity of any regular ſolid 1s equal to the 
ſurface drawn! into j of the radius of the inſcribed ſphere, and the 


ſurface 3 equal to 15 * by the laſt problem, we 


ban have » x f = 159% IO * * 5 


5 — — = c the ſolidity. 2. E. D. 


Corollary. 
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* : EXAMPLE. 


If che linear fide be 1, required the ſolidity of 
the dodecacdron. 


Here A = 1, and therefore 5 A —.—— = 


$/ EZ 5 —_ = 76631189605 is the content. 
-- UG 


* —— 


* 


Corollary. From the demonſtration it appears that the ractus 


of the circumſcribed ſphere x is = * LILLE £1 A, and that of 


the inſcribed ſphere r is = ay 2 5 5. 


SC HOLIU M. 


Putting, as before, a, 5, e for the linear fide, ſurface, and ſo- 
lidity, and R, r for the radius of the circumſcribed and inſcribe 
ſphere reipectively; we ſhall have, in the dodecaedron, 


- = ws —.— 2 7 2109/5 


r 50 —224/5. 


15 — 4/3 


« Be 


2. B = "Od _—_ = 34/10c*,/130— 58/5 5 


— 2/ 
10 R* * 30.130 = 58%. 


e ny/650 8 
We 40 os 6 


| Ts Hp = 1057130 — 58 /. 


3. C= $47 


153 1 Re ä 


13 4 40 
0-30 — — 
n — ra/15 — 67%5• | 
—_ Ay/250+ 1104/5 = £4 32y/659 + 2904/5 
EO 20 © 3 


52 2. e VU. 


200 | 15 
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PROBLEM IX, 


To find the Surface of an Iesſaedron, 
Multiply 5 times the ſquare of the linear fide 
by the root of 3, and the product will be the ſurface. 
That is, 5A*4/3 is the ſurface.* 


E X AM I. E. 
The linear fide being 1; required the ſurface. 
Here 5 A473 = 5y3 = 8:6602 5403. | 
5 0 PROBLEM x. 


To find the Selidity of an Icoſaedron. 


To 7 add 3 times the root of 5, divide the ſun 
by 2, multiply the root of the quotient by five- ſixths 
of the cube of the linear fide, and the product will 
be the ſolidity of the icoſaedron. 


That IS, oy A* VS is the content. 
8 2 E x- 


88 — 


* DEMONSTRATION, 


For one face is = 1 A 4/3, and therefore twenty faces, or 
the whole ſurface, will be 20 x 4A 3 = 5 43. 2. E. D. 


— 


+ DEMONSTRATION. 


: Let A be a ſolid angle, of the A. 
icoſaedron, formed by five faces / 
or triangles whoſe baſes form 
the pentagon zcver, upon whoſe 
center & let fall the perpendi- 
cular AG, and draw BG. 

In the demonſtration of pro- 
blem 8 it was found that BG is = 


* 


, and that the ra- 


— p of the circle circumſcr. one : 
AC ABCS = ABy/j+ But the radius of the circumſcr, ſphere 
£1. 15 
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EXAMPLE. 


The linear ſide of an icoſaedron being 1, re. 
quired the ſolidity. 


Here a = 1, and therefore 3 A — = 


52 21816949905 is the content. 


PROBLEM XI. 
To find the Superficies 97 Solidity of any Regular Boch. 
a ä 


1, Multiply the proper tabular area (taken from 
the following table) by the ſquare of the linear edge 
of the ſolid, for the ſuperficies. 

2. Multipy 


| HAD — A 

þ i 25—5 
1 And & is the hypotenuſe of a right-angled triangle, of which 
the one leg is the radius p of the circle circumſcribing the 
face, and the other the radius + of the inſcribed ſphere; 


— 


therefore 1 is -= R e = . — Lan = 


AB A = . 
| 24 


Conſequently the ſolidity c = JB, B being the whole ſurface, 
1 7 +345 + 34/5 - 
San L345, 2. E. D. 


sc Ho 
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2. Multiply the tabular ſolidity by the cube of 
| the linear edge, for the ſolid content.“ 


* Surfaces and Solidities of Regular Bodies. 
Not Name Surface Solidity 
Sides | | 

4 | Tetraedron 1*7320508 | O'1178513 

6 | Hexaedron 60000000 1*0000000 

8 | Octaedron 3:4641016 | 044714045 

12 | Dodecacdron | 206457788 756631189 

20 Icoſaedron 86602540 | 21816950 
5 8 2 8 EC- 


$SCHOLIUM. 
From this problem and the laſt may be deduced the following 


equations in the icofacdron, the letters being as before. 


—— 1 ; 
1. 4 22 2K — View! — — 87 _ 


= 72742 — 1394/5. 
2. B = 5Aa* 3 == 33/70,4/3—304/15 = X(5/3Z—=4/15) 

= 37% X (74/3 3/15). 1 
„ 
3 


82 


= 1/10 + 24/5 = 1073 X (74/3 3/15). 
— +ws$_ . At. v5 
1. 8 Ly = 1 SEG = V ycy 72 


=ry/1l5 - 6905. | : 
1 + 7/3 + 3415 
= Lay/1 EE — 27 — — B 


Fi 
* 
— 


1 . — 3c 2 V 5 


* DEMONSTRATION. 


The numbers in the above table denote the ſurface and ſo- 
lidity of each body, when its edge is 1; and becauſe, in ſimilar 
bodies, the ſurfaces are as the ſquares of the linear edges, and 
the ſolidities as the cubes of the ſame; therefore the truth of 
the rules is manifeſt, 
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ERCTION I. 


ES SOLID 2 ING 


DEFINITION. 


Y a ring, in general, is meant a ſolid returning 

into itſelf; of which every ſection perpendiculz 
to the axe, or line paſſing through the middle d 
the ſolid, 1s every-where the ſame figure, and of the 
ſame magnitude. 


PROBLEM I. 
To find the Surface of a Solid Ring. 


Multiply the axe by the perimeter of a ſein 
perpendicular to it, and the product will be the 
ſurface. | 


EXAMPLE. 


A workman having made for a jeweller a circula 
ring, or a ring whole axe forms the circumferenc! 
of a circle; it is required to find the expence of tht 
gilding at a penny the ſquare inch, the thickneß d 
the ring, or the diameter of a ſection of it, bein! 
2 inches, and the inner diameter, acroſs from ſide 9 
fide, 18 inches. 


Here 18 + 2 = 20 = the diameter of the circle 
formed by the axe; conſequently 20 & 314159 
= the length of the axe. But 2 X 314159 = 
the circumference of a ſection of it. Therefott 
20 & 3*I4159 X 2 X 3$'I4159 = 40 * 3'14159 © 
394*785 ſquare inches, nearly, = 394*785 pence - 
£ 1 12 104 nearly, the expence required. 

| p R 0 
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PROBLEM II. 
T o find the Solidity of a Ring. 


Multiply the axe by a ſection perpendicular to 
t, and theprod uct will be the ſolidity. 


EXAMP LL E, 


Required the price of a ring of iron, whoſe di- 
menſions are the ſame with that in the example to 
the laſt problem, at 4 pence a pound ; a cubic inch 
of iton weighing 4423 ounces averdupois. 


Here the area of a ſection being 2* x 785398 
= 314159, which is the ſame number as that ex- 
E preſſing half the circumference, and the axe being 


dle fame as before, it is evident that the ſolidity will 


be expreſſed by half the ſurface in the laſt example, 
viz, the ſolidity = 1973925 cubic inches; which 
multiplied by 4423 give 873065 ounces = 54*56657 
pounds; which, at 4 pence each, come to Jo 18 2 
the price required. 


SCHOLIUMN 


I omit any more examples, as the manner of ope- 
ration is the ſame in all forms, with thoſe for priſms, 
both with regard to the ſurfaces and folidities ; for, 
fince it is evident that any ring is equal to a priſm 
whole altitude and end are reſpectively equal to the 
axe and ſection of the ring, both in ſurface and 
ſolidity, the rules for them both muſt be the ſame z 
and for this reaſon alſo any demonſtration of the 
rules for rings was quite unneceſſary in this place. 


$3 "Ih S EC- 
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E IV» 


or CONIC SECTIONS, AND OF THE FIGURts 
ARISING FROM, OR DEPENDING ON, THEM, 


DEFINIFIONS 


L. ONIC Sections are the plane figures formel 
by cutting a cone. 

According to the different poſitions of the cutting 

plane there will ariſe five different figures or feftions, 


2, If the cutting plane paſs 

through the vertex, and any part 

of the baſe, the ſection will be a 
triangle. 


: * If the cone he cut parallel to 
the baſe, the ſedion will be a circle. 


- 


4. The ſection is called an 
ellipſ's, when the cone is cut ob- 
liquely through both ſides. 
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5. The ſection is a parabola, 
W when the cone is cut parallel to 
one of its ſides. | 


| 6, The ſection is an hyperbola, 
when the cutting plane meets the 

oppoſite cone continued above the 

veriex, where it will make another 
ſection or hyperbola. | 


7. The vertices of any ſection, 
ue the points where the cutting 
plane meets the oppoſite fides of 
che cone. 


8. The tranſverſe axis is the line between the two 
vertices, And the middle point of the tranſverſs, 15 
the center of the conic ſection. 


e 
"SW, 


9. The conjugate axis, is a line drawn through the 
center, and perpendicular to the tranſverſe. 


10. A diameter is any right line drawn through 
the center, and terminated on each fide by the curve; 
the interſections of the diameter and curve being the 
84 vertice 
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vertices of the diameter. Hence every diameter gf 
the ellipſe and hyperbola have two vertices; but of 
the parabola, only one; unleſs we conſider the other 
as infinitely diſtant, And hence, alſo, all the diame. 
ters of a parabola are parallel to each other, and 
infinite. 


11. It a tangent to the curve be drawn throughthe 
vertex of any diameter, and another diameter he 
drawn parallel to the tangent, thoſe diameters are 
ſaid to be conjugates the one to the other.—The 
axes, or principal conjugate diameters, are perpen- 
dicular to each other. | 


12. An abſciſs is any part of a diameter, temi. 
* at the vertex. 


13. An ordinate to any diameter, is a line con. 
tained between the diameter and the curve, and 
parallel to the conjugate diameter, or to the tangent 
at the vertex.— The ordinates to the axe are pet- 
pendicular to it. And in the ellipſe and hyperbck, 
every ordinate hath two abicufles, in the parabok 
only one. 


14. The parameter of any diameter, is a third 
proportional to that diameter and its conjugate. 


15. The focus is the point of interſection of the 
axe and an ordinate, to it, which is equal to half the 
parameter of the axe.— The ellipſe and hyperbola 
have each two foci, the parabola only one. 


„ ſpheroidzjor ellipſoid, is a 
folid generated by the revolution 
of an ellipſe about one of its axes. 
It is a prolate one, when the revo- 
futon is made avout the tranſverſe 
axis; and oblate, when about the 
conjugate, | 
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17. A conoid is a ſolid formed 
by the revolution of a parabola, or 
hyperbola, about the axis. And 
is accordingly called parabolic, or 
hy perbolic. The parabolic conoid 
is alſo called a paraboloid ; and the 
hyperbolic conoid, an hyperboloid. 


18. A ſpindle is formed by 
any of the three ſections re- 
volving about a double ordi- 
nate, like the circular ſpindle. 


10. A ſegment, of any of 
theſe figures, is a part cut off 
at the top, by a plane parallel 


W to the baſe. 


20. And a fruſtum is the 
part left next the baſe, after 
the ſegment is cut off. 


PROPOSITION I. 


If any ſolid, formed by the revolution of a conic 
ſection about its axe, i. e. a ſpheroid, paraboloid, or 
hy perboloid, be cut by a plane in any poſition ; the 
ſection will be ſome conic ſection, and all the paral- > 
lel ſections will be like and ſimilar figures. 


DEMONSTRATION. 


Let azc be the generating ſection, or a ſection of 
ine given ſolid through its axe BD, and perpendi- 
cular to the propoſed ſection Are, their common 

| interſection 
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interſection being Ac; let ou be any other line 
meeting the generating ſection in 6 and u, and 
cutting Ac in E; and erect EF perpendicular to the 
plane ABe, and meeting the propoſed plane in x, 


L 


Then, if ac and 6H be conceived to be moved 
continually parallel to themſelves, will the rectangle 
AE Xx EC be to the rectangle GE X En, always ina 
conſtant ratio; but if H be perpendicular to By, 
the points 6, r, H will be in the circumference of 1 
circle whoſe diameter is G, 1{o that GE X EH wil 
be ET“; therefore AE X EC will be to ET“, always 
in a conſtant ratio; conſequently Arc is a conic 
lection, and every ſection parallel to arc will be df 
the ſame kind with, and ſimilar to, it. Q. E. D. 


Corol. 1. The above conſtant ratio, in which 
AE Xx EC is to EF?, is that of K* to 1N*, the ſquares 
of the diameters of the generating ſection reſpectively 
parallel to Ac, 6H ; that is, the ratio of the ſquare of 
the diameter parallel to the ſection, to the ſquare of 
the revolving axe of the generating plane. 


This will appear by conceiving ac and q to be 
moved into the poſitions KL, MN, interſecting in 1, 
the center of the generating ſection, 


Cordl. 


' 
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Corel. 2. And hence Wappen that the axes Ac 
and 2 EF of the ſection, ſuppoſing E now to be the 
middle of Ac, will be to each other, as the diame- 
ter KL is to the diameter MN of the generating 


ſection. | 
Carol. 3. If the ſection of the ſolid be made fo 


as to return into itſelf, it will evidently be an ellipſe. 
Which always happens in the ſpheroid, except when 
it is perpendicular to the axe; which poſition is alſo 
to be excepted in the other ſolids, the ſection being 
always then a circle: in the paraboloid the ſection is 
always an ellipſe, excepting when it is parallel to the 
axe: and in the hyperboloid the ſection is always an 
ellipſe, when its axe makes with the axe of the ſolid, 
an angle greater than that made by the ſaid axe of 
the ſolid and the aſymptote of the generating hy- 

erbola ; the ſection being an hyperbola in all other 
cales, but when thoſe angles are. equal, and then it 
is a parabola, | 


Corol. 4. But if de ſection be parallel to the fixed 
axe BD, it will be of the fame kind with, and ſimilar 
to, the generating plane Age; that is, the ſection 
parallel to the axe, in a ſpheroid, is an ellipſe ſimilar 
to the generating ellipſe; in the paraboloid, the 
ſection is a parabola fimilar to che generating para- 
bola; and in an hyperboloid, it is an hyperbola 
imilar to the generating hyperbola of the fohd. 


Corol. 5. In the ſpheroid, the ſection through the 
axe is the greateſt of the parallel ſections; but in the 
hyperboloid, it is the leaſt; and in the paraboloid, 


all the ſections parallel to the axe, are equal to one 
another. | 


For the axe is the greateſt parallel chord line in 
the ellipſe, but the leaſt in the oppoſite hyperbolas, - 
and all the diameters are equal in a parabola. 


1 Corol, 
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Corol. 6. If the extremities of the diameters x:, 
MN, be joined by the line xx, and ao be drayn 
parallel to xx, and meeting GEH in o, E being the 
middle of ac, or Ak the ſemi- axe, and c parallel 
to MN. Then ko will be equal to Er, the othet 
ſemi- axe of the ſection. 


For, by ſimilar triangles, «1 : IN:: AE : Eo. 


Or upon o as a diameter deſcribe a circle meet. 
ing EQ, perpendicular to H, in Q; and it is evident 
that Eq will be equal to the ſemi-diameter EF. 


Corol. 7. Draw Ar parallel to the axe By of the 
ſolid, and meeting the perpendicular 6H in p. And 
it will be evident that, in the ſpheroid, the ſemi-axe 
EF. = Eo will be greater than ee ; but in the hyper- 
boloid, the ſemi- axe EF = xo, of the elliptic ſection, 
will be leſs than ey; and in the paraboloid, EF = 
Eo is always equal to EP. | | 


SCHOLIUM, 


The analogy of the ſections of an hyperboloid to 
thoſe of the cone, are very remarkable, all the three 
conic ſections being formed by. cutting an hyperb% 

loid in the ſame poſitions as the cone is cut. 


Thus, 
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Thus, let an hyperbola and its aſymptote be re- 
volved together about the tranſverſe axe, the former 
deſcribing an hyperboloid, and the latter a cone cir- 
cumſcribing it; then let them be ſuppoſed to be 
both cut by a plane in any poſition, and the two 
ſections will be like, ſimilar, and concentric figures: 
that is, if the plane cut both the ſides of each, the 
ſections will be concentric, ſimilar ellipſes ; if the 
cutting plane be parallel to the aſymptote, or to the 
ſide of the cone, the ſections will be parabolas ; and 
in all other poſitions, the ſections will be fimilar 
and concentric hyperbolas. 


That the ſections are like figures, appears from 
the foregoing corollaries. That they are concentric, 
will be evident when we conſider that cc is = Aa, 
producing Ac both ways to meet the aſymptotes in 
4 and c. And that they are ſimilar, or have their 
tranſverſe and conjugate axes proportional to each 
other, will appear thus: Produce GH both ways to 
meet the aſymptotes in g and +; and on the diame- 
ters GH, gh, deſcribe the ſemi-circles , gR 
meeting ER, drawn perpendicular to GH, in Q and 
R; EQ and ER being then evidently the ſemi— 
conjugate axes, and EC, Ec, the ſemi-tranſverſe axes 
of the ſections. Now if c and ac be conceived to 
be moved parallel to themſelves, Ax X tc or E 
will be to GE X EH or E, in a conſtant ratio, or 
CE tO EQ will be a conſtant ratio; and ſince ck is as 
Eg, and ax as Eh, ak Xx EC or CE* will be to gE X E 
or ER, in a conſtant ratio, or cx to ER will be a 
conſtant ratio; but at an infinite diſtance from the ver- 
tex, c and c coincide, or EC = Ec, as alſo £6 = Eg, 
confequently EC = ER, and then ce to EN will be 
ck to ER; but as theſe ratios are conſtant, if they 
be equal to each other in one place, they muſt be 
always ſo; and conſequently c: xc :; QE : ER. 


And 


* 
- 


. 
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And this analogy of the ſections will not ſeem 
ſtrange, when we conſider that a cone is a ſpecies of 
the hyperboloid ; or a triangle a ſpecies of the hy. 
perbola, whoſe axcs are infinitely little. 


EDO OSIETION :. Ls 


If sr be the ſemi-diameter belonging to the double 
ordinate Axe of the generating plane, arc being 
the diameter of the ſection Ae, conceived to he 
moved continually parallel to itſelt; and if x denor 
any part of the diameter $1, intercepted by x the 
middle 'of ac, and any given fixed point taken 
in s1; then will the ſection Are be always as a + 
bx + cxx; a, b, c, being conſtant quantities; 6 in 
ſome caſes affirmative, and in others negative; 
being affirmative in the hyperbola, negative in the 
ellipſe, and nothing in the parabola ; and e may 
always be ſuppoſed to denote the diſtance of the 
given fixed point from the vertex s. | 


DEMONSTRATION. 


In any conic ſection, ac* is as a + bx + cxx; but 
all the parallel ſections are like and ſimilar figures, 
and ſimilar plane figures are as the ſquares of theil 
like dimenſions; therefore the ſection Are is 3 


ac“, that is, as a + bx + cxx, 2. E. D 


Corellary. If the given fixed point, where x be. 
gins, coincide with the yertex s, then will @ be equal 
to nothing, and the ſection will be as */ c, Of 
as x = dxx, in the hyperbola and ellipſe, and 3 
bx, of as x, in the parabola. 


8 EC- 
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S ET TI 0 


or THE ELLIPSE, AND THE FIGURES 
GENERATED FROM IT. 


PROBLEM TI. 


To Deſcribe an Fllipſe.* 
T, C : 


RAW the tranſverſe TR, and its conjugate 
co, biſecting each other perpendicularly in 
the center c. | 

With the radius Tc and center e, deſcribe an arc 
cutting 1x in the points F, F; which will be the 
two foct of the ellipſe. 

Take any point r in the tranſverſe ; then with the 
radii Ty, px, and centers r, f, deſcribe two arcs 
interſecting in 1; ſo will the point 1 be in the curve 
or circumference of the ellipſe. 

And thus, by aſſuming ſeveral points y in the 


tranſverſe, there will be tound as many points in 
the 


1 
— — 


1 


— hi... At 


br : | 5 * = * | -= | 

The truth of this conſtruction will appear, by obſerving that 
the tranſverſe axe is equal to the ſum of two lines drawn trom 
the foci to meet in any point in the curve. : 
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the curve as we pleaſe. Through all which let 
the curve line be drawn. 


Otherwiſe. 


Having found the foci x, /, take a thread of the 
length of the tranſverſe, and faſten its ends with 
pins in the foci; then ſtretch the thread +1f and 
it will reach to 1 in the curve: and by moving x 
pencil round within the thread, keeping it always 
ftretched, it will trace out the curve, | 


PROBLEM II. 


In an Ellipſe, to find any two Conjugate Diameters, it 
Ordinate to one of them, and its Abſciſs, ont 
from another ; viz. having any Three of 

them given, to find the Fourth. | 


CASE . 
* To find the Ordinate. 


As any diameter, 

Is to its conjugate ; 

So is the mean proportional between the abſciſes, 
To the ordinate. 


That is, : c:: V (d x): VA νεπ : 


putting d for the diameter, c its conjugate, and & a 
abſciſs to the ordinate y. „ 


21 


—— — 


— 
» 
— — 


* The values of the ſeveral quantities in the four caſes of 
this problem, are found from the general equation expreſſing 
the property of the curve, viz. dd ; cc:: a (4 - 4) 9. 


- 


gect. 8] SLY p 8 E. - 


EXAMPL E. 


If the tranſverſe be 35, the conjugate 25, and the 
abſciſs 7; what is the ordinate, 


Here V * (4 — K) N N απ 


EI X . 
— —— = 10 the ordinate. 


CASES 


To find the Abſciſſes. 


As the conjugate, 

Is to the diameter ; 

So is the ſquare root of the difference of the 
ſquares of the ordinate and ſemi-conjugate, 

To the diſtance between the ordinate and center. 


Then that diſtance being added to, and ſubtracted 
from, the ſemi-diameter, will give the two abſciſſes. 


f 2 an 
That is, x = 34 + N -. 


EXAMPLE. 


What are the two abſciſſes of the ordinate 10, 
the diameters being 35 and 25? | 


; . 35 25½ — 

Here 2d + e = 2 

5 —— = 28 and 7, the two 
abſciſſes. 


e A 1 mk 
To find the Conjugate. 


As the mean proportional between the abſciſſes, 
Is to the ordinate ; 
So is the diameter, 
To its conjugate. 


T hat 
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That is, as && (d — x) : 5 : JC c 2 —2_ 


Vd —xx 


„ 


EXAMPLE, 


What is the conjugate to the diameter 35; the 
abſciſs to an ordinate of 10 being 7 ? 


2 380 __ 350 
Here 4— MS — *- = 2£ the 
A- ) X , A 28 Xx 7 14 5 "_ 


To find the Diameter. 


To or from the ſemi-conjugate, according as the 
leſs or greater abſciſs is uſed, add or ſubtract the 


root of the difference of the ſquares of the ordinate - 


and ſemi-conjugate : Then, as the ſquare of the or- 
dinate, is to the product of the conjugate and abſciß 


ſo is the ſum or difference? above found, to the di- 
meter. 


„I 4 _ * (ic Vcc 9). 


— 


EXAMPLE. 


If an ordinate and its. leſs abſciſs be 10 and 7; 


what 1s the diameter, ſuppoſing the conjugate to be 
259 
5 


3 Cy 1 3 5 25 Xx 7 
Here d 2 1 X (EC + V.cc— yy 2 27 


25 25\2 . 3 8 21 
ne 2 7&5 25 
the tranſverſe. | 


P R 0- 


Cl 


13 
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PROBLEM III. 


To find the Circumference of an Fllipſe, * 


— 


* C0421 * 


* 


Multiply the circumference of the circum 
circle by the ſum of the ſeries 


Ad «2.643 „. 0. . 7 5. 
d F 32.557 &c, 


ſcribing 


1 —.— 


.. 4.4 . 3. „%%% « -•P̃ $- 40-008 
and the product will be the periphery of the ellipſe 
ſought ; where 4 is the difference between an unit 


and the ſquare of the quotient of the leſs axe divided 
by the greater. 


1233 E X- 


* DEMONSTRATION. 


Let a be the ſemi-tranſverſe axe Tc, 
c the ſemi-conjugate ce, : 
the ordinate AB, 

x its diſtance c a from the center, 
2 the arc Bc, 


Then, ſiace by the nature of the curve, y X 


— C — c< 4 f — eas 
= =y/aa= aa, will be = — E; andconſequently 
5 aaa — xx 
. #4 ah c * by 1 
Fe & a — 7 . —— — —— — 
—— xa/aa - dxx 
2 = x* + y* 6 1 — 1 *. 5 by 
au - xx Jaa - * 
g 0 dæ x 
i ax 1] — = 4 
AY aa=— ce ce 
aa aa — xx aa 
d x2 d x+ 43 x6 


24 2.4a+ 24:60 &c) by throwing the nu- 


merator into a ſeries. : 


But 
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EX AMP L E. 


Required the periphery of an ellipſe whoſe axes 


are 24 and 18. 
Here 1 — (34) = 1. () = i = 4437584. 


hen 


— 8 


— 


. ＋ * . . 
But the fluent of => is = the correſponding circy. 
ada — XX 
lar arc rc deſcribed with the center c and radius cr, which call 


A: then by page 66 Coreſii Harmonia Menſurarum, the fluent 
d 


442 a3 
comes Out A — e — C — 3 D &c for the 
2a* 2.44 2.4. 6a | 
aa A- Xa/aa= x: 
length of the arc se where B = * , 
3a = jz - xx 5440 — * Va a — XxX 
63 - D 2 „Ke. 
4 6 


— 
But when 4 arrives at r, x is = a, and Jaa — xx o; 
hence the values of the quantities 3, c, p, 25 become barely 


Lk ©, on fon E2 
= — A; ©. I 0 . —— ue. 
And conſequently the ſeries above becomes 

2 5 a3 
A X (1 AER &c) for + of the 


2-2 t Fo3o4-&+0o0 
_— periphery; where A is + of the periphery of the circle, 
= the whole circ umterence of the ellipſe when A is that of 
th circle. . | 


Coro. 1. Hence the peripheries of ſimilar ellipſes are to each 
other as thoſe of their circumſcribed circles, or as any two ini 
lar diameters of thoſe ellipſes. 


Corol. 2. If a be the leſs ſemi-axe, and c the greater, the 
fluxion of the are will be 2 = „„ and if a = 


aa 4K 
and c = , the ſame fluxion will be 


14 I + xx * 
12 EY „ be a/ 1 — x* =* 


: 0 2 
And if we write v for xx, we ſhall have 2 = — 4 72 


as Mr. Landen found in page 142 of his Math. 1244 
Or, 
3 ah 
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Then the 2d term a = i = 10938 
the 3d r= = A = *00897 
the 4th E 2 — ore 
the 5th D= e ooo 
the 6th 1 2 22. D = oo 
me 7h. -F = 20 t =--00003 
the 8th 5 dont 


| their ſum is 12053, 
which taken from the firſt term 100000, 
leaves 87947 
for the value of the ſeries; and being drawn into 
311416 X 24, the periphery of the circumſcribing 
circle, gives 66·3 1056 for the curve of the ellipſe 


required, 


MESS 2 
Multiply the ſum of the two axes by 1:5706, or 


the half of 31416, and the product will be the cir- 
cumference nearly. | 
That 


9 


r 


Or, by writing av* for x, we ſhall have univerſally 


a * au 5 | , 
: =nWw" wy/ % Which theorems are of uſe in deter- 


1 — 


mining ſome fluents. 
* DEMONSTRATION, 
It will be evident that this rule is very near the truth, if it 


be conſidered that this arithmetical mean between the axes, 
| exceedg 


* 


278 RKLLIPSE. [Part 3. 


That is, (( + c) x 4p = the circumference nearly; 
putting 7 for the tranſverſe, c for its conjugate, andy 
tor 31416. ; 

EXAMPLE. 

Let there be here taken the fame example as be- 

fore, in which the axes are 24 and 18. 


Then (24 1 18) X 1.5706 =_ 42 X 1*5706 = 
659736 is the circumterence nearly. 


RULE 


excceds their geometrical mean; and that e rnetrical mean 
(as will be proved hereafter) is the diaet a circle equal 
in area to the ellipſe, which circle 's of a beſs ambit than the 
ellipſe, or any other figure, of the ſame area. 


Otherwiſe. 


Let the dotted curve line repre- 
ſent the elliptic curve , whoſe 
length is required. And let curve 
lines be defcribed at ſmall and 
equal diſtances, within it, and 
without it, as in the annexed 
figure. Then theſe two curves 
will be very nearly ellipſes alſo; 
and the difterence of their areas, 
computed as ellipſes, will be 
nearly the area of the elliptic 
ring, or ſpace contained between 
thein, through the middle of which runs the ellipſe whoſe 
length is ſought; which area being alſo equal to the ſaid 
length of the ellipſe drawn into the breadth of the ſpace, or dif 
tance between the other two curves, it follows that the length 
of the elliptic curve will be nearly equal to the ſaid difference 
of areas divided by the ſaid breadth or diſtance, Theretore 
let 7 = the tranſverſe of the ellipſe, 

c = 1ts conjugate, ; 
a = 3*1416, and the ſmall ſemi-diſtance aa or Bb. 
Then ( + 24) x (e + 2d) x 4a = area of the greateſt curve. 
And (t—2d) Xx (c 2d) x 4a = area of the leaſt, 
The dif, ( + c) x ad = the annular ſpace. 
Theref. ( + c) x 44 = the length, nearly. 
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„ 1 1 uk. 


Multiply the ſquare root of the ſum of the ſquares 


of the two axes by 31416, and the product will be 
the circumference nearly. 


5 tt + cc . | 
- That is, pL = the circumference nearly, 


EXAMPLE. 
Taking again the ſame example, 
We have X 3˙1416 = 154/2 X 3*1416 
= 21˙2132 X 3*1416 = 66-6433 = the circum- 


ference nearly. 


"T4 RULE 


* DEMONSTRATION. 


Call the infinite ſeries in rule 1, s; 


2 
vie # = 2 = — x — &. 
| 2-2 2.2044 
— 4 4 1 
Th — I 1 _— — — — — — 3 . 
en ſince 1 4d is = 1 —_ CT &c 
we ſhall ac — 11 = a. Fo b 
e all haves —- 1 44 "OT &c 


Therefore, rejecting this laſt remaining ſeries, on account of 
its ſmallneſs, we have s = 4/1 — 4d nearly; and conſequently 


the circumference of the ellipſe c = c /1 -- 17 nearly, c being 
the circumference of the circumſcribed circle, 


, 


| — CC CE 
| Or PIV I N 4+, =HWE+5,= 
tt | 
J t which is the 30 rule, p being = 3*141 59 Ke. 
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» 


UL EE 100 


Find the ſquare root of + the ſum of the ſquares of 
the axes as in the laſt rule, and call it 4. 

To 3 times the greater axe add its parameter, di- 
vide the ſum by 4, „ and call the quotient B, 

Then multiply the difference between B and ; 


times à, by 15708, and the product will be the 
periphery nearer than by the 3d rule. 


That is, 2p X 6 — — dE LEH) = = the per. 
phery, p being the parameter. 


EXAMPLE. 


Taking the fame example as in the former rules, 
We have a N — ="1 6/2 ili 


As 24 : 18 :: 18: 132 = the parameter, by the 
definition. 


And 


* 5 „ 
Again, s 1 + 1d = 67 os &c; 
„ 
but 3s = 34/1 8 &e; 
LS 
theref. 25 — 7 — id ＋ 1— 4d — — &c. 


34a/1=— 1 — 14 — 1 + 24 


hence 3s = 
—— my 
and ſo c = pt * > I I = 


1px G att + cc = 1p GV _ 


4t 
nearly, where p is the parameter of the axe. And this is the qt 
r ule, 
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Ang 32243133 — 


214 = 1. 


Then (34 — 3) X 1.5708 = 42˙2646 X 1*5708 
= 66:3892 the circumference nearly. 


n VL 2 49 


Find A and B as in the laſt rule. 
Divide the difference of the ſquares of the axes by 
the ſquare of the greater axe, multiply the ſquare of 


the quotient by 4 of the greater axe, and call the 
reſult c. 


Then from 5 times A take 3 times B, to the re- 
mainder add c, multiply the ſum by 1-5708, and 
the product will give the circumference of the ellipſe 
fall nearer. 


Or, 


"0p 5 times A, ſubtract ,*. of the ſum of 3 5 times 
the greater axe and 14 times 1ts parameter, to the 
remainder add , of the product ariſing from the 
multiplication of the ſaid parameter, by the quotient 
of the ſquare of the leſs axe divided by that of the 
greater, and multiply the ſum by 1:5708. | 


That 


4 34 ä 543 

* N 1 co on a 
Farther, 8 1 + : oY 6 256 &c, 

. 43 

or 4. — 4 + 2 =_ 287 — — 

5 80 64 

which taken from the laſt approximation, and reduced, gives 

Fl 3 
$ = K X SV! — 1d m_ 4 z + 6 


d dd 
and conſequently c = At x (54/1 — 1 — 14 — * — * * - 72 


BEE. 3t +P t == CE, te; 
= wx (NV F 


1 x ( 2 + ce — BI? ech. Which is the 
1 rule. | 


And thuk we may procced to any degree of accuracy 
Whatever, 
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Thatis, 25 LS NW zx, 
ES ee 


or 2 & 5 = ='the pe- 


riphery very nearly. 


E'X A M P L' E. 


Taking again the ſame example as before, we haye 
A = 212132, 
$ = 203755 
C =: . 
Then (5a—3B+c)X1*5708 = 42*2281 X 1*5708 
= 66-3319 = the circumference very near. 
Or, to ule the latter part of the rule, 


: 35 * 24 —14 X 134 131 x 18 5 
48 — 2 16 + 16 17 * 15700 = 


422281 X 15708 = 663319, the ſame as before. 


rn. 
Take © the ſum of the quantities in the ſecond 
and third rules, and it will be the circumference very 
nearly.* 


That is,. 


* —— 


ü periphery, 


EXAMPLE. 


Taking, full, the ſame example, 


The number found by the 2d rule is 659736, 
And by the 3d rule is 666433, 


their ſum 1s 132 6169, 

the half of which is 663084, 
for che circumference, and is nearer to the true num- 
ber found by rule 1 than any of the other approxi- 


mations. 
RG» 


— ny 


„ 


—_— 


* For the one being nearly as much too great as the other is 
too little, * their fum muſt be near the truth, 
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PROBLEM iv. | 
To find the Length of any Arc ec of an Ellipſe. 
— 0 


© 
- N 
| 


ET -V 41.3 11 


If a denote the ſemi-tranſverſe Tc, 
c the ſemi- conjugate ce, 
and x the diſtance ca of the ordinate AB from the 


center, 
then will the arc eg be = x X 
"2 9" 3 = ot Cat? — 4a¹ c + . 
155 eee — 
(TU 22 409 a® En, 11247 ). 


ee the ſeries will be the ſame if x be conſidered 

an ordinate to either axe 2c, the other axe being 
24, e arc beginning at the vertex of the 4 axe 2c, 
and terminated by the ordinate x. 


E X- 


— 4 * 


* DEMONSTRATION. 


By proceeding as in the inveſtigation of problem 3, We have 

«the fluxion of the curve 4 = x * 5 = & „ 
aa — & 

4a c* — c Ba*c? —ga* ＋ 6 

— — 
reſtoring © and exterminating d; and the fluent is 
Ba*c* —4a* c* t 

112 


> 
(1 + * + 


x x (1 + at se. ++ 


4048 


& e). 
Corol. 
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EXAMPLE. | 


If the two axes be 24 and 18, and the diſtance 
ca 3; required the length of the arc Bc. 


** 


Here @ = 12, c = 9, and x = z. 


Then the it ren = = — 1*00000 
4 1 . 
2d term A Zr e — — 0*00580 


3d term B = 3 * AD 0'00019 


nd 6» E 


| Eo 5 da — 4 = A 3 2 : 
4thterm c = Ts = = 000001 
the ſum 100606 
mult. by 2 
1 


gives the arc Bc 3˙018ʃ8 


„„ L 1k 


Find the length of the circular arc FE intercepted 


by cc, cB, and whoſe radius is half the ſum of the 
| lines 


Corol. 1. When x is = a, the rule becomes 
2 SS a4 Ea... 2 46 6 
% EEE ESDIESIESE 
| 6a* 40a 1124 
Jor one fourth of the periphery of the ellipſe. 2, E. D. 
Corol. 2. By ſuppoling à = « the ellipſe will become a circle, 
and the general ſeries for the elliptic arc will become for the 


circular arc 
2 3 X 


a} 8 — 1 
7 * 250: po 
| 2 z ⸗ 3. 6 
9 1 8 2. 3a * 7 2. 4. 54 2.4. 6. 7a 
the ſame as was determined at page 88. | 


&c), 


* For the circular arc FE is equal to the arithmetical mean 


between the circular ares 36, cp, deſcribed with the radii cn, 
cc; 
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lines cc, CB; and it will be equal to the elliptic arc 
BC nearly. ; | 


EXAMPLE. 


Taking here the ſame example, 
We have AR = q, and AT = 15. 


, 
7 OT 208 L K 
Hence re“: cc:: TAX AR: AB ESE , 


and a CN o+ as? = vg + BL 3/158 
= 921616. | 8 


# 


Then ice + c = 910808 = the radius of 
the circular arc EF. 

But HB + cB = 3 = 9*21616 325515 is the 
fine of the angle ccB or arc FE to the radius 1, an- 
lwering to 18-9968 degrees. 

Therefore, by rule 1 prob. 6 ſeR&. 1 part 2, 

01745 X 18*9968 X 9*10808 = 3˙0192 is the 
circular arc EF, or ell:ptic arc Bc, nearly. 


KV LH mY 


Divide-the difference of the ſquares of the ſemi- 
axes, by the ſquare of the greater, and call the quo- 
tient g. 

Then 


1K 
u_—— 


i 


ce; to which it is evident the elliptic arc muſt be nearly equal; 

and fo much the nearer, the leſs the arc itſelf is. | 
This rule will alſo be the more exact, the nearer the axes - 

of the ellipſe approach towards an equality. 


Rule 2 of the laſt problem 1s a particular caſe of this general 
rule. | | 


* DEMONSTRATION. 


By the firſt rule the arc A is equal to 2 
* (1+ S + 3 84 — fe 
a 


2+ — 4 &c). 
40a ; 1124 
| , But 
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Then divide the difference between the ſquare of 
the greater ſemi- axe, and the product of + of the ſquare 
of the diſtance ca of the ordinate from the center 
multiplied by g, by the difference between the ſquare 
of the ſaid greater ſemi-axe and 4+ of the ſquare of 

the ſaid diſtance; and the root of the quotient mul. 
tiplied by the ſaid diſtance, will be the arc nearly, 


2 at — C XX 
That is, x/ —<£= = the arc; 
aa — 3 * : 
where 4 = rTc the greater ſemi- axe, 
Sea and = EDT =o 
* 3 aa 


c being the leſs ſemi-axe cc. 


EXAMPLE, 
Taking again the ſame example, 


We have 1 — 2 r 


is — 1 | 
aa—Tqxx_ 122 N _ ; 
And x 72 — 174 2 . 17898 
= the arc required nearly. | 
RULE 


_— 


But in the inveſtigation of that rule it appears that 


aa - dau. c 44267 e“. gal c- 4a c* + - 
* oe dion 24.4. 2 . 
aq - 247 8a 16412 
3 : aa = Idxx.. 
&c; hence it 1s evident that 1 . — is = 4 
. de® — 4 844 C = 44* c* +c 
(1 + — a* 2 4 . e 46 Kc). 
0a 7245 | 432a** 


And conſequently a XN oO nearly, 2. E. D. 
Xx 


RR 
ada z% 


Corollary. When the two axes are equal to each other, the 
ellipſe will become a circle, 4 will be = o, and the rule will 


„ : 
become x1 —— for the circular arc, 
| #4 — XX 
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Call the quantity found by the laſt rule n. | 
Multiply the diſtance ca by the leſs femi-axe, 
divide the product by the ſquare of the greater, to 
! of the ſquare of the quotient add 1, multiply the 
ſum by the diſtance ca, and call the product C. 


Then from 9 times B take 4 times c, and + of the 
remainder will be the are very near. 


That is, 
SA; Logen 32 += =) Xx 4x]. 


EXAMPLE, 


Taking ſtill the ſame example, 
The Quantity found by the laſt rule is 31017898 


_ Bo % 


And 
* DEMONSTRATION. 
2.4 2 acc 
for ſince a=x x (1 + Ca —_— = 2 * &c), 
40a 1124 
„ 84 2— 2 aan 6 
WE. 4 8 274 6 
Wehave a aw BR =Xx * reges. 22 &c). 
But | * 8 
Ale Sac-4a + of 
bl-GUT = =&X X 6 555 7 5700 * xc). 
, 41 6 
1 = x ESE oe) 
- 3105 


And a = 319 = (1 + 7) K 48] = 


IX X 99. — — 2 — (1 + ——)] nearly. 2. E. D. 


— XX 
Corollary, When à = c, the rule becomes 


baa + xx 
6aa 


„ 5 ) 


fon 9%. —— arc, 
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And x X (1 ＋ F) = 3 * (1 + 223) = 


6 x 12+ 


3 * (1 + 3_) = 3017578 = c. | 


2 X 4 


Then 9-40 27161082 - 12070212 15*09977 
— 5 — 
37018154 = the arc very nearly. 


„ 


As the ſum of 15 times the parameter of the axe, 
at whole vertex the arc begins, and a third propor: 
tional to the ſaid axe, the abſciſs, and the difference 
between 9 times the faid axe and 21 times its para. 
meter; is to the ſum of 15 times the parameter, and 
a third proportional to the axe, the abſciſs, and the 
difference between 19 times the axe and 21 times its 
parameter; ſo is the ordinate, to the length of the 
arc, very nearly.“ 


That 
”* DEMONSTRATION». 
, , aa — xXx ea cæ “ 3 
Since y is = c — = — us MO. it 2 of 
4 4 2a* by 8a 
, g A+{B I 
dent that a fraction of this form x Xx — IN „ When ex- 


ATB ö 
panded in a ſeries, will produce a ſeries of <4 ſame form with 
that expreſſing, the length of the are in the firſt rule, and which 
being put equal to it, will afford equations for determining the 
values of A and B. | P 

| =. 
a+(Þ+1)x(— +5) 
a+(3+1)y. _ 5 
A+By 


* X 


Thus x x 


cd c — 2c 
= xx (1 — ＋ —— 


A * 
og N x+* &c), which put 
„ 44 0% = 4 


NU Bb Kc). 


Then 


8 


V 
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159 4+ — X y | 
That is, — X x = thearc cs, | 
. I x y | 


where e = the whole axe co where the arc begins, | | 
p = its parameter = TR* L co, 

= the abſciſs cn, | 

x = the ordinate HB. „ | 


EXAMPLE, 


Taking, ſtill, the fame example, 


hn wichc Z= 9, = 12, = 1, = 12% a6 
+ 9 = 32, and x = $þ 
U Hence 


Then, by equating the correſponding terms, we obtain 


6 2 8 Ac — 2BC 4a*c* — 4 
— = =— = and = c—_ 
C FO 2 

2144 
5 G gc — e 
62 = 2145 C e 
hence 8 = eee co = = — 
IOCC IOC IOC 


® . 284 
putting © = 2c, and þ = its parameter —. 
c 


4 


Conſequently 
 19C—21p —— — 
Tipi, - + — IC ST 
= = 
NN — 21 C — 21 
Py AI 15+ LDL 2 0 
. D, 


Corol. 1, Hence. i in the ellipſe 
a, whoſe vertex is A, either 
axe AK, and latus rectum Ar; 
if there be drawn the ordinate 
BD, and GP be taken = | 
174 + IQAK — 21AP 3 3 K 

3  @ EF. = 
and there be drawn the right line GBE meeting the tangent 
Ar in E; then will AE be = the arc As, very nearly. 


For, 
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/aa— xx (6 ms 
Hense L_—_—_ = 33 
/ a 12 
Fe e- 
= 9g — > = 2357874715. 
Then 
100-21 19 * 18 —21 x1; 
159 —— F — 
EX * NI 
Lp ——P 15 * 32+ — 


'= 3X 1006056 = 3018168 = the length of the 
arc very nearly. | | 
P Ro- 


— 


f AG X BD 
For, by ſimilar triangles, : DR:: GA: AE = 
DG 
IQAK=2IAP 
Lap + er 
AP + PG : IOAK © 
— * DB (by the conſt.) X l; 
Ar TG - Ab QAK-==2IAP 
\ . FAP + 


| | OAK _ 
which 1s the arc, nearly, by the above demonſtration. 


And this proves the truth of the conſtruction given by Sir . 
Newton, in his letter of June 13, 1656, to Mr. Oldenburg. But 
Mr. Foxes, in publiſhing this letter, has printed ae inſtead 
of Ab. | 


Or the ſame rule may be otherwiſe expreſſed, like rule 3 for 
the hyperbolie arc, | 


Corol. 2. When the ellipſe becomes a circle, then AK = Ar, 


ISAP - 2 AD 


ang the above rule will become X D; for the 


| ISAP — I2AD 
length of the circular arc, whoſe bees is AP, verſed fine Ab, and 

right fine DB. And this is nearer the truth than any of the other 
approximations, before given for the circular arc, except that 
in rule 6 for that purpoſe; for the example in that rule, calcu- 
lated by this approximation, gives 6+1170598 for the length of 
the are. And thus, by making Ar = Ax, all the rules for the 
ellipſe will be adapted to the circle. ' 


Corol. 3. The ſame rules for the ellipſe may alſc be eaſily 
adapted to the other two conic ſections, the hyperbola and par 
bola; namely, by only changing the ſign of the axe c or At 
for the hyperbola, and by making that axe infinite for the 
parabola, 


* 


1 


e 
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PROBLEM V. 


To find the Area of an Ellipſe.* 
RULE 


Multiply continually together the two axes and 
the number +78 54, for the area of the ellipſe. 

That is, 21 = the area; putting? = the tranſ- 
verſe, c = the conjugate, and # 7854. By 
corollary 4+ 

1 2 | E X 


* GENERAL INVESTIGATION: 


Let ar, DE, be any two conjugate 
diameters of the cllipſe AbBEA, GH 
a double ordinate to the diameter as, 
AK61 a circle whoſe diameter is An, 
KL a double ordinate of the circle to 
the diameter AB, and Al perpendicus 
Iar to uU. 

Now whilit KI, by flowing, gene— 
rates the circular ſegment Kal., Gn 
will deſeribe the elliptie ſegment 
gan; but the velocity of Kl. is to 
that of GH, as. Ar to Al; and by the 


property of all conjugate diameters, Ac: CD :t (Af X FB ==» 
3 . ; G : 
by the nature of the circle,) KF: FG; therefore as the circular 


ſegment k Al is to the ellipuc ſegment Gan, ſo is ac & AF to 


ch X Al, and ſo is ac Xx radius to ch x fine £ Art, and fo is 
a to co & fine £c; putting 1 for the radius. 


Coral. 1. The whole ellipſe and circle, deſcribed upon any: 
diameter of it, are to each other as the correſpondmg ſegments 
cut oil them by their particular double ordinates Gu, Kk, 
palnmy through the ſame point of that diameter. 

Corol, 2. As radius is to the fine of the angle made by any 
wo conjugate diameters, fo is a mean proportional between ths 
wo circles deſcribed upon thoſe diameters, to the ellipſe, 

1 1 O 

For I | * © 2 by cor. 1. 

tr xXc:isxXd::Oc:0O 

Hence r*cd ; S:: r: 5 :: Od X Oe: Os, 

Ander: 5 :: O Oe: . 


Where 4 and c are the diameters, 5 the fine of the angle made 
them to the radius 7, © denotes a circle, and O an ellipſe. 


Corol. 
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E X A M P L k. 


If the axes cf an ellipſe be 35 and. 25, what L 
the area? 


7854 * 35 * 25 = 687-225 = the area required, 


KV LS Thy 


Multiply continually together any two conjugate 
diameters, the natural fine of their included angle, 
and the number 7854. 

That is, dens = the area; 
putting 4 and c = any two conjugate diameters, 
s = fine of their included angle, and u = +7854. 

E X- 


Corol. 3. If the conjugate diameters be equal to each other, 
it will follow that, As radius is to the fine of the angle made by 
the equal conjugate diameters; ſo is the circle deſcribed on one 
of thoſe diameters, to the ellipſe, : 


Corol. 4. The ellipſe is a mean proportional between the two 
circles deſcribed on the two axes, —For they make with each 
other a right angle, whoſe fine is = to the radius, 


Corol. 5. As radius is to the fine of the angle made by any 
two conjugate diameters; ſo is the circle whoſe diameter 1s a 
mean proportional between the conjugate diameters, to the 
ellipſe, — This follows from corollary 2. 


Corol. 6. The ellipſe is equal to a circle whoſe diameter 1s 4 
mean proportional between the two axes, From corollary 4. 


Corol. 7. As an cllipfſe : is to the rectangle of its two axes, 
or to the rectangle of any two conjugate diameters drawn into 
the fine of their included angle, the radius being 1 :: ſo is any 
circle : to the ſquare of its diameter.—Any two like ſeg 


ments or zones of the ellipſe and circle arc alſo in the ſame pto- 
portion. | 


Corol. 8. Ellipſes, and their like ſegments, are to one another 
as the rectangles ot their axes, or as the rectangles of any con- 
Jugate diameters forming the ſame angle in each. 


Corel. 9g. Similar ellipſes are to one another as the ſquares 
of their like diamcters, 


| Corole 


1 


F os Am eim „ =_—— at i * 


8 
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"EXAMPLE. 

If cyo conjugate diameters of an ellipſe be 29 and 
$2, and their included angle 77“ 34; required its 
area. 

The fine of 77 34 is 9765625; therefore 
9765525 X 32 X 28 X 7854 = 687:225 = the area. 


PROBLEM VI. 


To fd the Area of the Segment of an Ellipſe cut t 
by a Double Ordinate to either Axe, that is, by a 
| Line Perpendicular to that Axe. 


n= TL N 


Find the correſponding ſegment of the circle de- 
ſcribed upon the ſame axe to which the cutting line, 


or baſe of the ſegment, is perpendicular. 
U 3 | Then 


- 


Corol, 10. From corollary 7 comes alſo the following con- 
ſtruction. 

Let AbE be an oblique ſegment 
of the ellipſe AF BGA, cut off by a 
double ordinate to the diameter AB, 
re being the conjugate. Through 
the center o draw ae perpendicular 
to ro and meeting aa and BP, in 
4 and v, both parallel to re; then 
about the axes ar, FG, deſcribe the 
ellipſe ar y, meeting the ordinate 
produced in e and 4. Then will 
the right elliptic ſegment dae be 
equal to the oblique ſegment DAE, B 
as well as the whole ellipſe ar O | 
equal to the ellipſe arz6 4a; moreover their correſponding ordi- 
nates de, DE, parallel to the common diameter Fo, are every 
Where equal, as are the like parts or zones contained between 
any two of ſuch ordinates. And the fame may be ſaid of all 
ellipſes contained between the parallels Aa, BP, iniinitely pro- 
duced: in which property they reſemble parallclograms of the 
fame baſe and between the ſame parallels, 


* 
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Then as this axe: is to the other axe :: ſo is the 
circular ſegment : to the elliptic ſegment. 
This follows from corollary 7 to the laſt problem. 


ST = + © Ts 


Find the tabular circular ſegment whoſe verſed fine 
or height is equal to the quotient of the height of the 
elliptic ſegment divided by its axe. Then mutt Iply 
cont jnually t together this ſegment and the two ayes 
of the ellipſe, for the area of the leginent required, 
This rule follows from the former. 


EAXAAMPL E. 


What is the area of an elliptic ſegment cut off hy 
a line parallel to, and at the diſtance of, 7-5 from tlc 
lels axe, the AXES being 35 and 25?, 

Here 1734 7 = 10 = the height of the ſegmer. 

And 10 35 I 2 — 7 = 28577 = the tabular 
verſed fine ; whole {egment is 1851669. 

Then 1831669 X 35 * 25 = 1620210375 = 
area of the lels fe bincnr. 

If the greater ſegment had been required, 

Then 785 39816 — 1851669 60231126. 

And -60023126 * 25 * 35 = 525˙ 2023525 = 
the arca of the greater ſegment. 


SXAMPLE II, 


What is the area of the elliptic ſegment cu! off 
by a double ordinate perpendicular to the conjugate 
axe at the N of 74 from the center, the axes 
be ing 35 and 2 

Here 1 Ty = 5 = the altitude of the ſegment. 

And 5 25 = 1 — $5.= *2.= the tabular verſed 
fine; w hls correſponding ſegment is · 1118238. 

Hence 1118236 X25X 35 = 97 845825 = the 
area of the lets leg; ment. 


\ 


A gain, 
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67357436. 


Again, 7853 98 16 — 11182 
= 589 •377565 


3 
And 67357436 X 25 X 3 
= the greater ſegment. 


PROBLEM VII. 


To-find the Area of an Elliptic Segment cut off by a 
Double Ordinate to any Diameter; that is, by 4 
Line Oblique to the Axes. 


Diride the abſciſs Ar (fig. to prob. 5) of the 
double ordinate, by its diameter AB, and find the 
abular circular ſegment whole verſed fine is the quo- 
tent Then multiply continually together the tabu- 
lar area and the two axes. Or the tabular area, the 
diameter 4B to which the baſe of the ſegment is a 
double ordinate, its conjugate diameter o, and the 
fine of their included angle, for the area of the 
elliptic ſegment required.* 


EXAMPL'E. 


The axes of an ellipſe being 35 and 25, it is re- 
quired to find the area of a ſegment whoſe baſe 1s 
4 double ordinate to a diameter whoſe length is 33, 
it being divided by the double ordinate into the 
two abſcifles 7 and 26. | 


Bay 1A + aB = ͤ i214. = Wl 
tabular verſed ſine; to which correſponds the area 
'12162869, By 
| | U 4 Hence 


* DEMONSTRATION. 


For, by cor. 7 prob, 5 as An: to circular ſegment LAK $$ 
ſo is AB X DE Xx s. Cc = rectangle of the two axes : to 
elliptic ſegment Gan ; but circular ſegment LAK = AB? X ta- 
bular circular ſegment s whoſe verſed fine is Fa A; there- 
Me ABT; AB* X :: 1; 55; rectangle of the axcs to clliptic 


ſegment, 2. E. D. 
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Hence 12162869 X25 10 425104 = 
the ſegment GAH. 

Moreover, *78539816 —*12162869 = +663 376947, 
And 6637694) X 25 * 35= = 500" 79828625 the 

greater ſegment G8. 


PROBLEM VIII. 

To find the Trilineal Area AB Q, included by either 
Axe, a Line drawn from any Point in it, and 
their Intercepted Arc. 

Draw the ordinate DB meeting the circle deſcribed 

upon the ſaid axe in e, and draw Ac, oc.“ 


Then 


* DEMONSTRATION. 


For, by the inveſtigation and corollaries to prob. 5, 

As the axe A: to the axe :: DC : DB 
: circular ſegment o ; elliptic ſegment p 
: (becauſe of the common baſe Ap) "triangle ACD : triangle 455 
: (by compoſition) the trilineal Ac: trilineal ABO. 9. E. D. 


Corol. 1. Since, by rule 2 prob. 6 ſect. 1 part 2, putting 
od. r, and Dc = , | 
* - 4" + 3-59* 
” 2r* 5.2.4 7.2.4. b 

4 LY 
- + . e); 
3.272 52.4 7. 2.4.07 
which being increaſed or diminiſhed by Loa x pc = the tr- 
angle Aco, we ſhall have 


* 
Ly x (ag += 


the circ, are QC is = y N 


we have the ſect. oe q g Fry x (1 TER? AND 


4 * 

30 . &c) 

3. 21 . 2. 4 7. 2.4. br 

for the general value of the _— ACQ; and conſequently 
Px (ab 2+ —— — 22 &c) 
27 3. zr en 7.2.4. 675 

for the elliptic trilineal azq; r being the radius of the circle, o. 

ſemi-axe oq of the ellipſe, and c the other ſemi-axe. 


72 
And fince r: c: 27 BD = 2, we ſhall have y = = —>, and con- 
C 


ſequently the value of the elliptic trilineal AB. expreſſed n 
terms of its own ordinate à or Bo, and ſemi-axes r, c, will be 


2 9 3. — Kc). 
N * G — £c* * 5.240 T 7+ 24 Oc 
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Then, As the ſaid axe: — 
Is to the other axe : : Ro 

So the circ. trilineal Ac: , N 
To the elliptic trilin. aBq. A 


R A OA Da 


Note. It is evident that the triangle Aco added 
to, or ſubtracted from, the circular ſector oc, will 
give the circular trilineal ACQ, according as AQ 
is greater Or leſs than half. the axe. 


Or the ſemi- ſegment D increaſed or diminiſhed 
by the triangle acD, will give the lame. 
E x- 


Corol. 2. If a coincide with o, the triangle aos will vaniſh, 
and the trilineal become barely a ſector og whoſe ralue will bo 


— oe” eg 
a 3% * 52.4% 7.2. 4. Ceꝰ N 


Corol, 3. When z = c, then the quadrant op will be 


I 3 3 
2760 * + + — ic 
= * 3.2 52.4 7.2.4.6 ) 


Corol, 4. If A coincide with r, then aq = q = ax, and the 

** + z2* $.32® Ke) 
3. 2c“ 5. 2.4 7.2.4. 66 1 
And when 3 coincides with 5, then will the 


trill = irc 3 3 53 5. 
3 abs” FF 


trilineal By will be = 1rz x (2+ 


Corol. 8. If from the double of the quadrant 1 in corollary 3, 


be taken he trilincal in corol. 4, there will remain the ſeg. pp = 


1 X 4 
(+ = + vn + 


1 


Corol. 6. If from the value of the ſector ond in corollary 2, 
be taken that of the triangle 0BQ= ue, there will remain the 
22 32⁰ 4 . 3 2 

— — —— &c). 


3. 205 * 5.2.40“ 7.2.4. Oc. 


Corol. 


ſegment BQq = ira X ( 
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XAML. 


Given the axes 35 and 25 of an ellipſe, and an 
ordinate to the tranſverſe 10 required the area in. 
cluded by the tranſverſe and a line drawn from the 
top of the ordinate to cut the tranſverſe in an angle 
of 40 degrees. | 

Here, as 20p.= 25: PQ = 
35 D Z : DC S 14. 

As rad. : tang. 4B (50 :: 
DB : DA 191530. 

Hence. AD & -Dc = 


$3:422752 = the AADC. 


Corol. 7. When B coincides with p the ſeries in each of the 
two lait corollaries becomes, tor the value of each of the ſegments 
1 3 YER 
77 re X (— + —— ä ene Be); 
> FOO 3.2 5.24 T 7.2.4.0 c) 
Corol. 8. If a be the focus of the ellipſe, then 


AQ = r z /rr c and the trilineal 
. 72 2 372+ 3. rx 
AEQ. = 22 X (r =y/rr=cc+ — | 


— 


ww © ah my —— . 
(1 * ogy; 2.30 T 2.4. 50 T 2.4. b. 7cꝰ 82 


| : . 
Corol. 9. Putting T ABN fr x (a+ 255 L 


bei 2 7 2.20 Py 2T x (a+ 25 + 324 800 
d being == ITL 1—— = — — 2 a — 
* r 7 r 2.3605 2.4. 50 


we ſhall have, by reverſion, 

3 95 10 - 942 280 — 5044 + 2254" 1K 
% has 120 5040 C a'? 7 
10 —ga, 280 — 8044 + 225% 6 &e) 
120 5040 a? 


nl 


==x(1 I Lb 
5 Pn bas 


2T . . 
where þ = _—_— which ſeries generally converges very faſt, and 


affords a good direct ſolution of Kepler*s problem. 


Suppoſe, for example, it were required to ſind the true 
anomaly of the earth, and its diſtance from the ſun, anſwering * 
| the 
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35 ::412'5 — 107 F207 = on; 


And hence oa — OP = 7 = DQ. Then, by the 
table of circular ſegments, the ſenu-ſegment epa 
will come out 68:492077 5. 


Ihe triangle ave + ſegment epa.= 1519143395 
= the trilineal acq. 


Theref. as 35: I; -9143395 : 108 5102425 
= the area of he hoc trilineal aBq_ required. 


P R Ov 


—— 


the mean anomaly of 1 ſign or 30 degrees, the excentrieity be- 
ing 01691 to the mean diitance ls 


Here po r = 1, A0 =*016B1, op = c==4/1 — *01681* = 
9098 587, the area of a quadrant of the ellipſe = · 78 5398 &c 
* 7852872; then, as 3 ſigns: 1 fign:; 7852872: 2617624 


2T 2T 
=T; hence — = 21 *5235248; and — = —— 


2 
1 
c 3 
"78539 &c-= 738000 =: 


2 
Alſo a = 1'01681, and = 2589869. 


Then, 1 term a = 2 — — — 4 8346790 


2d — 5 = IA x © = — — — 04245088 


3d — c = een ag * — — 00046655 
20 a | | 
4th — vp = Dr — *00000044 
42 45 
the ſum = 94148313 


which drawn into — = 2T = *5235248, gives *4928897] = 
r | 
i} nn 


wy 


But 
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PROBLEM IX. 
To- find the Surface of a Spheroid. 
An VL RE => 
For Both Spheroids. 


Let F denote the fixed axe, or the axe abt 
which the ellipſe is conceived to revolve, | 


the revolving axe, p = 3'14159, and 7 = 


But op = = ee — 2x = 87005233; hence AD = ao + 0» 


w_ 88686233, and as AD : DB r: rad. : tang. Z DAB = 
29*063904? = 29? 3, 50 3“ the true — 


Alfo, as rad. : ſec. C DAB :: AD: AB = 1 0146255, the Gifs 
tance of the earth from the fan, to the mean diſtance 1. 


a DEMONSTRATIONe. 


G 
E, 
i B 
7 i C — R 
0 


Put the fixed ſemi-axe Tc = ca = 4, ce = co = b, ca =) 
AB =, Arc CB = >, and 3*14159 = . 


Then, a : 5 :: Vaa = xx; Ha - K 2; hence) = 
a 


— — 
. 


bx x Y #4 wy * 37 x* K* 


===> ee . = V N 


IV. — x*(aa — bg) 


a d- 


; and conſequently the fluxion of 


the ſurface s = 2þyz = 5 LS a= ax*(aa —Þ) 


— 
— 


deck. 5. 


SPHEROITD. -. $00 


Then will the ſurface 5 of the ſpheroid be ex- 
acceſſed by eicher of the following ſeries; uſing the 
upper or under figns, according as it is an oblong or 
oblate ſpheroid ; iz. | 
fx FILA xt = Re &) 

=P 2.3% 254453 „ a N 

or 


N 221247 += q = . 7 Kc). 


2.3 7 8.9 
Where A, B, c, &c, are the ſeveral preceding terms. 
E X- 
2751 | | 2pbex a* 
-a -c: (putting cc = aa - 33) = 1 xx 
4a / CE" a ) aa cc 
2þhcx a* 2 3 14 s 47 
ee X (— Weh a — „ &c). And the fluent is 
aa E 22 n © 2g” 
Cx? c x} cf xs ec 
= 2pbx x (1— — 2 5 &c). 


2.34 2.4.54 2.46.74 mY 2.4-0.3.9a'® 
And if for — be written dd, the ſeries will become 
a 
d* x* a+ + 34" x*® 3. cds xs 
2.34 2.4. 544 2.4. b. 74 2.4.0.8. 0 
and when v = a, it is | 
* 4+ a5 eds 
= 6b 1 Coo LEES 
2.3 2.4.5 2.4.0.7 2.4.0.8. 9 
5 A 2 2&6 5.7 
err == — 2——d* &C), 
2.3 4-5 6.7 8.9 
Where, when cc or aa 33 is affirmative, viz. in the caſe of an 
oblong ſpheroid, all the figns after the firſt will be negative; 


but for an oblate ſpheroid, cc being negative, the ſigns after the 
lirſt will become alternately plus and minus. Q. E. D. 


bb (1— &c). 


Corol, 1. The ſeries above will not always converge for an 
oblate ſpheroid; viz. when 4d is greater than 1, or when _— 


breater than 2, the ſeries will not converge. 


Corol. 2. Hence the ſurfaces of ſimilar ſpheroids, and alſo of 
their like parts, are to each other as the rectangles of their axes, 
or as the ſquares of their like dimenſions, 


302 8 * R O1 PD. Part . 
EXAMPLE. 


If the axes be 50 and 40, required the ſurface of 
each ſpheroid. 


1. For the Oblong Spheroid. 


= _ Woer get 4 
Heref = 50,7 = 40, and = 3659. 
Hence iſt term a = — — 1 
ad termſn = —q - =. 006 
| 2.3 
B 
3d cerm Co 4.51 50 — 000324 
4th term p = 5 ng — 00004166 
* 
5th term E = 15 * | = Eco oονονꝰο 


„9E : 
6th term F = = q = —0*00001 50+ 
«IIF . 
7th term 6 = =: 51 — o ooo oo35— 
— 11.130 | 
Sth term H = 27 = —0*0000009= 


14.157 = 


— 1 


_ 
Ot” DIES 


the ſum of the negative terms = —0:0637439, 
which taken from the 1ſt term 1, leaves 9362511 
for the ſum of the ſeries; - and this being drawn 
into pr f = 3*14159265 X 50 X 40 = 6283˙18 531, 
will produce 5882-6385; for the ſurface required. 


2. For the Oblate Spheroid. 


— — hho & 30 9 = , 
Here 49, = 50, and = === * 


Then by increaſing the values of the terms, found 


above for the oblong ſpheroid, in proportion to ſuch 
power of the ratio of the value of g in this calc, . 


its value in the former, whoſe exponent is re; W 
I : 1 ICIS 


£8 · 


i] 
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Set. 5. 
leſs than the number ef each term; viz. in the 
proportion of the o, 1, 2, 3, &c power of ½ to ?., 
or of 16 to 25, or of 64 to 100; we ſhall have the 


100 
iſt term = 1X 555 = iK = +1 
100 
24 term = O X = =.-+009375 
zu term = 00324 X _— —0*00791 
1003 
ach term = 0004166 X 67 = +o'00159 
| 100+ | 
5th term = *0000729 X cr , 
4 ; 
bth term = *0000150 X 7 = To ooo 
˖ a 7 
7th term = *0000035 X 75 = —9'00095 
7 
Sth term = *0000009 X * = +0:00002 


ſum of the affirmative terms +1:09550 
ſum of the negative terms o- ooo 


the difference 10871; 
then 6283-18531 X 10871 = 6850-4507 = the 
lurface of the oblate ſpheroid required. 


. 


For Both Spheraids: 


Divide the revolving axe by the fixed axe, and 
call the quotient 3. Find the difference between 1 
and the ſquare of q, and call the ſquare root of that 
difference s. 

For an oblong ſpheroid, multiply 01745329 by 
the degrees in the arc whoſe ſine is s, and call the 
Product. p. 


For 
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For an oblate ſpheroxd, multiply 2302 585 by 
the logarithm of the ſum of 5 and 9, and call the 
product v, alſo. | 
Multiply » by the fixed axe, and divide the pro. 
duct by s; to the quotient add the revolving axe; 
then the ſum multiplied by £ the circumference of 
the greateſt circle, viz. by 3-141 59 and by 3 the fe. 
volving axe, will give the ſurface required. 


© hat 1; 
putting F = the fixed axe, 
r = the revolving axe, 
qg=r=/, 
1949. 
1 = 3˙14159 &c, | 
p = *01745329 X degrees to the fine , in 
the oblong ſpheroid, 
and p = 2:302585 Xx log. of s + q in the oblate 


| ſpheroid; | 
Then <4 + 7) x 4pr = the ſurf. of the ſpheroid.* 


EXAMPLE, 


Ihe axes of a ſpheroid being 50 and 3o, required 
the ſurface. 


1. For the Oblong Spheroid. 
Heref zo, = 30, = 6, 5 N= 


=V1 — 36 =V/*64 = 8, which is the fine of 
53*130105 degrees. 
| | Then 


— 


» — 


* DEMONSTRATION. 


For the fluent of 1 Va — pope the fluxion of the ſur- 

a . * 

face in the demonſtration of the firſt rule, when x = 4 l 
aa 

25 X (b r), 

; where 
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Then 53*130105 X · 01745329 = 92729313 = 
O X 9272951. O N 
, aud L. 3 + 30) X 3 5. 3 


41448263 = the ſurface of the oblong (pheroid. 


2. For the Oblate Spheroid. 


Here f= 30, 750, Fi 
2. | 
Hence s+q=S+4=2 * 3, whoſe] og. is 4771213. 
And P = 4771213 * 2302585 = 10986124. 


86 
Then . 2 2 — + 500 — 395 = 


586839918 = = the ſurface of the oblare ſ her od. 


r 
For the Oblong Spheroid, 


Find g and s as in the laſt rule. 

Find alſo the area of the circular middle zone 
whoſe radius is half the quotient of the fixed axe 
divided by 5, and the diſtance of each end from 
the center is half the fixed axe; and call this zone z. 

Then multiply continually together 2 2, 4, 5, and 

34159 &c, for the ſurface of the oblong ſpheroid. 

That is, pgs2 = the ſurface of the oblong {phe- 


rod BDP; where 2 is equal to the middle zone 


ron of the circle whoſe radius 15 E. 4 


% | E X- 


— — 


* E * 
Wherep ='01 7453 x deg. in arc to ſine , when @ 1s greater than hs 
a 


LE, .b+c b 
or P 253025 &c X log. of - , When g is leſs than 5; 


e being — adds. 9, E. D- 


* DEMONSTRATION. 


= 


For fince the fluxion of the ſurface BKM: is 


306 S H E ROI );. (Part z. 


EXAMPLE. 


Taking again the ſame example, 
We haves = 5 = $1125 = the dius, or 6:'; 


= the diameter of the circle. 


- 


Hence co - CD = 31*25 — 25 6˙25 = D0, 


And Do = 2C0 = 6:25+62*5 = *1 = the tabu- 
lar verſed fine, to which belongs the 
area 04087 528; and this taken 
from 39269908, the tabular ſemi-circle, 


leav cs 3518238 for half the tabular zone. 
Whence 


— 


: 5 : 
and that of the circular area xLI = x W © — xx, and being !0 
ce 


| : , 2þbc : 
the former in the conſtant ratio of 1 to 2 „their fluents muſt 
4 


be continually in the ſame ratio; and conſequently the ſurface 


BC 
EXMP = 22 * CNLI = p X 2CNLL = X — X 2 CNLIs 


Aud the whole ſurface azpra = pgs X EFGH Q E. O. 
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Whence 3518238 x2 X 62˙5 x62:5=27493'623437 5 
= the middle zone EFGH = 2. 


Then 29 = 3.14159 & · 6x · 8 X 2748623437 5 
41448265 the ſurface, nearly the ſame as before. 


For the Od long Spherotd. 


Between the ſemi- conjugate ke and the ſum of 
the conjugate BP and circular arc EF, find a mean 
proportional, and 1t will be the radius of a circle 
equal to the ſurface of the ſpheroid; the circle being 
deſcribed as in the laſt rule. 


That is, multiply continually together Be, 
Be + EF, and 3*141 59, for the ſurface,* 


X 2 E Xe 


* DEMONSTRATION. 


Apply By. = ac, and draw Ax parallel to B. 
Then is Ax = the radius cn; for, by the conſtruction, 


aa „ ae* Ac* ACX ÞB 
N 18 2 — — — — — Bow.” 22 
yaa — bb h — es e. Th. 


an by ſimilar triangles, Draw cu, and as perpendicular to it. 


| f rc 
Then, by the laſt rule, the ſurface gay is =þ X — X 2CNEA 


2 ſector xi 2A HAC 
CH 
HC : AC :: Au 3 AS, 
AR: QB :: CR: CB, 

And fince c = Ak, and ac = Qs, by the conſtruction; as 
allo ay = cx, by reaſon of the equal hypotenuſes uc, Ax, and 
common baſe ac; the fourth terms As, cs, muſt alſo be equal 
to each other. And conſequently the ſurface Bay = þ * BC * 
(EN + Bc) = p X BC * (Ar + Bc); and that of the whole 


!pheroid D X BC X (ATD + BP) = Þ X BC X (ENF + wh 
the 


or 2CXHA =þ X BC X =þXBCX(NE+AS)s 


But, by fimilar triangles, ; 


308 5 P HERO T D. (Part 1, 


K 


= the ſame example, 


I - 
T 5 — 2 — 
1 8 


Then as 31: 25 = Ac the ine of the arc Ex:; 
1:22 8 = the line of the ſimilar arc to the n. 


dius 


— 


the are Arp being deſcribed with the center R and radius x4; 
viz. equal to a circle whoſe radius is a mean proportional be 
tween BC and ATP + Br. 2. E. D. 


SCHOLIU Me 


This conſtruction, for finding 1circle equal to the ſurface of 
an oblong ſpheroid, was firſt given by Mr. Huygens in his Ho- 
log "W772 ons lirtoriuau, Prope 9, dut without demonſtration,—Th 
conſtruction is here rendered genc ral for any part or zone g 
of the ſpheroid, viz. that its curve ſurface is equal to a crcle 
whoſe radius is a mean proportional between ke and xL +1v 
or ry + 1v, iv being perpendicular to .. For in the fame 
manner as * BC x (EN + As) was found for the ſuriace zar, 
may the ſu tract of any zone BKNP be found to be p x 3c x 
(NL. + Iv). 

In imitation of the two rules above for expreſſing the fakes 
ot the ohlong ſpheroid, by means of a circular are and a circular 
or elliptic are a, L thall here thew the inv eltigation of others for 


that vi the oblate ſpheroid, by means of the parabolic arc, or 
hx perbolie area. 


Thus if a be the abſcifs, and y the ordinate, of a parabola 


. * o 2J) C 
whole Parameter is 2; ſince X ==, and x = . the fuxion 
74 2 


of the are will be 


—.— — 2 EOS 
1 + yo = — 55 92 ere = TJ) 


putting m = in I the parameter; which being to that of 
the oblate ſurface, Al 


2þbx 


27 50 


22 v 


— — — — — 
a a* + * a* == y 1448 TÞ #% 


aa 


. a : ; 
(putting #2 = , and 3 x ), in the conſtant raw 
: 
of 


> P_ po lc — ſ_ a. 


=> wm 


—- oo 
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dius 1; tO which belong 53130105 degrees; hence 
$3:130105 X 01745329 X 31＋ 28977972. = the 
ac EN. 


Then B X (Bc + EN) X 3414159 = 41448262 
= the ſurface as before, nearly. 


X 3 RULE 


— 


of to 2%, their fluents mu Ne in the ſame ratio; and conſc- 
quently if e be put to denote the parabolie arc, then will 29% v ex- 
preſs the value of the oblate ſurtace, which therefore is equal to a 
circle whoſe radius is a mean proportional between þ and 25, or be- 
tween 25 and v. And hence this conſtruction, —Let p be theleſs 
or fixed axe of the ellipſe, ac the great- 
er axe, and F the focus; join DF, and 
draw ps perpendicular to pr; biſect 
36H; with the vertex H and focus 
b deſcribe a parabola nt: Then draw 
any ordinate Lx to the axe p, meeting 
the parabola in 1; and the ſurface 
generated by the arc AL will be equal 
to a circle whoſe radius is a mean 
proportional between Ac and the para- 
bolicare xr, Or the ſurface generated 
by Al, will be equal to the curve ſur- 
face of a cylinder whoſe diameter is 
Ac and height u1, 


2 A $ | 
Again, ſince p = 2. Jan, 7 = 18 being the area of 


an hyperbola whoſe ſemi-axes are 5 and , and y the ordinate; 
ſee cor. 7 rule 1 prob. 6 ſect 5; the ſurtace generated by AL will 


be equal to 25 * (222 Vẽnt in + yy — A); and hence this con- 
7 


ſtruction is evident. Let LK, produced, meet, in N, the hyper- 
bola BY, whoſe vertex is 1, center A, and ſemi=canjugate axe BG 3 
draw ok, and xp perpendicvlar to it, and draw the ordinate x 
Then will the difference between the rectangle Ac Xx KP and 
the hyperbolic area Bx, be to the ſurface generated by AL, 4s 


— 


the radius of a circle, is to its circumference. 
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1 
For Both Spberoids. 


Find g as in the firſt rule; then to or from 1, 
add or ſubtract 4 of , accor ding as it is the oblate 
or oblong ſpheroid; and call-the f. quare root of the 
ſum or difference Or =Sl+-8. 

Moultiply the product of the two axes by 3-141 
and call the product p. 


Then the product of A and p will be the ſurface 
nearly. 


That is, pfry1= AA. 


595 


ST AMP L Ke 


Let nere he taken here the fame example as at 
rule 1, in which the axes are 5350 and 40. 


1. For the ——_— Spheroid. 


| Here = 


57 = = 
But 3 5 * 50 * Lane. = ere =: 
Tkge A xr = 58936278 the ſurface nearly. 


2. For 


— 
U 


* For fince, by rule 1, the value of the ſurface 1s 
di a+ 345 _ 3-547 4 
s = 4ad 84 Lo &c), and 
* 2.3 2.4.5 2.4.6.7 2.4 . 4.0.8.9 , 
az = 4 23. . 5d 
b —- 1='Þ= 3 * 3 — 
4a 1 4abp x (1= _— — mr "—— 
we ſhall have, by taking the latter of theſe quantities from the 
former, 


g 
s —4abpy/1 = 1d = 3 9 Ke, and 


2.6.9 457-27  2o8.01 
n Ss = ,in 1 = di nearly, which is rule 5. 
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2. For the Oblate Spheroid. 


— 


Here q = 2, and VI + cog = win 
1089725 = A. 

Then a XP = 1*0897 X 6283*1853 = 6846-7869 
the ſurface of the oblate ſpheroid nearly. 


. 


For Both Spberoids. 


To or from 1, add or ſuptract, according as it is 
for the oblate or oblong ſfheroid, 2 of 4, and call 
+ of the ſum or difference iz. 


Then multiply » by the difference between A and 
3, and S of the product will be the ſurface nearly. 


That is, | 6 
3 X (A- B) A Xpfrx(yi+zig—-2X1i=49) 
= the ſurface nearly.“ 


X 4 E X- 


* 
* 


* Again, by tranſpoſing the two firſt terms of the ſeries in the 
value of s, we ſhall have 


4 ? „ 
$—4alpx (12+) = qalp x (— Co 2 


5 
2.5.0 47.9 4.8.81 


da | 
erhal-) x 4alp]}=400p x (— 
Which taken from 


De et AS Ko FG + 5a 5a 
4 N * 145 Ry 2.59 4+7+27 2.8.81 Ke, 
the remainder above found, it leaves 
as .* 0 


saab x (Vi IA. -N Ai) = 5 2.7.27 4.8.81 


and conſequently s = x gabp x [4/1 = $dd — % X (1= cad] 


= abe x [94/1 = jdd— 4(1 = dd)] more nearly, which 
$ rule 6, | 


&e, 
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Fan. 
Taking the ſame example, we ſhall have 
1. For the Oblong Spheroid. 


— + 5 _ 

D e =. 
417777 &e. 

Then A- B = 93808 — 417777 = *520%; 


And 2 X 5203 * 6283-1853 = = 58842029 = the 
ſurface of the oblong ſpheroid very nearly, 


2. For the Oblate Spheroid, 


— _ * vo 33 
— 51 ＋ 0 = * ** 


48611 &c. 
Then 4A 2 = 1· 0897 — 4867 = +6036. 


And 2 X *6036 X 6283'1853 = 6826-6806! 
the furface of the oblate 1 pheroid nearly. 


"BO inn 


For Both Spheroids. 


From the ſum or difference of 1 and of 9, ac- 
cording as it is for the oblate or oblong ſpheroid, 
rake of the ſquare of 25 and call 3, of the re- 


mainder e.“ 
Then 


— ll 


PR 
— — 
— 2 


* Farther, by tranſpoſing the firſt three terms of the original 
ſeries, and reducing the reſult, to make the firſt term of it equal 
to that of the laſt remainder, we ſhall have 


XIS -A ZdY - ** 3x (= 3 
27 44% 20 44 2.7.27 6.8.81 
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Then from a ſubtract the ſum of B and e, mul- 
tiply the remainder by p, and 77 of the product 
will be the ns of the ſpheroid, {till nearer. 


That is, % P X (A -- c) = the ſurface nearly; 
n 2 97) 
and the value of the other - las as before. 


EXAMP L Ee. 


Taking ſtill the ſame example, in which the axes 
are 40 and 50; 


1. For the Oblong Spheroid. 


Here again q = , = 36, P = 6283 1853, a= 
93900, B = 417777 ke, ander- 


= "277550. 

Then *??P X(A—B—C) = 62831853 * 93628 
= "e882" $206 the ſurface of the oblong ſpheroid 
very near, 


2. For the Oblate Spheroid. | 

nee q = 2 = *6625, „ , a 3 
11089725, B = *486111,andc = X(1+9—4-99) 
— 32173. 

Then * X(A—B—Cc) XP g 1.0872 X 6283 ˙18 53 
= = 6841* 079 = the ſurface of the oblate ſpheroid 
very nearly. 

P R O- 


nnn 


which being taken from the laſt remainder, 5s — 4abp X 
a® 
VI 1 —z(1= Z 4d)! = 1 727 4. 8.81 
oO x [4/1 = Jdd=4(1 E d) = & (1 £14 28d) = 
th 555 &c, and conſequently s = X 4abp Xx 


&c, leaves 2758 


LVIETH i = 3dd) U = $4 = $44) 


= jabp x [2974/1 d —12(1 = 1dd8(1 d. —F5d*)}, 
nearer ſtill ; and this is rule 7, 
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To find the Curve Surface of the Fruſtum of a 6. 
roid, contained between two Planes cutting the 
Spheroid Perpendicular to the Fixed Axe, and 
one of them paſſing through the Center, 


r 
For Both Spheroids. 


Let F denote the fixed, and er the revolving axe; 
put p = 3*14159, and 9 ===, as in the hi 


problem; alſo þ = the height ca of the fruſtum, 


h h : 
. then will the value of the ſurface 


be expreſſed by 


Dx Mi r 3-5 Kc 
7 ( ** Ig 24.6.7 2.4. 0. 8. ), 


or prb X . B2 X C2 — pz &c). 
7 ( 2.3 4.5 6.7 8.9 | ) 
Where a, B, c, &c, are the ſeveral preceding terms, 
and the upper or under ſigns to be uſed, according 


as 1t 15 the oblate or oblong ſpheroid.* 


and 2 = 


E X- 


— 


— 


- * See the inveſtigation of rule 1 of the laſt problem. 
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EXAMPLE IT. 


What is the ſurface of the fruſtum of a ſpheroid, 
whoſe height 1s 15 ; the diameter of the greater end 
being 40, and that of the leſs 32? 


Here co = 40 = the revolving axe, 2AB = 32, 
and HB = CA = 15; hence CH = CC—AB = 4, and 
yo=cc + AB = 36; and conſequently, by caſe 3 
prob, 2, we have as ; | 
WenX no = 432 : 1B =15 3 0625740: 72.25.06 
the fixed axe; which ſhews that the fruſtum is that 
of an oblong ſpheroid. 


Then, as in the example to rule 1 of the laſt 
problem, F = 50,7=40, q = =:*36. Buth=rs, 
4995 __ axgxiSxis 2 


and 2 = = 27 K 50 X 50 96. 

Hence the iſt term a = — 41 
2d — B = —AZ = —0'0216 
| 2.3 | 
ad — Cc = — BZ = — 010004199 

„ 3 : 
4th — - D = ie D = 00000195 
5th EE $ = 8.0 DS = — Q*0000012 + 
6th — x = x82 = — 0000001 — 
10.11 


—— 


the ſum of the negative terms 15 — 010220407, 
which taken from the firſt term 10000000, 
leaves 09779593 
tor the value of the infinite ſeries; which being drawn 
mo r = 3'14159 X 40 X 15 -= 1884955592, 
produces 1843-4098 512 for the ſurface required. 


E X 
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ESAMPLE 11. 


It is required to find the curve ſurface of the 
fruſtum 2caBc of a ſpheroid, whoſe height is 16; 
the diameter of the greater end being 50, and tha 
of the lets 30. | 


Here the revolving axe TR = 50, ch = 4B = 16, 
and HB = A = 116; hence AR = CR - CA = 10 
and TA = Tc +CcA = 40; then, by caſe 3 prob, 2, 
we ſhall have as : 
an 2 16:: Th = 30: c 
40 = the fixed axe; which indicates the fruſtum to 
be that of an oblate ſplieroid. 


Mie ge,, 16s 


h} | 6 ; 
_ 449 („„ 36, which be- 


/ NEEMPXx4 0 www*-T . 
ing the {ame as the converging quantity q in the ex- 
ample to rule 1 of the laſt prob. the ſeveral terms ot 


the feries mutt be the ſame as there found, v1z, 


the iſt term A = +1 

20 — | = eo 

3d — © = — 0100324 ; 
4th — D = + 010004166— 
5th — E = — 0000072900 
ech — F = + 0100001 50+ 
mth — 6 = —0'1000003;5— 
Sch — H = + o10000009— 
gth — 1 = — 010000002 + 


+ 10604325 
— 010033166 


fum of the aftir. terms 
{um of the neg. terms 


i 


5 OE 


their difference = 10571159 the value of 

the ſeries ; which being drawn into pH = 3514159 

* 50.X 16 = 251327412287, will produce 

2656+822036 for the ſurface of the oblate fruſtum 
required. 

RULE 
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*R-U LB 1 
Tor Both Spheroids. 


1. Multiply the ſquare root of the difference of 
the ſquares of the axes, by the height of the fruſtum; 
divide the product by the ſquare of the fixed axe; 
and call double the quotient 7. 


2bfForr : 1 
& 7? eat þ being the height of 


That is, 7 
the fruſtum, F the fixed, and r the revolving axe, 


2, In the oblong ſpheroid, call the ſquare root of 
the difference between 1 and the ſquare of q, a. 
But in the oblate ſpheroid, let A be the root of the 
ſum of 1 and the ſquare of g. 


te — 4112 11 in the oblong, 
be fn Ba 0 V1 + 4 in the oblate. 


z. In the oblong ſpheroid, let the product of 
01745329 and the degrees whoſe ſine is 9, be called 
2. But in the oblate ſpheroid, let B be the pro- 
duct of 2.302 58509 and the logarithm of the ſum 
: q and the root of the ſum of 1 and the ſquare 
of J. 

That is, 3 = 
Ina &c x degrees whoſe fine is q in the oblong, 

2:392 & Xx log. of q 4- 1 +99 in the oblate. 


4. Divide ; by 9, to che quotient add A, mul- 
phy the ſum by the_ continual product of the 
height, revolving axe, and the number 3*14159, 
and half the laft product will be the ſurface required. 


That is, 2 pr x (a + I = the furface,* 


E X- 


ꝶꝙ—p— — 


* ® . . * 
1 For this is the fluent of the fluxion of the ſurface in the 
inveſtigation of the rules in the laſt problem. 
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AAAMPLS :t&s 


Let there be taken here the firſt example to the 


laſt rule, in w hich F 1 1S = 5O, 7 = 40, and þ = | 15. 


30 . WES 
Then 77 == 2 = 36 = 9. 
And VE V — ; 29524, 


Alſo the fine q = 3 anſwers to 21*1001965 de. 


grees, which being drawn into 01745329, will pro- 


duceœ - 3682678 = B. N 
Hence (a +7) X 2p7b=*9779593 X 1884-93559 
= 18434998512 = the ſurface, the ſame as before. 
EXAMPLE 11. 


Let there be taken the oblate fruſtum, in the 
ſecond example to the preceding rule, in which the 


axcs are 50 and 40, and the height 16. 


Here then f = 40, 7 = 50, and b = 16. 


5 Hes . — WE 32 83 83 WENT _— 

And yi+9q=zvV1+>=:/34= 116619039 
= A. 

Likewiſe g +W/1 +99 = 1:76619038, whole 
logarithm is *24703757, which being drawn into 
23025809 will produce : 56882503 = B, 

Then (ax Arb a. 1*057I1I1HX2513*2 2741220] 


26 56: bands i= = the ſurface, nearly the fame 9 
er, | 
3 | RULE 


pre 
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U EB Tik 


For the Oblong Spheroid. 


. Divide the ſquare of the fixed axe, by the root 
of the difference of the ſquares of the axes; and call 
the quotient 4. 


That is, 4'= „„ 

V- 77 
2. Find the area of the circular zone whole dia- 
meter is 4, and 1ts height from the center equal to 


the height Y of the fruſtum of the ſpheroid ; and call 
the area of that zone 2. 


z. Then as the diameter of the circle, is to the 


circle of the ſpheroid, to the ſurface of its fruſtum. 


That is, 4: 2 : pr: — = the ſurface of the 
iruſtum, * 


EXAMPL E. 


It is required to find the ſurface of the fruſtum of 


an oblong ſpheroid whoſe height is 15, the axes 
being 50 and 40. 

Here LL = 5% = = g; d the diam. 
_—_— rr 3 
of the circle. 

And, by the table of circular areas, the area of the 
zone will be found to be <17603268 * — 

Allopr = 3.141 59 X 40 = the greateſt circum- 
ference of the ſpheroid. | 


Then, 


— 


* This is the ſame with rule 3 to the laſt problem, only ex- 
preſſed in other terms. n | 


circular zone; ſo is the circumference of the greateſt. 


—_— - — —— — — 
+ * 

32 n by — 

© Fees * 1 


+ 
— 


Lr beer. 


—ů— 


3 at SET, 
"- 


w 46 
af 


= N : — 


329 SPHEROID, (Part 4, 
239 5603268 X 25% f; 3. 
Then, 3 17603268 * 7 314159 x 
17603268 X 3*14159 X 40 X == 1843-4099 
4 ſurface, nearly the ſame as FRA | 


r 
For the Oblong Spheroid, 


* 


> 

2 

© 0 bs 
= 
T 


Let BE MDH be the fruſtum, whoſe furface 1 
ſought, xLo a quadrant of the circle mentioned in 


the "laſt problem ; draw CL, and 1v perpendicular 
to it. 


the circle whoſe radius is a mean proportional be- 


tween BC and NL + iv. 
Or the ſurface will be equal to the continual pro- 


duct of NL + Iv, BC, and 3 314159. 


E X AMP I. E. 
Let there be taken here the ſame example as be- 
fore, in which the axes are 50 and 40, and the 


height 15. 1 


—— — 


* This is proved at rule 4 to the laſt problem. 


Then the ſurface of the fruſtum will be equal to 


ar 
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et. 5. 
Then ſince, by the example to the laſt rule, 


12 1 
1 2 CN = —_ we ſhall have as CL = = : 


3 
ut ig :: 1 radius: a *36 == the fing-of 
211001965 degrees, which are thoſe contained in 


the arc NL ; and therefore · 1745329 & 21*1001965 
„ 


a 15*3444958 = NL.. And, by ſimilar tri- 


„ var. 
angles, ſince 1L Vel — cf = 15 _ 


== 38-8730126, as cr — 35 LI :: 12 16 


Iv = 139942845. 

And hence (NL + IV) X '5*14159 X Bc = 
2913387803 & 3*14159 X 20 = 1843 499933 = 
the ſurface, nearly the ſame as before. 


e 


For Both Spheroids. 


The 5th rule to the laſt problem will ſerve, if 


inſtead of q we uſe z, as found in rule 1 of this 
problem, and þ the height inſtead of F the fixed 


axe, 


That is, prby/1 + iz = the ſurface nearly. 


EXAMPLE I, 


Taking the ſame example as in the laſt rule; 
we aver = 40, þ = 15, and z, found in the firſt 
example to rule 1, = *1296. 


Conſequently prb V/ 1 — 42 = 1884955592 * 
97816 = 1843-7879 = the ſurface nearly, 


EXAMPLE II, 


If we take the oblate fruſtum, whoſe height is 16, 
and the axes 40 and 50; we ſhall have r = 50, 


— 


— — avatht.> + * —— - —— — — — — 
4 — E — 4. * * "A 4 4 — * — uw 5 
q Yo A om = 8 
* hw — "a "—" 2 : 8 1 oy, 8 wn. 22 AY * ff 4 — x pr % 4» 
uy » 5 —— wen — r „ 1 ** 22 , 8 | 
a 2% >. 2 r Ams 9 l * *, . 
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þ = 16, and 2, found in the ſecond example tg 
rule 1, = 36. 


Then prbV/1 +32 = 2513'27412287 X 1058; 
= 2659797 = the ſurface nearly. 


RULE VI. 
For Both Spheroids. 


This rule will be the ſame as the 6th rule b 
the laſt problem, uſing z inſtead of q, and h for /, 
as in the laſt rule. That is, 

27 X (A- ) = 2prbx[yi=iz—4(1=:2) 
= the ſurface nearly. 


EXAMPLE I. 

Taking the iſt example to the laſt rule; we bat 
P = 1884955592, A = =v1—2Zz = 9781615%½ 
and B = 3X (1 — 2) = 43484444. 


Then 2 X (A- ) = 1884.955592 X 7757 
= 1843˙4298 = the ſurface nearly. 


EXAMPLE II. 

Taking here the 2d example to the laſt rule; 
ve have r =prb = 2513'27412287, A = Vi 
= 10583005, and B = £ X (1 + 32) = . 

Then ZX (A- n) 2513˙27412287 X 10569409 
= 26563821 = the ſurface nearly. 


RULE 


{0 
al 


5 0 


tl 
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. 


For Both Spheroids. 


This rule alſo will be the ſame with the 7th 
to the laſt problem, uſing z and 5 inſtead of 4 
and f. | 


That is, 2 2 * (A—B—C) — 5 prb X 


(Vizzz—$(1 = x2) —- 57 (1 z42— 422) 


= the ſurface very nearly. 


EXAMPLE I. 


Taking, ſtill, the ſame example of the oblong 
ſpheroid ; we ſhall have, as before, y = 1884-955 592, 
4 = 97816157, and B = 43484444; allo 
e S r X (I — FZ— 57522) = 28977188. 


Then *7 p X (AB) = 1884-955592 * 97796 
= 1843411 = the ſurface very nearly. 


EXAMPLE II. 


Let there be taken, again, the oblate fruſtum, 
in which, as before, P = 2513*27412287, A = 
10583005, andB = 475; allo 
CSE op X (10 + 22 — AZ) = 31311407» 

Then & (a—B—c)=2513'27412287 X 105714. 
= 2656-8825 = the ſurface very nearly. 


SCH L 1 VM 


It is evident that the double of the fruſtum will 
ne the middle zone; and that the fruſtum being 
added to, or taken from, half the ſpheroid, will give 
the greater or leſs ſegment. 


AS | Ro- 
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PROBLEM XI. 
To find the Solidity of a Spberoid. 


TT I 8 Ss 


Multiply continually together the fixed axe, the 
ſquare of the revolving axe, and the number 
52359877 or + of 3:14159, and the laſt product 
will be the ſolidity.“ 

That 


* DEMONSTRATION. 
Put F = BI the fixed ſemi- 


axe, r = IN the revolving | 
ſemi-axe of the ſpheroid, 8 
a = $I any ſemi- diameter 
of the ſection x N, Y = 1K 
its ſemi-conjugate, y = =an 
an ordinate to the diameter A\ 1 
s1, or a ſemi-axe of the 
elliptic ſection arc parallel 
to KL, and 2 = EF 1ts other 
ſemi-axe, alſo „ = E1, 5s = N 
the fine of the angle Ats, or of the * KIS, to the radius 1, 
and þ = 3*14159. 

Then, by the property of the ellipſe xs, aa : bb :: 44: 


bb X 


4d - & 


= ; and, by prop. 1 ſet. 2, 5: 7: 7 2— = 2. 


aa 


But the fluxion of the ſolid xr act, is pay & = 22 by writing 


. 5 * . a — 
for z its value 1 = pbsr x * N 


_ by ſubſtituting for 


— XX 4324 — . 
its value 35 — — ., , = bfrrx I wth by putting for 
aa aaa 
T9 a8 — 388 
abs its value rf; hd hence the fluent fre Xx - 
| aaa 


a — XX 


- : 
rr * —— will be the value of the fruſtum KAcl; 
. which, when EI or x becomes 81 or a, gives rr for the 1 


i 
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That is, £p?fc = the oblate, and pee = the 
oblong ſpheroid, where p = 3*14159, 1 = the 
-anſyerſe, and c = the conjugate axe of the gene- 
racin® ellipſe. | 
* RULE 


— 


„ 


of the ſemi-ſpheroid KSL; or the whole ſpheroid = ZerRR, 
putting r and x for the whole fixed and revolving axes. 2, E. D. 


Corel. 1. From the foregoing demonſtration it appears that 
the value of the general fruſtum kAECL is expreſſed by 
HO XX 


aaa 
And if for fr be ſubſtituted its value 455 the ſame fruſtum 
344 & Ft 


aa 


Iyfrrax X 


will alſo be expreſſed by 4p br 5x X 


Alſo, if for a@ be put its value f== the laſt expreſſion. 


bb 
vill become {pr 5x X 22 222 or p XT (267 + =); 


which, by writing 2 inſtead of its value *y gives 1 % & 


(207 + yz) for the value of the fruſtum, viz. The ſum of the 
area of the leſs end and twice that of the greater, drawn into 
one-third of the altitude or diſtance of the ends. 


And out of this laſt expreſſion may be expunged any one of 
four quantities 5, , „ 2, by means of the proportion 

1 1151½ 2. 

When the ends of the fruſtum are perpendicular to the fixed 
axe; then à is = 5 and the value of the fruſtum becomes 


ff — xx 


Jorræ x == 


for the value of the fruſtum whoſe ends 


are perpendicular to the fixed axe, its altitude being x. 


And when the ends of the fruſtum are parallel to the fixed 
ae, a18 = 7, and the expreſſion for ſuch a fruſtum becomes 
377 — xx 


of © Bbc 
' r 


Corol, 2. If to or from 2 rr, the value of the ſemi-ſpheroid, 
be added or ſubtracted Tpfrrx X —— 


„the value of the 
aaa 
| general 


3. *% 
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= WV HI SS Js. 


Multiply the area of the generating ellipſe, by : 
of the revolving axe, and the product will ,be the 
content of the ſpheroid. 1 

That is, 47 a = the oblate, and q cA = the oblong + 
ſpheroid ; where A is the area of the ellipſe. 

And this rule is evidently taken from the former, 


E X- 


——— 


general fruſtum KACL, there will reſult rr x a=, for 
the value of a general ſegment, either greater or leſs than the 
ſemi-ſpheroid, whoſe height, taken upon the diameter paſſing 
through its vertex and center of its baſe, is þ = a = x. 


When @ — with 7, the above expreſſion becomes 
Yrrhb X . 7 for the value of a ſegment whoſe baſe is 


perpendicular to the fixed axe.—And here if we put x for the 
radius of the ſegment's baſe, and for rr its value 


RRff , : 3f—b 
57 = BY the ſaid ſegment will become 3% x 


2f —b : 


And when @ * with 7, the general expreſſion will be- 
come 3ffhh X * 2 for the value of the ſegment whoſe baſe 


is parallel to the fixed axe.—And if we put r, x, for the tuo 
ſemi-axes, of the elliptic baſe of this ſegment, reſpectively corrc- 
ſponding or parallel to F, r, the ſemi-axes of the generating 
ellipſe, when parallel to the baſe of the ſegment, 


55 

and for - and r ſubſtitute their values = and —.— 
g 5 

. . hh 

the ſaid fruſtum will be expreſſed by 3px h x | 


"ll 
in which the dimenſions of itſelf only are concerned. 


Corol. 3. A ſemi-ſpheroid is equal to ; of a cylinder, or to 
double a cone, of the ſame baſe and height; or they are in pro- 
portion as the numbers 3, 2, 1. For the cylinder is = 4nfrr 


= ur r » the ſemi-ſpheroid = $»fr7, and the cone = 1%. 


Corol. 4. When / = r, the ſpheroid becomes a ſphere, and the 
expreſſian {fxr7 for the ſemi-ſpheroid becomes 32, for the 


2 ſemt- 


_ _ a was a= 


n 


E X AMP L E. 


Required the content of an oblate, and of an 
oblong, ſpheroid; the axes being 50 and 30. 

Firſt, 0 * 30 X 78539816 = 1178-09724 = the 
area of the ellipſe. 

Then 1178-09724 * X 30 = 23561-9448 = the 
oblong ſpheroid. 3 

And 117809724 X + X 50 = 39269*g08 = the 
oblate one. 

Y 4 PR O- 


ä 


1 8 


being ſuppoſed equal to each other in the values of the fruſtums 
and ſegments of a ſpheroid, in the preceding corollaries, will 
gire the values of the like parts of a ſphere. 


Corol. 5, All ſpheres and ſpheroids are to each other as the 
fixed axes drawn into the ſquares of the revolving axes. | 


Corol. 6. Any ſpheroids, and ſpheres, of the fame revolving 
axe, as alſo their like or correſponding parts cut off by planes 
perpendicular to the ſaid common axe, are to one another as 
their other or fixed axes. This follows from the foregoing 
corollaries, 


Corol, 9, But if their fixed axes be equal, and their revolving 
axes unequal, the ſpheroids and ſpheres, with their like parts 
terminated by planes perpendicular to the common fixed axe, 
will be to each other as the ſquares of their revolving axes, 


Corol, 8. An oblate ſpheroid is to an oblong ſpheroid, genera» 
ted from the ſame ellipſe, as the longer axe of the ellipſe is ta the 
ſhorter, For, if r be the tranſverſe axe, and c the conjugate z 
the oblate ſpheroid will be = 3c, and the oblong = 5 nc*T; 
and theſe quantities are in the ratio of r to e. 


Corol. 9. And if about the two axes of an ellipſe, be generated 
two ſpheres and two ſpheroids, the four ſolids will be continual 
proportionals, and the common ratio will be that of the two axes 


the greater axe, is to the oblate ſpheroid, ſo is the oblate ſphe- 
rod to the oblong ſpheroid, ſo is the oblong ſpheroid to the leſs 
ſphere, and fo is the tranſverſe axe to the conjugate, For theſe 
four bodies will be as T?, T*c, 1c, c3, where each term is to 
the conſequent one, as T to c, 
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ſemi-ſphere, as in prob. 24 ſect. 1.—And in like manner F and . 


, OI 


ol the ellipſe ; that is, as the greater ſphere, or the ſphere upon 


| 
| 
| 
| 
| 
| 
| 
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PROBLEM XII. 


To find the Content of the Fruſtum of a Spheroid, in 
Ends being Perpendicular to one of the Aves, 
and one of them paſſing through the Center, 


. 


To the area of the leſs end, add twice that of 
the greater ; multiply the ſum by the altitude of the 
truſtum, and I of the product will be the content,— 
By corollary 1 to the laſt problem. 


That is, (2D* ＋ d x Lan = the fruſtum whoſe 
ends are perpendicular to the fixed axe. Where » 


is the diameter of the greater end, d that of the lels, 


a the altitude, and » = 85398. 


And (21 +?c) Xx ian = the fruſtum whoſe end; 
are parallel to the fixed axe. Where T and c are 
the tranſverſe and conjugate axes of the greater end, 
and t and c thoſe of the leſs end. 


Note. It is evident that the double of the fruſtum 
will give the content of the zone, or ſpheroidal ca, 


rant. 


There is a caſk in the form of the middle frul- 
tum, or zone, of an oblong ſpheroid ; the bung dia- 
meter is 30, the head diameter 18, and the length 
of the caſk 40 inches; what is the content in ale and 
wine gallons ? 

Here == 18, ads = 40. 

Therefore (2D* + 4*) Xx Lan = (2 x 30* + 18") K 
2618 X 40 = 2124 X 104472 22242˙528 = the 
content in inches. 

Then, ſince the gallon ale meaſure contains 282 
cubic inches, and the wine gallon 231, we have 
22242*528 + 282 = 78:874 the ale gallons. 

And 22242*528 ＋ 231 = 96'288 the wine gallons. 

; . E A- 
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EXAMPLE II. 


I a veſſel, in the form of the middle fruſtum of 
in oblate ſpheroid, have the diameter of each end 
30, in the middle 50, and its length 18 inches; 
what is its content in ale and wine gallons ? 


Here (2D* + 4*) Xx Fan = (2 X 50* + 40") X 2618 
x 18 = 118800 x 2618 = 31101+84 cubic inches. 


Then 3110184 + 282 = 110-29 ale gallons, 


And 3110184 + 231 = 13464 wine gallons. 


EXAMPLE III. 


In the fruſtum of an oblong ſpheroid, the greater 
end is the generating ellipſe, whoſe axes are 5o and 
zo, the axes of its leſs end 40 and 24, and its 
height 9 inches; required the content in Wincheſter 
buſhels, | 


Here (21 + tc) X } an = (2X 50X30+40X 24) 
x 2618 X 9 = 9330*552 Cubic inches. 
But 268 ·8 inches = a gal. or 2150 · 4 a corn buſhel. 


And therefore 93 30.552 221504 = 4339 buſhels. 


EXAMPLE IV. 


In the fruſtum of an oblate ſpheroid, the greater 


end is the generating ellipſe, whoſe axes are 50 and 


Sag the height is 20 inches; required the ſo- 
idity. 


Here, by the nature of the ellipſe, as 50: 30 :: 


V (25 + 26) X (25 — 20) =W45X5=15:9 
= the ſemi-conjugate axe of the leſs end. 
: And, 
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And, by prop. 1 ſect. 2, as 30: 50 :: 9 13 
= the ſemi-tranſverſe axe of the leſs end. 


Then (zT + ?c)X 4na=(2 x 50 & 30 ＋ 30 X18) 
X 2618 X 20 = 118 X 30 X 20 X 2618 = 
70800 X *2618 = 1853544 cubic inches. 


. 


From 3 times the ſquare of the ſemi- axe perpen. 
dicular to the ends of the fruſtum, ſubtract the 
ſquare of the height of the fruſtum; then multiply 
the difference by + of the height, and the product 
by 3:14159 &c; and call the laſt product v. 


hen 


1. If the ends be parallel to the fixed axe, 
As the revolving axe is to the fixed axe, fo will 
Pp be to the content of the fruſtum. 


2. When the ends are perpendicular to the fixed axe, 
As the ſquare of the fixed axe 1s to the ſquare of 
the revolving axe, fo is e to the content of the 


fruſtum. 
That is, „ Phrr vill be the fruſtum 
whoſe ends are perpendicular to the fixed axe. 


And 2 - . p the fruſtum whoſe ends are 


parallel to the fixed axe: F being the fixed, and 7 
the revolving - ſemi- axe, þ the height, and 7 = 
„ 


EXAMPLE I. 


If the axes of an oblong ſpheroid be 50 and 30, 
required the content of a fruſtum whoſe ends are 
perpendicular to the fixed axe, and one of them 
paſſing through the center, the height of the fruſtum 
being 20 inches. V 

Here 
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A — hh i X 25% — Oo? 

Here = X phrr = LE X 314508 

„20 * 15* 1475 & 314159 & A = 11121˙23799 

—= the content required. 


EXAMPLE II. 


f from the ſame ſpheroid be cut a fruſtum whoſe 
height is 9, the ends being parallel to the fixed 
axe, and one of them paſſing through the center, 
what will be its content? | 


Here * = X9X25X3*14159 
= 594 Xx 5 X 3*14159 = 9330-53018 = the con- 
tent required. 


EXAMPLE III. 


If from an oblate ſpheroid, whoſe axes are 50 
and 30, a fruſtum, whoſe height is 9, and its ends 
perpendicular to the fixed axe, be cut ; what will be 
its folidity ? | 


Here bre = D 9 X 25² X 


314159 = 594 X * * 3*14159 == 15550˙88363 
the content required. 


EXAMPLE lx. 


In the ſame ſpheroid, it is required to find the 
content of a fruſtum whoſe height is 20, the ends 
being parallel to the fixed axe. 


7 2 hh | . S | a 
Here xf D 20 X 15 N 


314159 = 1475 * 4 x 3˙14159 18535˙39665 
the content required, | 
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PROBLEM XIII. 


To find the Content of a Spheroidal Caſk, not full, Rand. 
ing upon its End, the Axe being Perpendicular 10 
the Horizon. That is, of the Fruſtum of an 
Oblong Spheroid, the Ends being Per- 
pendicular to the Axe, but neither 
of them paſſing through the 


Center. 


- Multiply the difference of the ſquares of che din. 
meters of the ends, by 4 times the ſquare of the 
difference between the height of the liquor and 
half the length of che caſk, and divide the prodic. 
by the ſquare of the length of the caſk ; ſubtracd 
the quotient from 3 times the ſquare of the bung 
diameter, and multiply the remainder by the afore- _ 
ſaid difference between the height of the liquor and 
3 the length of the caſłk; then the product multi 
plied by 261799 will give the quantity by which 
the caſk is more or le(s than half full ; and which, 
therefore, being added to, or taken from, half the 
content of the caſk, will give the content of the part 
filled. 

That is, [(23* T 5) 47 4“ ( e). 
= the content of the part filled, called the ullage; 
uſing the upper or under ſigns, according as the calk 
is more or leſs than half full; where 3 and + = the 
bung and head diameters, I = the length of the 
caſk, n = *785398, and 4 = e d, wv being the 


wet part of I, or the height of the liquor in the cak.* 
7 : E X- 


6 


* DEMONSTRATION, 


For, if p be the diameter at the ſurface of the liquor, by the 
property of the ellipſe &* — : 4. :: 2 — D* ; d* ; and hence 
b „ , x 6 35). . 

But, by the laſt problem, (262 + ) x I = half the con. 


te nt 
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EXAMPLE 1. 


If a ſpheroidal caſk, whoſe head and bung dia- 
meters are 18 and 30 inches, and length 40 inches, 
be filled to the height of 30 inches; how many ale 
and wine gallons are 1n 1t ? 


Here $ = 30, # = 18, { = 4@, , and 
=: w = 30-- 20 = 10. 


> _44d;jz 
Then | 36 —( — 0 Xx 4 = (2700 — = 
X48 X 12) X 10 = (2700 — 144) X 10 = 25560. 


And (24 ＋ H x 4/ = (1800 + 18 X 18) X20 
= 42480. | 


Conſequently (42480 + 25560) Xx 2 = 68040 
X 2617993878 = 178128303458 is the content 
in inches; and being divided by. 282 and 231, gives 
63:166065 ale, and 77111819 wine gallons. 


"TT AMPLE 26 


If the height of the liquor in the ſame caſk be only 
10 inches, required the ullage. 


Hered = 2 = ww = 20—10 = lo the ſame as be- 
fore, and therefore the part which in the laſt exam- 
ple was added, muſt here be ſubtracted; ſo that 
(42480 — 25560) X 34 = 16920 * 2617993878 = = 
44290456415 1s the content in inches = 1 5˙ 707903 
ale, and 19*175955 wine gallons, 


P RO» 


eee 


„ | 


tent of the caſk, and [34* — dg H)] x 3dn = the fruſ- 


tum by which the part filled is more or leſs than half the caſk., 


Conſequently [(24* +h*) & (332 — 7 * ( 45 401 
* S the part filled. 


* 


PROBLEM XIV. 


To find the Solidity of the Segment of a Spberoid why; 
Baſe is Perpendicular to one of the Axes, 


% 


From 3 times the ſemi- axe perpendicular to the 
baſe of the ſegment, take the height of the ſegment, 
multiply the remainder by 4 of the ſquare of the 
„height; then multiply the product by 3*14159, and 
call the laſt product q. 
Divide the axe which is parallel to the baſe by 
the other axe, and call the quotient g. 


Then for the ſegment whoſe baſe is perpendicular 
to the fixed axe, multiply Q by the ſquare of 2; 
and for the other ſegment, multiply & by g. 


That is, agg = == x prrbb = the ſegnen 


whoſe baſe is perpendicular to the fixed axe. 


And q = Ln, x pfhh = the other ſegment, 
whoſe baſe is parallel to the fixed axe. 


Where b is the height of the ſegment, and the 


other ſymbols as in the 12th problem. 


EXAMPLE. I. 


It from an oblong ſpheroid, whoſe axes are 30 


and 3o, be-cut a ſegment whoſe baſe is perpen- 
dicular to the fixed axe, its height being 5; fe- 
quired the content of it. | 


Here A= xprobb= 741 


T7 alt 
= 70 x 3X g'14159 = 659'73445 = the content 
required. 
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EXAMPLE II. 


If from the ſame ſpheroid be cut a ſegment whoſe 
height is 6, what will its content be, ſuppoſing its 
baſe to be parallel to the fixed axe? 

zr—b 2239166 1 

Here —— N= Ent xXx 25 X 6 X 3 I4159 
= 39 X 20 x 3˙14159 = 2450*44226 = the con- 
tent required. 


EXAMPLE III. 


Required the ſolidity of the ſegment of an oblate 
ſphero1d, whoſe axes are 5o and 30; the height of 
the ſegment being 6, and its baſe perpendicular to 
the fixed axe. 


3/f ©. SING 
bx 3'14159 = 1300 x 3*14159 = 4084507044 


= the content required. 


EXAMPLE IV. 


To find the content of a ſegment of the ſame 


(pheroid, its baſe being parallel to the fixed axe, 
and 1ts height 5. 


Here * fh . XI5X5X5X3'I4159 
=70X5 x 314159 = 1099" 2 = the con- 
rent qui "by 59 99 5514 F 


KK © & & 


For the Segment whoſe Baſe is Parallel to the Fixed 
e; having given its Height and the Diameters 
of its End. 


To the ſquare of the bg add 3 times the 
quare of the leſs or greater ſemi-axe of the baſe, 
according 
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according as it is the ſegment of an oblong or 


oblate ſpheroid ; divide the ſum by the ſame ſemi. 


axe, and multiply the quotient by the other ſemi. 
axe, the product by the height, and this product by 
*52359, will give the content of the ſegment, 


„ 34 ＋ 2 
That is, 3 | x PU = the content of the ſeg. 


ment. 


Where b is its height, a the leſs or greater ſemi. 
diameter of the baſe, according as the ſegment i; 
that of an oblong or oblate ſpheroid ; B is the other 
ſemi-diameter, and p = 3•141 59. 


EXAMPLE TI. 


It is required to find the content of the ſegment 
of an oblong ſpheroid, whoſe baſe is parallel to the 
fixed axe; its height being 6, and the axes of its 
elliptic baſe 40 and 24. 


bl ? + 6? 
Here DDL X 20 Xx GX 314159 


= 13 * 60 X 314159. = 245044226 the content 
required. | 


EXAMPLE II. 


Required the content of the ſegment of an ob- 
late ſpheroid, whoſe bale is parallel to the fixed axe; 
its height being 5, and the diameters of its bale 18 
and 30. | 


24572 102 2 8 
Here X ppb 8 X 9 X 5 X 3'14139 


= 70 X 5 x 3114159 = 1099*55742. the content 
required. 


* 
o 


RULE 
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For a Segment whoſe Baſe is Perpendicular to the Fi ved 
Are; having given the Height, the Diameter of 
its Baſe,. and a Diameter ia the Middle 

between its Baſe and Vertex. 


Io the ſquare of the diameter of the baſe, ald 
4 times the ſquare of the diameter in the middle, or 
the ſquare of twice this diameter ; multiply the ſun 
by the height, and the produt again by 13089969 
for the content. 


That is, (D* + 44*) «x inh = the content of the 
ſegment ; p being the diameter of the baſe, 4 the 
diameter in the middle, / the height, and = = 
785398.“ | 


Z. | -. > 


* DEMONSTRATION. 


e 


h 
By rule 1 the ſegment is = 4zrr bb x 7 But, by the na- 


2ry/2fh — hb 2rfh—1hb 


ture of the ellipſe, v is = and d = 
| P 7 f 7 - F I 
hence f = HEE = 6Þ „ 
FI 1 A op ; which 


ralues being ſubſtituted in the above value of the ſegment, gives 


nh X (by + 44d) for the value of the ſegment in terms of Dz 
ch and h, 


SCHOLIU Mu. 


This theorem J have inveſtigated in order to expreſs the 
ralue of this ſegment independent. of the axes of the — 
For this purpoſe I was under a neceſſity of introducing another 

imenſion of the ſegment, becauſe it is not determinable from its 
baſe and height alone, as the other ſegment was. 


2 


SH AMPLE 1: 


What is the content of the ſegment of an oblong 
ſpheroid, whole baſe is perpendicular to the fixed 
axe; its height being 5, the diameter of its baſe 1g, 
and its middle diameter 34/19 ? 


Here (DD + 4d4d)x4nh=|18* + (by/19)* }x3 x 
785398 = (35 + 19) X 30 X *783398 S 210 x 
3:14159 = 659-73445 the content required. 


EXAMPLE II. 


Required the content of the ſpheroidal fegment 


whote height is 6, its baſe diameter 40, and diameter 


in the middle 30; the baſe being perpendicular to 
the fixed axe of the ſpheroid. 


Here (DD+44d) x hp = (40* +60®) X5 X+785308 
=. (2" + 30 X 20" X :785398 = 1300 & 314159 
_ = 4084-07044 the content required, 


PROBLEM XV. 


To find the Content of the Second Segment of a Spheriid, 


As a ſphere is to the ſpheroid, ſo is any part of 
the ſphere to the like part of the ſpheroid.* 


P RO- 
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* DEMONSTRATION. 


For the like parts of any quantities are as the wholes. And 
that the ſecond ſegments, FH, Ig, are like parts of the ſphere 
and ſpheroid, is evident from the nature of the figures. 


C orol. 
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PROBLEM XVI. 


To find the Surface of an Elliptic Spindle ; or of any 
Fruſtum or Segment of it. | 


GENERAL RULE. 


From theſpheroidal ſur- N I. 
fice, generated by any arc E F 
I of the ellipſe, take the 38 5 
product of the ſame arc B /K 
BR, and the circumference 7 7 947 4 
of the circle whoſe diame- z [X / 7 


ter is equal to twice CH, eQ 7 IJ \o 
the diſtance of the centers 7 
of the ſpheroid and ſpindle; 2 
and the remainder will be 
2 2 the 


Corol. 1. And if the ſphere Ak Bf 
and ſpheroid A B have one axe AB 
common; then the whole ſolids and 
the ſecond ſegments FG, gl, will 
be to each other, as the ſquares of 
the other axes k I, #:, if the common 
axe A3 be the fixed one. Or they 
will be to each other, as the other 
axes Kt, li, ſimply, if the common 
axe be the revolving one. For, if A 
be the axe of the ſphere, r and x 
the fixed and revolving axes of the 
ſpheroid; the bodies will be to each 
other as 43 to FR; hence if A = F, 
they will be as A2 to Rz; but if 
A 2 , they will be as A to p. 


Corol, 2, Hence may be found the true quantity of liquor in a 
ſpheroidal caſk, not full, whoſe axe is parallel to the horizon. 

For if from the ſegment a#f be taken the double of the ſecond 
ſegment f2h, there will remain the part 5% e; which taken 
from the whole caſk 5hed will leave the part cdeg. : 
And after the ſame manner may be Cond the quantity of 
liquor in a ſpheroidal caik partly filled, and ſtanding a-tilt, with 
its axe inclined to the horizon, | 


* 
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the ſurface of the part of the ſpindle generated hy 
the arc Bk about ad parallel to Ap the fixed axe gf 


the {phcroid.* 


EXAMPLE 1; 


Given the axes of an ellipſe 30 and 40, to find 
the ſurface of the {ſpindle generated from an arc of 
that ellipſe, the length of the ſpindle being zo. 

Here g © 50, Br-= 40,44 = eb = $0, AeQ 
Ac - ec = 25 —{15 = 10, and ed = cD+c& = 

| A 
3 


— 


TT DEMONSTRATION. 


For the fluxion 5 of the ſpindular ſurface is = 2 the fluxinn 
of the arc BK drawn into /K X 2þ = 2 5 X (1K - 11); and 
the fluent is equal to the ſpheroidal ſurface RMH — 2 X 11 
or CH, | | 


Corol. 1. The ſpindular ſurface generated by xx, is equal to 
the ſpheroidal ſurface RMI - the ſurface of a ſphere whoſeaxe 
is a mean proportional between R and 20h. For 27 X Ci 
= that ſpherie ſurface, 


bot . . —— 
Or ,2p» x cu = a circle whoſe_raGius is 2H X Ik. 


Corel. 2, When cn is equal to nothing, the ſpindle becomes 
barely a ſpheroid : And when h falls below c, the ſurface ot the 
ſphcre muſt be added, | 


What has been hitherto done, anſwers to the ſurface gene- 
rated by an arc about a line parallel to either axe of the ellipe. 


Corol. 3. From B the extremity of the leſs axe of the ellipl 
apply b ac the ſemi-tranſverie; and parallel thereto dran 
AR meeting CB, produced in R; with the center c and radius 
AR deſeribe the arc Er meeting the parallels «Ek, CB, Ik, ba in 
E, N, I, F: Draw CL and cx, and perpendicular to them 1V #? 
bs. | 

Then the circle whoſe radius is a mean proportional between 
the ſum and difference of two lines, of which the one is a mean 

| proportional 


ow 9, ⁵ an os oacowwia.c 


” 
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1:+15 = 40. Then as ac: cn :: Me xeb : ea 
en = 16, the diſtance of the centers of the 
ellipſe and ſpindle. 


By example 1 to problem 10, the ſpheroidal ſur- 
face generated by the arc 44, is 3686.8 19704 and 
by problem 4, the length of the elliptic arc ad is 
30·8 52. . 

Therefore 3686*8197 30852 X 3*1416 X 32 = 
2686-8197 — 31015972 = 585*'2325 is the {ſurface 
of the ſpindle. 

Z 3 E x- 


* 9 
an— 


et 


proportional between Bc and 1v + Lx, and the other a mean 


proportional between BK and 2Ccn, will be equal to the ſpindu- 
lar ſurface generated by BK about ad parallel to the tranſverſe 
axe, For the ſpheroidal ſurtace is equal to a circle whoſe ra- 
dius is a mean proportional between ze and 1v + LN, by rule 
4to prob. 9; and 2þ X BK X CH 18 equal to a circle whoſe 
radius is a mean proportional between PK and 2ca; but the 
ſpindular ſurface is equal to the difference of thoſe two quanti— 
ties; and the difference of two circles is equal to a circle whoſe 
radius is 4 mean proportional between the ſum and difference of 
the radi1 of the two-circles ; therefore, &c. 

And, in the fame manner, the ſurface of half the ſpindle, 
generated by the are BY, is equal to a circle whoſe radius is a 
mean proportional between the ſum and difference of two lines, 
the one of which is a mean proportional between ke and bs + 
Nr, and the other a mean proportional between Bd and 2ch. 


Corol. 4. In like manner, for the ſur- 
face of the ſpindle whoſe axe is parallel 
to the leſs axe of the ellipſe; having 
conſtructed the annexed figure, as in 
page 309, the ſpindular ſurtace gene- 
rated by the are cM, about N, will 
be equal to a circle whoſe radius is a 
mean proportional between the ſum 
and difference of two lines, of which 
ae one 18 a mean proportional between 
Ac and ut, and the other a mean pro- 
portional between cm and 230. 

This, like the luſt corollary, will be 
evident by comparing what is done 
abore, with what is done in page 309. 


: * 
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SAMPLE IL 


Required.the ſurface of the fruſtum of a ſpindle 
generated from an arc of the fame ellipſe as in the 
laſt example; the height of the fruſtum being 1;, 
and the central diſtance 10. : 


Here the arc generating the fruſtum, is equal tg 
halt the arc in the laſt; and conſequently that arc 
is = 15:426, and the ſpheroidal fruſtum = 
18.4.3*4098 5. 


Then 18434098 — 155426 X 3*1416 X 20 = 
18434098 — 969˙240 = 874163 the ſurface of the 
fruſtum required. 


| ENOBLEM I. 
To find the Solidity of an Elliptic Spindle. 
Aue 


1. Divide the ſquare of the perpendicular axe 
DE by 3 times the ſquare of the parallel axe 4B, 
and multiply the quotient by the cube of x6 che 


axe or length of the ſpindle; and call the product 
p. 


2. Find the area of the elliptic ſegment Fs 
from which the ſpindle is generated ; multiply this 


area by 4 times cx the central diſtance, and call the 
product q. | 


3. Multiply 1.570% by the difference between 
P and ©, and the product will be the content 0 
the ſpindle DON. 


That 


AL 
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That is, 22 * (5550 — 4cs) = the ſpindle FDGN. 


Wbere 2 78539, 4 = DR, I an,!1=re,c = 
en, and $ = the ſegment FDF.“ 


V4 E X- 


ll 


* DEMONSTRATION. 


Let rp be a ſpindle gene- EE QD 
rated by the are Fp of the M 
elliple apBE. Put a FH = half 1 G- 
the axe of the ſpindle; 3 = cu { Of! — 
= 11 = the central diſtance, or — 


diſtance of the centers of the 
ellipſe and ſpindle; c = ac = 
the one ſemi-axe of the ellipſe, 
and 4 = co = the other ſemi- 
axe; 2 = UI = CL; and y = 
IK = HM, 


| Ws 1 2 
By the property of the ellipſe, : d:: e e M 


dc e = 


LK, hence 1K = KL - LI = —& = y, and the fluxion 


da xx 254 Vec AKA 


of the ſolid s = pyyx =px (dd —— — - +8) 
c 


=þxX (dd bb — 


dd. v 3 dec - 2352) * 
cc 0 | 
aa -& M 


* 2 byæ; and the fluent is s & * 
e ; 


3a a —XX 


4% 
20% X area HIKD S the fruſtum DKON, 
When x is = a, the above theorem will become 


2d 


3 X a3 — 2bp X area FDH = DFN the half of the ſpindle, 


And if from the ſemi-ſpindle be taken the fruſtum, there will 


remain pddee X e ee 25% X area FKI = the ſegment xxo 
: zee . ; 
of the ſpindle, e being the height p1 of the ſegment, 


Corol. 1. If d be ſuppoſed = c, the ellipſe will become a 
crele, and accordingly the theorems above given will become 
the ſame with thoſe before found for the circular ſpindle. 


3 Coro. 
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EXAMPLE. 
The axes of an ellipſe being 5o and 30, required 
the ſolidity of a ſpindle generated from an arc of jt, 
| | about 


* — 


Corel, 2. If n coincide with c, 6 will vamiſh, 4 will be a 
and the theorems will become the ſame with thoſe before found 
for the ſpheroid. 


Corol. 3. Putting Þ = bp the greateſt, and 4 = «0 the leat 
diameter of the fruſtum, + = U its height, c = ch the centiil 
diſtance, s = the elliptic ſemi-ſegment xo, and à = *7$539&:, 
Then, in the foregoing theorems, þ = x, 6 = c, d cid 
Cc + 4D 


Ipp + vc —Zdd=dc 


area HIKD = 5+{4dh,c = x and 


1 
40D + pe 5 a OF” 
a= 5ͤ ——— ; which values being ſubſtituted in 


A DDT DOH = d n 
the theorems above, give ! 2b x [2pD + dd—8c( — b LN 
for the value of the fruſtum, or half a caſk in the form of the 
middle zone of an elliptie ſpindle; and 7 xl x [200—Sc(—2+5)] 


for half the ſpindle when s = the area vrn, and 1 = nr. 


Corol. 4. But in real practice, ſuch as caſk gauging, none of 
theſe rules can be uſed, becauſe we have not given either the axes 
of the cllipſe or the central diſtance; and to accommodaterules to 
that purpoſe, we muſt introduce another dimenſion of a fruſtum, 
beſides its length and greateſt and leaſt diameters, - Thus, put- 
ting m = —_ diameter through x the middle of the length 
n, and the other letters as before. Then, by the property ot 


the ellipſe, (c AD) - (ct; 4 :: (2D) - (c+1m)*: 1 
hence 406 + zn) — 3(c + 1D) = (e + 4%, and 
1 3D* + d* — 42 
— X | 

4 ü. 4 + 4m 
come j x [20> + d — 2 x 92 


Cc 2 . And the laſt two theorems be- 
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about its chord parallel to, and at the diſtance of, 9 
from the tranſverſe axe. 

Here 15 —9 = 6 = pu the height of the gene- 
rating ſegment; and, by the property of the ellipſe, 
be: AC::2V DH X HE: FG = 40, the baſe of 
the elliptic ſegment, or length of the fpindle ; alſo, 
by prob. 6, the area of the ſegment 1s 1677345. 


314169 30 * 30 a : g 
Then — yen eo —4X9X 1677345) 


=18X 314159 X (2135 1677345) = 257855 
= the content required, | | 


RULE Ih 


Divide 3-times the generating ſegment by the 
length of the ſpindle ; from the quotient ſubtract the 
oreateſt diameter of the ſpindle; maltiply the re- 
mander by 4 times the central diſtance, and ſub- 
tract the product from the {ſquare of the greateſt di- 
ameter; then the difference multiplied by the length 
ot che ſpindle, and the product by +5236 will give 
the content of the ſpindle. 


That is, nx [D*—40(—D + 2-)] = the {pindle. 
Where p = Dx the greateſt diameter, and the reſt 
of the ſymbols as in the laſt rule. By corollary 3. 


ES a A MF L, Es 


Required the ſolidity of an elliptic ſpindle, whoſe 


length is 40, greateſt diameter 12, and the central 
diſtance g. ; 


Here > = 6 = the height of the generating ſeg- 
ment, which is therefore tie ſame as before, the area 
being 167.7345. 


Then 
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Then 
| O X 167 
314159 X& X[12*—4Xg X (—12 +2726) 
= 3'14159 & 80 X (12 — 1*74024) = 2578-56 the 
content required, | 


. 


From three times the ſquare of the greateſt di. 
meter, take 4 times the ſquare of the diameter in 
the middle between the greateſt diameter and th: 
end; and from 4 times the ſaid middle diameter, 
take 3 times the ſaid greateſt diameter: Divide the 
former difference by the latter, and æ of the quotient 
will be the central diſtance. | 


— S + 30D — 4mm . 

That is, — * — = the central diſtance; » 

being the greateſt diameter, and n the middle da- 

meter. | 
Then procced as 1n the Jaſt rule. 


This is proved in corollary 4. 


a 


If, as in the example to the laſt rule, the greatelt 
diameter be 12, and the length 40, required the 
content, ſuppoſing the diameter at of the length to 


be 6 x 21 — 3) or 9149546. 


1 * b mom _ 1 3 * 12*—4x6*(/21-3) 

4 4m — 35 4 4X 6699213) —3& 17 

828 ERNEP = — 3 * * 3 * 39 
7 2/21 — Of= 3 24/21—9 

= the central diſtance, the ſame as in the laſt ex- 

ample ; and therefore the content will be 2578'50 


as beſore. 


— 
— 
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PROBLEM XVIII, 


To find the Solidity of the Fruſtum ef an Elliptic 
Spindle, or the Content of a Caſk in form of the 
Middle Zone of ſuch a Spindle. 


U 


1. Divide the ſquare of the leſs axe of the ellipſe 
by the ſquare of the greater ; multiply the quotient 
by the length of the fruſtum, or half the length of 
the caſk ; then multiply the product by the dif- 
ference between the ſquare ot the ſaid half length of 
the caſk, and 3 times the ſquare of half the length ot 
the whole ſpindle ; and call 2 of the product p. 

. 37 J.— I | | 

That is, P =ccl * ; A > 

. 2 11G Re Q. 
being the tranſverſe Mx, a EEE! MAGE 
and c the conjugate axe M — En 
280 of the ellipſe, / = 61 8 
half the length of the caſk, and L = LH half the 
length of the whole ſpindle. 


B 


2. Multiply the central diſtance on by the gene- 
rating area AHG; and call double the product d. 


That is, & = 20H X ABYG. 


3. Then the difference between p and & multi- 
plied by 3*141 59, will give the content of the fruſ- 
tum ABEF, or half the caſk AcDF. 


That is, (P—Q)-x P = ABEF — 1 ACDF. 
This follows from the demonſtration of the laſt 
problem. 


Note. It is evident that the ſum or difference of 
wo fruſtums, will give the ullage of a caſk ſtanding 
With Its axe perpendicular to the horizon. 


E X- 
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EXAMPLE, 


The. axes of an ellipſe being 40 and 662; it js 
required to find the content of the fruſtum of a 
{pindlc g generated by an arc of the ellipſe; the length 
of the fruſtum. being 20, and the central diſtance 4. 


Here, as 2 V 10x24:13i:y/6=t1y 
half che length of the ſpindle, | 
And RS © $0 X 40 X 20 X 


377 


3 * G 131 X13; 20 X 20 
3 * 665 x 66; 


= 24 X 250 = 6720 =», 


But the elliptic ſegment ABK is = 54+, to which 
adding the rectangle AH = 10 Xx 12 = 240; makes 
2941 = the generating ar area ABHG ; which being 
multiplied by 204 or 8, Produces 23 355 =% 


— = a a | . * 
Then (p—Q) * 9 = (6720 — 2356) X 314159 
= 1370991033 the content required. 


t 


Divide 3 times the elliptic ſegment whoſe chord 
15 the! length of the calk, by the Rid length; to the 
quotient a dd the leaſt or head diameter; and from 
the pi . ict ſubtract the greateſt or bung diameter; 
and multiply the remainder by 8 times the central 
diſtance; then take the product from the ſam of the 
ſquare of the head SO and double the ſquare 
of the bung diameter ; wiltiply the difference by 
the jength, and the 3 again by · 2018 for the 
content of che Caik. 


mx v 


Tliat is, , [20D +4 — Yi +++: —)] * 111 
= the content of the caſk ; where B = = the bung 


diameter, 4 = Ar the head diameter, c = Ho tht 
central 


* 
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central diſtance, S 61the bag F the ſegment 
azc, and 2 = 785398. 
This is prov * at corollary 3 to the laſt problem. 


A 


The bung and head diameters of a caſk, which is 
the middle Zone of an elliptic ſpindle, being 32 and 
24, and its length 40 inches; required the content 
in ale and wine gallons, ſuppoſing the diſtance of 
the centers of the ellipſe and ſpindle to be 4 inches. 


Here n 32, 1 = 24, I 40, , and the 
ſegment AB = 5 = 109. 


Then (2DD +dd— 8c (—D +d + =)] x -#E 8 


(2624 56) x 40 x 261799 = 274198219 Cubic 
inches. 


Which being divided by 282, and 231, we have 


972334 ale gallons, and 118.05 wine gallons, 
for the content required. 


KV LL © TER 


From the ſum of the ſquare of the leaft or head 
ny and 3 times the 3 of the greateſt or 
bung diameter, take 4 times the ſquare of the dia- 
meter equidiſtant from the two former; and from 4 
times the ſaid middle diameter, take the ſum of the 
tad leaft and 3 times the orcateſt diameter; then di- 
vide the former difference by the latter, and: 2 of the 
quotient will be the central diſtance; with which 
proceed as in the 2d rule. 
1 30D + dd — 


That is, = X - 5 777 is the central dil- 
— 


ance; m being the middle diameter, and 2 and 4 


the other diameters, as before. 
By corollary to the laſt problem. 
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EXAMPLE. 


If the bung and head diameters be 32 and 24 
and the length 4o inches, as in the laſt example; 
required the content, ſuppoſing the middle diameter 


to be 4V/g1 — 8. 
Here —— 2 hs ___ 22 + 24* — 64(/g1-2): 


—zb—=d+qam 4 —3Xx32=24+10(,/q1-:) 
I — 76 +8,4/91 . 
K - = = 4 = been 
5 = 4 diſtance, 
the fame as in the laſt example; and fince the other 
parts are all the ſame, the content muſt likewiſe be 
the ſame. 


PROBLEM XIX. 


To find the Content of the Segment of an Elliti 
Spindle. 


1. Multiply the ſquare of the altitude of the ſeg: 
ment by the ſquare of the leſs axe of the ellipte, 
and. divide the product by the ſquare of the greater 
axe; multiply the quotient by the difference between 
z the length of the whole ſpindle, and 3 of the alti- 
tude of the ſegment, and call the product p. 


I 
2. 


2 - — 14 . 
That. eee X 7 ; where c is che con- 


jugate, and ? the tranſverſe axe of the ellipſe, « the 
altitude of the ſegment, and / the length of the whole 
{pindle. 


2. Multiply double the generating area by the 
diſtance of the centers of the ellipſe and ſpindle, and 
call the product . 6 


That is, @ = 2CA, where c = on, and A = the 
area LAG. 


3. Then 


© 


F 
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z. Then the difference between r and & drawn 
into 314159, will be the content of the ſegment 
Lax of the ſpindle, 


That is, (p—Q) Xp = (aacc X — — * Þ 
= the content of the ſegment. 
By the demonſtration of problem 17. 


EXAMPL E. 


The axes of an ellipſe being 5o and 3o, required 
the content of the ſegment of a ſpindle, whoſe height 
510, and the central diſtance 9. 


0, <= 30, 2 — = 0 


Then, by the nature of the ellipſe, as 30: 50 :: | 
V(is+9) X (15-9) =v/24X6= 12: 20.= 
+= Lg half the length of the ſpindle. : | 


And, by the ſame, as 50: 30 :: W My x PN = | 
v/ (25 + io) X (25 10) = 33x15 = 5y21: 2 
3V/21 = 13:71495534 = AP. Hence Bo — Af 
= 1204 = B&. 


BH 6 I : | 


— — — 60> 
$5 


But = — — 

280 30 

the tabular numbers anſwering to which two quo- 

tents, in the table of circular ſegments, are 

1160678 and +1118238 ; hence 50 x 30 * 

1 ("1118238 —-01166678) = 1500 * *10015702 = 

15923553 = the area LBO; from the half of 

Which taking the rectangle au = AG x GH = 

je 4714955 * 10 = 47149, leaves 27.968765 = 4 
for che generating area LAG, 

A Then 


— — —— 
— 


= 042835 and — = 7 
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1] | 
Then (aacc X * — 2AC) X þ = 


20=— 31 
(100 x goo X 3 —19 X 27˙968765) x 3*14159 
= (36 x * — 18 X 27:968765) x 3*14159 = 18 
X 5:364568 x 3:14159 = 303*35917 = the content 
of the ſegment LAr required, 


PROBLEM XX. 


To find the Content of an Univerſal Spheroid, ar- 
Solid concerved to be Generated by the Revolutimn 
of a Semi-Ellipſe about its Diameter, whether 
that Diameter be one of the Axes of the 
IUllipſe or not. 


EUV LSE 


Divide the ſquare of the product of the axes of 
the ellipſe. by the axe of the ſolid, or the diameter 
about which the ſemi-ellipſe is conceived to revolve; 
multiply the quotient by +5236, and the product 
will be che content required. 


„ 170 | 
That is, —— x 5236 = the content; r and © 


being the tranſverſe and conjugate axes of the ellipſe, 
and d the axe of the ſolid. 


LC 42 *s 


The continual product of +5236, the diameter 
about which the revolution is made, the ſquare 9 
its conjugate diameter, and the ſquare of the ſine 
of the angle made by thoſe diameters, the radius 
being 1, will be the content. 
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That is, cc X 5236 = the content; c being 
the conjug ue diameter to 4, and 5 the fine of the 
angle made by the diameters.“ 


A a | E Yo 


* DEMONSTRATION. 


Let anBIA be a ſection of the 
ſolid through its axe AB; draw Dc 
the ſemi-conjugate diameter to AP, 
as alſo the ordinate FE parallel to 
it and let fall the perpendicular FG, 

puter and c for the tranſverſe 
ind conjugate axes of the ellipſe, 
S the diameter AB. or axe of the 
ſolid, c 2D = f + e* — its 


i | TC i 
conjugate diamèter, a = — = fine 
4 l dc 


of the Len or CEE, and 6 = its coſine, xy = at, and p = 


F14159s 
| : 3 13 ; 

Then d: c:: /dx—ax: 2 = E, hence 

8 = FG, and ET x 5 = — — = „ 
4 4 
3. V Ax — 

tnen a0 g AE + EG = x ＋ = wor conſeq. þ X F X GA 
taaces * Id — x ; 

77 ( va + 2 bey/dx — xx) = the fluxion 
ef the ſolid; the fluent of which is 
paace : 


C 3 
9 [14x* =} x3 + — * (dx = x) IS the meaſure of 


the part generated by Ard. And when x = 4, it becomes 


{pda' ct A for the value of the whole ſolid. 

X _ 1. If d= 1, the rule becomes Lprc* for the oblong 
perod. And if 4 c, it will be 1þcT* for the oblate ſphe- 
Tc. Alſo if 1, e, and d, be all equal, the rule will be 7. 


: the ſphere. Which are the ſame with the rules before found 
or the ſame bodies, 


Cerol. 
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EXAMPLE. I, 


If the axes of an ellipſe be 30 and 3o, and it be 
cut in two by a diameter whoſe length is 40; te. 
quired the content of the ſolid generated by one of 
the halves about that diameter. 


go & ;o X 30 * 30 


By rule —— ps 5236 = 22.5000X*1z09 


= 29452*5 1s the content required, 


RX AMPLE Ihs 


4 


The diameter of an ellipſe about which it revolves 
being 40, its conjugate diameter 3oy/2, and the fn 
of the angle made by thoſe diameters 3/2; required 
the content of the ſolid formed by the revolution of 
the ellipſe. | 


By rule 2, we have 40 & 30 X 30 X 2X XR 
5236 = 225000 X 1309 = 29452˙5 the content, 
the ſame as before. 


SEC- 


515 ů 


Carol. 2. Draw cu perpendicular, and pn parallel to AB, and 
about the axes AB and ach deſcribe the ſemi-ellipſe A; then 
tha ſpheroid generated by the revolution of the ſemi-ellipie 
anz, about As, will be equal to the ſolid generated by the 
ſemi-ellipſe Aarvs about the ſame axe AB. 


For 2ch = ac, and therefore the ſolid Ar BT, or 1 þda* ©, 
is = #þd x (zch) : = the ſpheroid whoſe axes are 4 and 2CH- 


And ſo the ſolids generated by all ſemi-ellipſes upon the 
ſame baſe and between the ſame parallels, are all equal to 
each other. 
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S ECT HON Th 


or PARABOLIC LINES, AREAS, SURFACES, 
AND soLIDITIEs. 


PROBLEM I. 


To Conſtruct a Parabola; having given any Ordinate 
PQ to the Axe, and its Abſciſſa vp. 


. VINO the focus F thus : 1Q 
Biſect p in A; draw < 
ar, and AB perpendicular to it; | 
take ve = PB, and F will be * 
the focus. 
Arithmetically. Divide the 7 
ſquare of the ordinate by 4 times 
the abſciſſa, and the quotient 
vill be the focal diſtance vp. T7 


2. In the axe, produced without the vertex v, 
take ve = vp; draw ſeveral double ordinates sRs ; 
then with the radii ck, and center F, deſcribe arcs 
cutting the correſponding ordinates in the points s. 


„e Draw a curve through all the points of interſec- 
to uon, and it will be the parabola,required. 


AAa2 Ro- 


”Y 
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EM OBLEM II. 


Of any Abſciſs x, its Ordinate y, and Parameter p; 
having Two given, to find the Third, 


Ea Kh ; 
To find the Parameter. 


Divide the ſquare of the ordinate by its abſcik, 
and the quotient will be the parameter, 

Or, take a third proportional to the abſciſſa and 
ordinate, for the parameter. 


That is, p = yy = x. 


EXAMPLE. 


If the abſciſs be 9, and its ordinate 6; required 
the parameter. 


Here 6X 6 ＋ 9 = 36 - 9 =4< the parameter. 


C ASS . 
To fnd the Abſciſs. 


Divide the ſquare of the ordinate by the para- 
meter, and the quotient will be the abſciſs. 


That is, x = yy =P. 
E'XAMPL E. 


If the ordinate be 6, and the parameter 4; te- 
quired the abſciſs. : 
Here 6 * 6 >4 = 36—4 = 9 = the abſcils. 


| ©  & 


To find the Ordinate. 


Multiply the parameter by the abſciſs, and the 
ſquare root of the product will be the ordinate. 


That is, y = Vp x. 
hs Exe 
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EXAMPLE. 


The abſciſs being 9, and the parameter 4 ; re- 
quired the ordinate. 


Here yg X 4 = 36 = 6 = the ordinate. 


PROBLEM III. 
Of any Two Abſciſſes a, B, taken upon the ſame Dia- 


meter, and their Two Ordinates a, b; having 
any Three given, to find the Fourth. 


The abſciſſes are to one another as the ſquares of 
their ordinates. That is, As any abſciſs is to the 
ſquare of its ordinate, ſo is any other abſciſs to the 
ſquare of its ordinate ; and the contrary. Or, as the 
root of an abſciſs is to-its ordinate, fo is the root o 
another abſciſs to its ordinate. 


ſy: y B * @ : ay- 222223. 


Hence 6 * 7 16 
ly > Wk: tt #3 by- = — 
fen 1 A 2 B. 

And aa 


[33 : a8: * % = As 


EYXAMPEERE kh 


If an abſciſs of ꝙ correſpond to an ordinate of 6, 
required the ordinate whole abſciſs is 16. 


6 * 4 


Here 79: 16 :: 6: = 8 the ordinate. 


EXAMPLE II. 
Required the abſciſs correſponding to the ordinate. 
b, the ordinate belonging to the abſciſs 16 being 8. 
Here 8“: 6* :: 16 : 9 = the abſciſs. 
| A a3 S C Ho- 


22 „ 3 
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SCHOLIUM. 


* 


The demonſtration of the three preceding pro. 
blems are omitted here, as they properly belong ty, 
and are to be found in, all treatiſes of conic {e&ion;, 


PROBLEM lv. 


To find the Length of the Curve or Arc of a Paralily, 
cut off by a Double Ordinate to the Axe. 


CEL 2% 


Divide the double ordinate by the parameter, and 
call the quotient g. 5 
Add 


1 


» 


— — — 


* HEMONSTRATION. 
Putting z = any curve beginning at the vertex, y = the or- 
dinate to the axe at the extremity of the curve, x = its abſciſs, 
and @ = + the parameter of the axe, the equation to the curve 


- | . . . * 
is za * = yy; hence 2ax = 25, and x* ==; 
aa 


- conſequently 


8 — „5 
% == VITA V: + Sm = INI; and the 
| a 


2 
aa 


corrected fluents give 2 e + 14 x hyp. log. of 


7 
a 


0 + VII 99), writing for - + And the double of this quan- 


tity will give the value of the double curve, as in the rule. 


Corol. 1. If for à be ſubſti- 


tuted its value =, there will 


= xzaqw@1l + 99 + Za „ hyp. log. of 


be obtained x = aA + 33» + 
* 


LV 
l * 


3a x hyp. log. of 


2 
And this proves the Such of 
the conſtruction in CorEs'ꝰs 
Harmonia Menſurarum, page 
223 Viz. that if r be the focus, 
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Add 1 to the ſquare of q, and call the root of the 

ſum J. : LE. 
To the product of q and s add the hyperbolic 

ſogarithm of their ſum ; then the laſt ſum multi- 


ned by half the parameter, will be che length of 
the whole curve, on both ſides of the axe. 


That is, the curve c = @ X (qs + hyp. log. of q + 5); 
where q = the quotient of the double ordinate di- 
vided by the parameter, = 1 4 and à = | the 
parameters | 

ꝙ a4 Note 


_— 


— — 


andif ap, drawn to biſect ge in D, be produced till pz be = 
AB + AD . 
ar x hyp. log. of b then AE will be equal the curve 


| CG 
ac, For 24 = AF, and r + 4% = AD, 


Corol, 2. From ſect. 5 it will appear that the area of an hyper- 
bola whoſe ſemi-tranſverſe axe is d, ſemi-conjugate a, and ordi- 
nate y, u 1 2 Z. a - 8 1 N, 

| a 


2a 


rad x hyp.lo 


but the parabolic curve is C 33 oY Ly x hyp. log. of 


2a 


o d 


1+4/2 aa + yy 7 
1 e = Nn 


YA = 2AD = kc the tangent to the point c, meeting 
the axe 24 produced in x: Conſequently c = ne — = Where 
the ſemitranſyerſe 4 may be taken at pleaſure. | 


If there be taken 4 = , we ſhall obtain c = xc — 7 aud to 


nd the diſtance of the ordinate y from the center of the hyper- 


bola, we ſhall have a: y ord + aa + yy ee = the 


=_ — and which, therefore, is = nc. Whence this 
on ruction.—In the axe produced take px = ne; with the 
"MT I, ſemi- tranſverſe ix = the ordinate 8c, and ſemi-conju- 

3 | | gate 
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Note 1. If the common logarithm of any number 
be muluplicd by 2302.5: Ogg product will be 
the hyperbolic logarithm of the ſame number, 


2. If the value of s run into deciwals, it will be 
much caſieſt found by a trigonometrical table; fy 
5 18 the ſecant of the arc whole tangent is 9, the n- 
dius being 1. 


EA AMP:L Es 


Required the length of the curve of a parabola 
cut off by a double ordinate, to the axe, whole length 
is 12, the abſciſs being 2. 4 | 


Here 


gate KL = the ſemi parameter r of the parabola, deſcribe the 
hyperbola xc, which will paſs through c ; and let the rectangle 
chu be equal the hyperbolic area KcB ; Then will tn be equal 
to the —— curve Ac. | 

When the abſciſs and tranſverſe axe of an hyperbola are 
given, or conſtant; not only the ordinate, but the area alſo, is 
as the conjugate axe; and therefore, the quotient ariſing from 
the diviſion of the area by the ordinate, is a conſtant quantity; 


p 
and conſequently the parabolic curve ac = c = nc — -, where 
1 : 


3 1s the area, and z the ordinate of any hyperbola, whole center 
is 1, vertex k, and abſciſs kr. From hence ariſes the following 
general conſtruction, given by Mr. HuyGEtxs in his Horolog, 
Ojcillat. but without demonſtration.—With the center 1 and 
vertex k, as before, and any conjugate taken at pleaſure, de- 
ſcribe the hyperbola xo meeting Bc, produced, if neceilary, in 
o; and making the rectangle om = the hyperbolic area £07, 
M1 will be cqual to the parabolic curve Ac, as before. 


Corol. 3. When y 4 = F6, then z = la x (. + hyp. 
log. of 1 + 4/2) = N 22065 % = 2205071 X af = 
1*1477935 X FG = the curve AG; F being the focus. 


Corol, 4. The lengths of ſimilar parts of parabolic curves, 
are as their parameters, or ordinates, or abſciſſes. For q is the 
ſame in cach. : 
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Here x = 2, and y = 6. 


yy 36 rm ; : WER 6 2 
1 go—_ 4 _ — — 
Hence 4 == = NE 9, and q 227 -> and 
i= 1+ 77 = = „ Ai ene 
Or, by the table of tangents and ſecants, the ſecant 


correſponding to the tangent 4 or *666 &c, is 


112019504 . 


Then, 2 + 12018504 = 1:868z17, whoſe com- 
mon logarithm is *271497, which being multi- 
plied by 2302 585093, produces 6251440 for its 
hyperbolic logarithm ; allo + * 1:2018504 = 
8012336 and the ſum of theſe two is 1 2 


Therefore 9 X 14263785 = 128374065 is the 
length of che curve required. | 
ES VULE NY 


Putting y to denote the ordinate, and 9 the quo- 
tent ailing from the divition of the double ordinate 


by 


* DEMONSTRATION. 


By the laſt, the fluxion of the curve was 3 = 3 V + — =, 
| a 


2 ys 
by extrac 8 3 + — * 2 — &Cc ); 
and, by taking the fluents and writing 2 for , we obtain 
"20 q* 395 
, + co - 4 OO 
* l 2.4.6.7 5 

3 . I.3 Z3+5 
=) x (1+ =p — Lon + *c e) == the 

37 Pay. 6.77 


length of the curve from the vertex to the ordinate ; the double 
ot which will be that of the double curve. Q. E. D. 


Corollary. 
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by the parameter, or from the diviſion of double the 
abſciſs by the ordinate; the length of the double 
curve will be denoted by the infinite ſeries 


=, MF Br 
2y * (1 + 3.3 24ʃ˙5 * 2.4. 0.7 2.4. 0.8.9 &c); . b 

C2 1.372 35 2 $*7 2 
2) X (IT- ——qJB T= —-=9*D &c), 
„ TSR = SRC» 59 
Where A, B, c, &c, denote the 1ſt, 2d, 3d, &c, terms, 


Note. This ſeries will. converge no longer than 
till g = 1, that is, when the ordinate to the cure, 
whoſe length is required, meets the axe in the focus; 
for if the ordinate y be beyond the focus, it will be 
greater than the ſemi- parameter, conſequently vil 
be greater than 1, and the ſeries will diverge. 


EXAMPL E. 


Let there be taken the ſame example as before, 
in which the abſciſs is 2, and the ordinate 6. 


} 
{ 


Then 


— 


Corollary, The hyperbolic logarithm of 7 + vi +4458 = 


2 32 3.59 
7 X (1 — — =Y ted 3 < &c). 
2.3 2.4.5 2.4.6.7 


For, by the laſt rule, 7 — hyp. log. of (a is =q4/ 17711 


. *** f q* 1 7* 230 . - le 
=q x (1 + > ye has, and by this rule, 
2, = fs. A aur 6 
— is Xx UT — — + &c); but by taking the 
1 : 3 4 ˙5 476.7 ) 7 


- 


former of theſe from the latter, we have 
EE 2 381. 3g hy 

* 1 = +: === — 222. 4 224. &) = hyp 
: y 24. 2.4.67 2.4.6.9 ) | 


log. of (q + /1 + 99)» 


FF 5% 
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* 


Then — === q, which being uſed for it in 


the general ſeries, and the affirmative and negative 
terms collected, they will appear as below : 


A = 1*00000000 C2 0100493027 
p = 0107407407 Ex 2 16935 
p =- 78385 29 1215 
p = 4311 12 117 
n= 368 12 13 
* = 38 , * 
oO — 00051211 
+ 10749031 ſum of the affirmative terms 


00031211 ſum of the negative terms 


af. 1 069784 ſum of the whole ſeries 


14 = 47 


12'837408 = length of the curve, 
nearly the ſame as before. 


UV. LR A. 


To the ſquare of the ordinate add £ of the ſquare 


of the abſciſs, and the root of the ſum will be the 


length of the ſingle curve nearly; the double of 
which will be that of the curve on both ſides of the 
abſciſs nearly. 

That is, V yy + 4xx c the length of the ſingle 


curre nearly; y being che ordinate, and x the ab- 
ſciſs. 


12 
* DEMONSTRATION OF THIS AND RULE IV. 
By the laft rule, the curve is 
I 
c = Y N 1 + 1 — — + 75 &c), 


15 2.45 3 5.7 


bu /1 +399 8 14 7 7 1 2 . . 
hence 


3 5 90 
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EX AMY LE. 
Taking again the ſame example, in which x S, 
and y = 6 we {hall have c = yy +< * = 


= 64291 the ſingle curve; the double of which i; 
128582 the length of the curve nearly, 


r 


To the ſquare of the ordinate add 5 of the ſquar 
of the abſciſs, and divide the {um by the ordinate; 
then ſubtract 4 times this quotient from 9 times the 
length of the ſingle curve, as found irom' the ht 
rule, and 4+. of the remainder will be the length- of 
the üngle curve very nearly. 


That 18, O -A N 2 
nearly. 


2 
1 4 


D 


PP 
* + q* &c; 
2 5•91 4.7.50 


and, ſuppoſing qq not greater than 1, and rejecting the ſeries, 
will be =y/1 + 4% = T Jax nearly. ATT AR 


5 1 


hence = —y/i +} qq.= 3 


Again fromthe 1ſtſeries,<— 129 = — 4 þ — &; 
| 'y bins 2-4-5 4+447 — 
- | 
or 3 x (=—=1—199) = — 1 3 s Ke; and from 
1 77 25.97 7. 270 
6 — : 
above, —— „% 11372 — + þ 22 ' &c; hence, by 
3 91 ＋ 34 2.5.97 . 2 5 


ſubtracting, - — A7 + 4794 — 56 7170 2 


2.8. 
1 „ the remaining ſeries being very ſmall, 
we ſhall obtain c = ty x (94/1 + 391 "91 - 40 +2349 = 


* * (O Taxes — 4X —.— very nearly, Which is 


rule 4.“ 


Aud in this manner we e may proceed to any degree of accuracy 
required, 


aw + 
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EXAMPLE. 


Taking ſtill the ſame example; we ſhall have 
LE = 4 X 2 = 2 57-3 but by the laſt rule 
;= 644291 ;, hence 9 x 64291 = 57:8619; and 
58619 = 257 = 64168 = c, the double of which is 


J 
128330. 


Nite. It muſt be obſcrved, that, as theſe two ap- 
proximations are derived from the 2d rule, they 
muſt be uſed only in thoſe caſes in which that rule 
might be applied, viz. thoſe in which the abſciſs 
does not exceed half the ordinate. 


PROBLEM v. 


7 fnd the Area included by the Curve of a Parabala 
and Any Right Line, called the Baſe of the 
Segment or Area. | 


Take 2 of its circumſcribed parallelogram tor 
the area.“ | 


Mie. The baſe of the circumſcribed parallel- 
ogram, is the ſame with the baſe of the ſegment; 
their 


"_ _ 


* DEMONSTRATION. 


| 5 _ . . 
Put DS an ordinate to any diameter, x = 1ts abſeiſs, and p = 
the parameter of that diameter; then the equation to the curve 
will be p = yy, and putting s the fine of the angle made by 


the abſciſs and ordinate, the fluxion of the area à will be = 5y x 


2: 25 3 
. 25 . 
* hence the area à is = = = iS] that is, 2 of the 
3 


— 
— 


berallelogram having the ſame baſe and altitude. 


Corol. 


| 
| 
{ 
| 
4 
4 


equal to one another. 


the circumſcribed parallel- 
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their altitudes are hkewiſe the ſame ; and therefore 


2 


the parabolic area will be equal to + of its altitude 


multiplied by its baſe ; that is 449; putting atg 
denote its altitude, and 5 its bafe.—Irt may farther 
be obſerved, that if the baſe be perpendicular to the 
diameter of the figure, then the altitude à will he 
the ſame with the abſciſs of the figure; otherwiſe, 
the altitude is equal to the abſciſs drawn into the 
natural fine of the angle made by the abſciſs and 
ordinate, or baſe, the radius being 1. And this i; 


to be obſerved in every other figure. 


E X» 


Corol. 1. Hence it is evi- | D C 
dent that all parabolas aps, | 3 wm 
ACB, of the ſame baſe or 

equal baſe as, and of equal ir 
altitudes, or between the 
ſame parallels As, pc, are 


Corol. 2. Any common A. E 


a V 
B 
ſections FG, fg, of the pa- 
rabolas ADB, ACB, are equal to each other. 


For cE : ch:: DE: DN:: AB? : fo* :; ag? ; FG*; but 41 


. = AP, therefore fg = FG. 


Corol. 3. And hence, alſo, the ſegments DG, Fog, are equal 
to each other. For they are of equal baſes and altitudes. 


Corel. 4. Moreover, the. fruſtums arcs, AgB, of equal ends 
and altitudes, are equal to one another. | 


Corol. 5. Let arc be a tri- 
angle, having the ſame baſe 
and altitude with the para- 
bolic ſegment AEBDe; then, 
becauſe the triangle is half 


ogram, it will be 4 of the pa- 
rabolic ſegment ; and conſe- 


quently the ſegments ats, Bbc, together, will be J of the whole 


portion AEBDC, or þ of the triangle azc, 
Again, 


mm £At. 5 oo c aw 


5 


Sect. 6.] PARA Ss "I % | 367 


EXAMPLE TI. 


Required the area of a parabola, the abſciſs 
being 2, and the ordinate, perpendicular to the ab- 


(cils , 6, 


Here the altitude is 2, and the baſe or double 


ordinate is 12; therefore } Xx 2 X 12 = 16 is the 
area, 


ELRANPLE TH 


f the baſe of a parabolic ſegment be 12, and its 
Aſciſs 2 make an angle of 30 degrees with it; what 
will be the area ? | | 

The fine of 30? being halt radius, the altitude 
be in: = 1; and hence , n hs 
area, 

P R O- 


Again, it will appear that, if in the two ſegments Aer, ppc, 
be inſcribed triangles AE n, Boc, of the ſame baſes and altitudes 
with them, then theſe laſt triangles will be 43 of their circum- 
ſcribed ſegments, and, conſequently, + of the triangle Age. 
And if, in like manner, 1n the laſt made ſegments be 1nſcribed 
the greateſt triangles, they will be 4 of the triangles immedi- 


ately preceding them, or — = 2 of the firſt triangle, And ſo on 


continually, Conſequently all the inſcribed triangles, taken toge- 


ther, will be expreſſed by the ſeries 5 X (1+ - + 7 + 5+ - &c)ꝝ 


where b denotes the firſt triangle; and which, when the ſeries is 


infinitely continued, will denote the area of the parabolic 


ſegment. 


Corol, 6, Hence the infinite ſeries 1 + > þ = P 7 &, 
will be = 17, as we alſo know from other principles; and con- 


ſequently the ſum of any finite number of terms of the ſeries 


: 1 — ' . . 
a + FE &c, is leſs than {; and the ſum of the inſinite 
number of them = 1. 
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PROBLEM VI. 


To find the Area of a Fruſtum, or ene of a Parabole, 
included by two Parallel Right Lines and the 
Intercepted Curves of the Parabola. 


To one of the parallel ends, add the quotient ariſna 
from the diviſion of the ſquare of the other by the 
ſum of the ſaid ends; multiply the ſum by the alt. 
tude of the fruſtum, or diſtance of the ends; and 
of the product will be the area. 


Or divide the difference of the cubes of the d. 
ameters, by the difference of their ſquares ; and mul. 
tiply the quotient by + of the altitude. 


a dad = D . 
That is, (b + 7 * 3a, or (d + rene, * 


5 a a5 s 1 . 
r r. 14 = the area; p, d being the tro 
ends, and à the altitude.“ 
| E x- 
* DEMONSTRATION. | 

| ap" 
| coal DD — 44 

By the property of the parabola, pd: a:: 24 
ad: —— 
DD — dd 


DP, d of the fruſtum; and conſequently their difference, or the 


3 D* ww 23 pp + bd + dd 
fruſtum,- 1s. * 8 ñçé32v§4f.— = * — 


„ D +4 


d 4 
3a X (D FIPS i. x 4 2. E. D. 


DI 
D + 70 
Corollary, Hence a parabolic fruſtum is equal to a parabola of 
the ſame altitude, and whoſe baſe is equal to one end, of the 
fruſtum, increaſed by a 3d proportional to the ſum of the ends 


and the other. Therefore, in the one end pc, produced, of a 
parabolic 


CT 92 
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EXAMNPLE 1. 


If the two parallel ends of the fruſtum of a para- 
hola be 10 and 6, and the part of the abſciſs, per- 
pendicular to, and connecting the middles of, thoſe 
ends, be 4; what will be the area? 


Here the abſciſs being perpendicular to the ends, 
will be the altitude of the figure, and therefore 


6x6 4X32 __ 16 
(104+ 5IÞ 5 


reer 00-1 
Or (6 + 6) * 12 7 * 325 = the area. 


— 2 — 
= 323 = the area. 


EAAMPLE The 


If the part of the abſciſs, connecting the middles 
of the two ends, make with them an angle of 485% 
354, required the area; the other dimenſions be- 
ing as in the firſt example. 


The fine of 480 35 being · 5 or 2 very nearly, 
hence 4 X 3 = 3 = the altitude = 2 of that in the 


B b laſt 


G& 

parabolic fruſtum a3cv, take c = the other end AB; raiſe Ep 
perpendicular to Ec and = c; draw DF, and perpendicular to 
e meeting ct produced in G6 : Then if upon the baſe cs be 


leleribed any parabola cho touching the line ABU, it will be 
equal to the fruſtum Abc. 


E F* De 
For EE tS £6 22 AD +50 28 AD Þ OS 


* 


DC + ABS 
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laſt example, and thereforc the area here muſt be; 
of that above; that is, 322 K 1 = 9 = 242 = th 
area required. 


PROBLEM VII. 


To find the Area included by the Focal Diſtance, thy 
Line drawn from the Focus to the Curve, and the 
Contained Arc of the Parabola. 


„ 


Upon the axe, or focal diſtance as, 0 
produced if neceſſary, having demit- Wl 


ted the ordinate or perpendicular cp, SV 
cutting off the abſcits Ap; then 0 

To the focal diſtance az add + of /) 
the abſciſs ap ; multiply the ſum by [LO 
the ordinate op; and half the product : 


will be the area of the part acs. 


That is, (AB + + 4D) X De = the area.“ 
Note. The focal diſtance AB, is + of the parameter, 


EE A M.P L Ee 


If the abſciſs be 2, and the ordinate 6; required 
the arca of Ac B;. 


By caſe 1 prob. 2, we have 2: 6 :: 6:18 che 


parameter; and hence 2 4; = AB. 


Then a the area 
required. 
RULE 


—C — 


— — * 8 


* DEMONSTRATION. 


Putting Ap = x, DC = y, and AB = a; ACB = ACD = 50D. 


25 (jx T 4) = ce x (AB + !ap). 2. E. D. 


Corollary, The area cut of by Ac is = Jab X {DCs 


—2 


4 


* 
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. 


gubtract the focal diſtance, or diſtance between 


he focus and the beginning of the arc, from the 


litance between the focus and the end of the arc, 
and multiply the remainder by the ſaid focal diſ- 
ance; then multiply the root of the product by 
the ſum of the diſtance between the end of the arc 
ind focus, and double the focal diſtance ; and + of 
this product will be the area. 


That is, (CB — Ba) AR X (243 + Bc) is the 
area ACB.,* 


EXAMPLE, 


Taking here the ſame example as before; we have 
it= 45, and Bc = AD + AB < 2*þ 45 = 623 


and hence Ar X.2 X 9 + 64 = 151 = the 
area as before. 


PROBLEM VIII. 
To find the Curve Surface of a Paraboloid. 


KT I Mo 


To the ſquare of the ordinate, or ſemi-diameter of 
the baſe, add 4 times that of the axe; and the ſquare 
root of the ſum will be the tangent to the curve at 
the baſe, and intercepted by the axe produced ; let 


| this tangent be called 7, viz. * = yy + Ax; * 


being the axe, and y the ordinate. 
B b 2 Then, 


* DEMONSTRATION. 


By the nature of the parabola, z = cB1is = AB + AD = 
4 ＋ 4, or * = 2 — a, alſo iy = Jax = VK a) a; which 
values of x and y, written for them in the laſt rule, give 


* · 4 x (24 + z) = the area AcB» 2, E. D. 
2 
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Then, by problem 6, find the area of the fruſtun. 
of a parabola whole parallel ends are F and y, and 
its altitude = . 


And this area multiplied by 314150, will be the 
curve ſurface of the paraboloid A Be required. 


E X- 


* DEMONSTRATION. 


Calling the ordinate y, the. abſciſs x, the curve =, and the 
parameter ; allo a = 3*14159; the equation of the generating 


| parabola will be p = yy; hence px = 2 5575 and the fluxion of 


the ſurface 5 = 2ayz = 203 pF + 32. = 1 5 
and, by taking the correct fluents, tha ſurface 5s will be 


3 
44 3 - (yy + 4xx)* —j 
= — X (4 )Z — Lapp = j0y X —— 
3 ( +39) D 10 — 
„ Ta28a)* pH ji t+yty 


82 - — = ay x 
(93 T4212 —3* N 19 t+y 


a 4A 1 "IE. . tt1 t =/yy +448 
eee putting 4 


3 49 


— ernment 


= BE, the tangent to the curve at the extremity of the ordinate, 
and intercepted by the axe produced. 2. E. D. 


Corol. 1. In os produced take 36 = the tangent vr; erec! 
on perpendicular to 6B and equal to vp; join pH, and 26 ee 
dicular to it un, meeting BG produced in 1; take BK = 35 
and upon xc deſcribe a circle meeting RL perpendicular th 
Bc in L. And thecircle whoſe radius is B, will be equal to the 
curve ſurface of the paraboloid BA. 


. 1212 
For, by the conſtruction, BL. = kB x Bc = BC X 3® 


| | G LAW 
33D X (B6+61) = 3BD x (BE + —) = {BD * ( 
29 
az © Xx 0 
* ( TFr5 


C or ol, 


ol, 
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F 
RNAMPEL EE: 


Required the curve ſurface of a paraboloid, whoſe 
une is 20, and the diameter of its baſe 60. 


Here y/ 30* + 40* = ;o is the tangent. Then, by 


OX 30, 2 
pod. 5, (50 + 5540) * X 30 & 314159 = 285 


x 20 X 3'14159 = 1225 X 3*14159 = 3848451 
= the ſurface required, 
EE Bb3 RULE 


* 


Coro. 2. The curve ſurface of the paraboloid is to the area 
of its circular baſe, as Ik is to BD. 


For the baſe is = a x BD, and the curve ſurface = 
EX7IB X BD = @ X IK Xx BD» 


Corol, 3, If m be the focus of the generating parabola, and 


| there be taken Ax =: Mc = Ab + Au, and the double ordinates 


vo, qu be drawn; the ſurface generated by zac, will be to 
the area PQRO, as 4 = 37141 59, to I, OF AS the circumference 
of a circle, to its diameter. | 


For the ſurface is = — * (J + 9 en * 9 


N — Lapp = f Xx (P TV + p — 3afp 
a x ue - aρρ⁵²D D D X AN RK NO A AM X u 
M (PAO — QAR) = @ Xx PQRQ, 
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> EW 


Divide the difference between the cube of the tan. 
gent and the cube of the ordinate, by 4 times the 
{quare of the axe; multiply the quotient by = of the 
ordinate, and the product again by 3*14159 for the 
ſurface. f 


— 


#3 _ 
That is, 2 


4 u 
yy + 4xx is the tangent, x the abſciſs or axe, 
the ordinate or ſemi-diameter of the baſe, and 


e = 3*14159.* 


cy = We ſurface ; where ! = 


EXAMPLE. 


Taking the ſame example as before, in which 


x = 20, y = 30, and therefore ? V + 3o* = 50; 


503 — 


3 * 
we ſhall have ——= * 30X2c = E=X200 = 


16 
1225 X 3'14159 = 3848-451 the ſurface, as before, 


* PROBLEM IX. 


To find the Carve Surface of the Fruſtum of 4 
Paraboloid, having given its Altitude and the 
Diameters of its Ends. 


Divide the difference of the ſquares of the ſemi- 
diameters of the ends, by their diſtance, or by ihe al- 
titude of the fruſtum ; or divide the difference of the 
ſquares of the whole diameters, by 4 times the alt 
tude; and the quotient will be the parameter of thc 
axe of the generating parabola. 


Find 


——m—_— 


— } 


* This rule appears in the inveſtigation of the laſt, 


— 
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Find the two ſums ariſing from the addition of the 
{quare of the parameter and the {quare of cach dia- 
neter; multiply each ſum by its root, and divide 
the difference of the products by the parameter 


multiply the quotient by 3˙141 50, and + of the pro- 
duct will be the ſurface of the tulln 


(pp + 2 E dd)% 


1 hat is, . 
ſurface; D and d the diameters of the ends, 
— dad 
S the parameter = —===, a = the altitude, and 
44 


(= 3˙141 59.“ 


EXAMPLE. 


| Required the curve ſurface of the fruſtum of a 
paraboloid, the altitude being 2572, and the diame- 
ters of its ends 48 and 1 5. 


B b 4 Here 


* DEMONSTRATION. 
In the inveſtigation of rule 1 of m_ laſt problem, it appears 
„ * (pp + 57 — gcepp or 55 x (þþ + vp) — ep 
Is _ ſurface of the ſegment whoſe baſe diameter is p; and 


65 ( + 4d) — gz epp = that whoſe diameter 1 is d; and, 


3. 3 
; | * 4d) * 
by taking the difference, Ic x D 7 (2p + * 
will expreſs the ſurface of the fruſtum, the diameters of whoſe 
ends are p, d. 


— 


And that the parameter is = . appears thus: Since 
* S vr, and p x = = yy, therefore px — Þ# = YY = y), and 
. 
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Here v 48, = 15, and a = 2529, 


. 
Therefore f =D 0 
| 4X2535 10328 © 


Then VT =V20* + 48* =y/2704 = 51, 
And V/pp+«d N +15* =y/625 215 


2904X 62g & 26 41661 : 
20xb * 40 * 3'14159 


= 4166:1 X 785398 = 3272-047288 5 the ſurf 
required. 


Hence 


FROBLAEM Ke 


Fa Paraboloid be Cut by a Plane, Oblique to its Au; 
it is required to find the Axes of the Elliptic Settim, 


It is evident that AB 19 i 


is the tranſverſe axe. " 0 
And if bz be a double A 5 F 4 0 
4 


ordinate to the axe, 
meeting the diameter 
Ac in c, then Bc will 
be the other or conju- 
gate axe of the ſection. 
As is proved in corol- 


lary 7 to prop. 1 ſect. 4. 


EXAMPLE. 


If a paraboloid, whoſe axe is 453, and its bale o- 
greateſt double ordinate 32, be cut by a plane palling 
through the extremity of the baſe, and through the 
oppoſite hide of the figure at the height of 20 above 
the baſe ; what are the axes of the tection ? 


Draw ar perpendicular to, and meeting the axe 
DE in r. 1 hen EF = ED — DF = 457 — 20 
= 2553 and, by the nature of the parabola, ED: 
EP :: DB. : AF. = 144; and hence Af = be 


* 


— 
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212: therefore cB = eb + DB = 12 +16 = 28 
= the conjugate axe. And AB Z\/ac* + c = 
y/20*+20 = 4V 5+ 7 =4y/74=34-4093010682 
the tranſverſe axe required, | 


EXAMPLE II. 


Let the ſame paraboloid be cut through the extre- 
mity of the baſe, by a plane cutting the figure again 
on the ſame fide of the axe, and at the ſame diſtance 
of 20 above the baſe; to find the axes of the ſection. 


Here be = bp—cÞ =16 —12 = 4 is the conjugate 
axe, And bag VAC be! V2 +4 = 
av 5 +1* = 44/26 = 20396078 is the tranſverſe. 


PROBLEM I. 


To fnd the Solidity of any Segment of a Paraboloid, 
whoſe Baſe is either Perpendicular or 
Oblique to the Axe. 


RSS kh 
Fer Both Right and Oblique Segments. 


Multiply the baſe by half the altitude, and the 
product will be the content.“ 


Note. 


r GpEMONSTRATION. 


Let } denote the baſe, a the altitude, x any variable abſciſs, 
or part of the diameter drawn through the middle of the baſe, 
an 5 the fine of the angle formed by this diameter and its ordi- 
nate, to the radius 1. 


b 5 | | 
Then as a : S*: 0: — the ſection correſponding to the ab- 


ſeiſs a, by prop. 1 ſe, 4+ Therefore = x bs x is the fluxion 
| of 


—— I— 


— 
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Note. When the baſe is perpendicular to the axe, 
it is a circle, and the altitude is equal to the whole 
length of the axe, contained between the baſe and 
the vertex.— But if the baſe be oblique to the axe, 


It 


— 


— —————_————" 


of the ſolid; and, by taking the fluent, the ſolid itſelf will be 
bssx x 


; which, when g = a, becomes 243 for the whole ſolid, 


2a 
whoſe baſe is & and altitude a. 2. E. D. 


Corol. 1. A paraboloid is equal to half a prifm of the ſame 
baſe and altitude. Alſo a priſm, a ſemi-ſpheroid or ſcmi-iphere, 
a paraboloid, and a pyramid, all of equal baſes and altitudes, 
are to one another as the numbers t, 3, , , or as 6, 4, 3, 2; 
and are, therefore, in a diſcontinued geometric proportion, whoſe 
ratio is that of 3 to 2. Which will appear by comparing the 
above value of the paraboloid with thoſe of the other ſolids, 

When the baſe of the paraboloid is perpendicular to the axe, 
or when the paraboloid is right, the femi-{ pheroid, or ſemi- 
ſphere, will alſo be right; and the priſm and pyramid will be 
the right or common cylinder and cone, the common baſe being 
a circle. But if the paraboloid be oblique, by having its baſe 
oblique to the axe, the common baſe of all the ſolids will be 
an ellipſe ; the ſemi-ſphcroid will alſo be oblique, by having its 
baſe oblique to the axe; and the priſm and pyramid may be 
either right or oblique. 


Corol. 2. If upon the dia- L. TT 
meter NP = BC = the conJu- II N 0 
gate axe of the ſection az, 4 7 8 
be deſcribed a circle; the F 


oblique paraboloid, or ſeg- 
ment Anz, will be equalto the 
right paraboloid whoſe baſe K 

is that circle, and its altitude SY, 
MH. For, the diameter of | 

the circle being the conju- : 

gate axe of the baſe of the = II 1 B 
oblique paraboloid, the circle | 

will be to that baſe, as the conjugate is to the tranſrerſe axe, 
that is, as CB to AB; but n is to nu in the ſame proportion ot 
on to A3; conſequently nk Xx elliptic baſe as will be = 
nt Xx Circular baſe N or fc. I 


M 


8 
N 


/ ._ | 
KN NM 


— C> — 
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will be an ellipſe, and the altitude will be the per- 
adicular demitted to the baſe, from the vertex of 


the diameter drawn through the middle of the baſe ; 


or it will be equal to the product ariſing from the 
b ultiplication 


| —— 


It is alſo evident, that all ſegments, right or oblique, having 
the ſame vertex u, and the tranſverie axes of whoſe baſes paſs 
through the ſame point Mm, and terminate in AC, oP, parallel to 
and cqui-diſtant from Au, will be equal to one another. 


Corol. 3. If r, 5 denote the two baſes, or parallel ends, of the 
fruſtum of a paraboloid, either right or oblique; and d the 
diſtance of the ends, or the altitude of the fruſtum; then 
11x (8 + 5) will be the ſolidity of the fruſtum. 


For, by this problem, z An is the ſegment whoſe baſe is B and 
altitude a; and z a is that whoſe baſe is 5 and altitude 4: 
therefore the fruſtum, or the difference of the ſegments, is 
zz — za. But, by the nature of the paraboloid, 


1: d or A- :: B: A e — 

- B—bþ B—b 
which values of A and à being ſubſtituted for them, we obtain 
L 
, W 3D = 26 1 


Corol, 4. Let aGBb be a right fruſtum, x1 the diameter to 
tie double ordinate AB, and HK perpendicular to As, that is, HK 
the altitude of the oblique ſegment aus. Then the value of 
tie oblique ſegment AB is 22 Xx AB X BC X HK, putting 
"= "785398. 


But, by the property of the figure, PB — pc* ; DB — pr? 8 


: DB* — 12 
Ac; 1 = X AC; hence HM = HI — IM = HI — 
DB* — PSC 
DB + DC - EXCH 
I * 
Ac = Xx Ica = ———; and, by ſimilar triangles 
du— ne  *; $01 * FE my 
f | HM X CB AC * cB* 
: CB :: nu: HK = —— = ; therefore 
AB AB X 81 
the oblique ſegment Anus, or 1» * AB Xx CB X HK, will be 
Cp: c 
— WY bon IEROER I 
r 


Or, 
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multiplication of the part of the ſaid diameter, inter. 
cepted by the vertex and the baſe, by the fine of the 
angle of inclination to the baſe. 


EZ AMPLE I. 


Required the folidity of a right paraboloid whoſe 
axe is 30, and diameter of its baſe 40. 


By the rule, 40* X15 * · 785398 = 18849- 555921; 
is the ſolidity required. Fo. 


EXAMPLE II. 


If from the above right paraboloid be cut a par 
bas, by a plane paſſing through the extremity of 
the baſe, and the oppoſite fide at the height ac of 
225. above the baſe ; it is required to find the content 
of the oblique ſegment ans. 


Here EF = ED—AC = 30 — 222 = 72; then, by 
the property of the parabola, VED: EF :: DR: 
_ WW { Jr 7 Jt 3 
4 '= DBY— = 2775 = 207 20 * lo; 
hence cB = DTD =BD - AF =20 ＋ 10 zo the 


conjugate diam. of the baſe, by the laſt problem; and 
| | AB 


Or, by ſubſtituting the value of ac, viz, _ 


CB X 2DI k + | SY EY 
r inſtead of it, the ſame ſegment aus will be 
DB 


an X DE X = * x 1 
9DB? bg? 2 | 
Corol. g. If from vt x bs* x I, the value of the right ſegment 
. bez, be taken the above value of the oblique ſegment Anz, there 
bB“ — c. * b 54 — 37% 
- X DE 6. OE — 
b s* >? by: —ac* 


for the value of the greater ungula'b as, 


* AC * 1 


will remain 


: (. ors; 
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AB Ac“ + Cn” 47 226” + 30* — T5 3* +47 
=T6X5=37'5 the tranſverſe. Now H being 
the vertex of the diameter HI drawn through m 
the middle of AB, and xx perpendicular to as, 
the triangles HKM, MIB, ACB, will be ſimilar; 
but MB = 44B, and therefore MI = 4ac = IIA; 
bt 10 2 D1 = 4DB—4DC'= 10-8 = $5; then. 
by the property of the parabola, Dz* : DB. — LH“: 
DE: HI = 284; hence HM = H- I = 283 — 112 
= 167.; and, by ſimilar triangles, aB: cB :: H: 
xx = 13 the altitude. 


Then CE X AB X HE X 785398 = 30 X 37˙5 


x 675 X 785398 = 7593˙75 X 785398 = 
596441173033 the ſegment anB required. 


tn 


For the Oblique Segment. 


Diride the fourth power of cs by the ſquare of 
bs; multiply the quotient by DE ; then the pro- 
duct multiplied by +785398 will be the content of 
ire oblique ſegment AHB. 

e 


That is, — KD X = An. By corollary 4. 


E X- 


. — — 
— 


— 


Corol. 6. And if from the ſaid value of the oblique ſegment 
G? | 


: 3 | 
412, be taken that of the right ſegment AE, viz. = X DE X AA 
" bn n 


c 1-464 : 
1 X DE * 2 2 


AG 
or 


ba: TT X AC X 1 2, there will remain 
CB* = ag? 


3 * AC X 1 for that of the leſs ungula A003. 
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EXAMPLE. 


: | - 
Taking here the laſt example, we have = XE 
3 - 1 1 r 3 

* , 15 * 795399 = ——— X 785396 


= 759375 X 785398 = 59641173033, the ſame 
as before. 


Nos EM XII. 


To find the Content of the Fruſtum of a Paraboliid 
having its Ends Parallel to each other, and either 
Right or Oblique to the Axe. 


Multiply the ſum of the two ends by their di- 
tance, or the altitude of the fruſtum ; and half the 
product will be the content. 


As is proved in corollary 3 to the laſt problem. 


Note. The ſame things may be obſerved here as 
in the note to the lait problem. 


EXAMPL E. 


The length of a caſk, compoſed of two equal frut- | 


tums of a paraboloid, is 45 inches; required the 
content in ale and wine gallons, ſuppoſing the bung 
diameter to be 40, and the head diameter 20 inches. 


Here (40* + 20˙0 X · 785398 X 227 = 45000 X 
785398 = 3534291735288 5 is the content in 


inches. 


Then — — = 125329494 ale gallons. 


34291739 . | 
And —_— = 152:99964 wine gallons 


P R 0- 
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PROBLEM XIII. 


T1 find the Solidity of the Parabolic Ungula bas, or 
168, made by a Plane paſſing through the 
Oppoſite Extremities of the Ends of the 

Fruſtum AGBb. 


Divide the difference of the 4th powers of the di- - 
ameter of the baſe, and half the ſum of the diame- 
tels of the ends of the fruſtum, by the difference of 
the {quares of the ſaid diameters ; multiply the quo- 
tient by 78 5398, and the product multiplied by 
half the altitude will produce the content. 


Tl „ bB — c cl 3 
1 X AC Xn = the unguia DAB, . 


* — 464 | | 
And Peer & AC X 2 = the ungula BAG. 


As is proved in corol. 4 and 5 of prob. 10. 


EA AMPLE I, 


If a veſſel, in form of the fruſtum of a parabo- 
vid, and open at the narrow end, be fo placed, that 
tne liquor in it may juſt cover the bottom, whoſe 
diameter is 40 inches, and riſe to the height of 224 


c inches towards the top of it; required the quantity t 
; ot liquor contained in the vetiel, ſuppoſing the dia- 

meter of the veſſel at the upper edge of the liquor 

| tO be 20 inches, | 


T : 
Here by = 40, AC = 227 , = 20; co 


2 


equently Be = 20 + 10 = 30. 


Hence .. x 221 x 2233P = 2152 x go x 
40 — 202 : 2 90 - 

785398 = 12885-438618 cubic inches; which 

being divided by 282 or by 231, will give 45693044 

a gallons, or 55*781119 wine gallons, 


E Xe 
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ELRAMPL I. 


If the veſſel have its dimenſions inverted, that js 
if Ac; be the part filled, AB being the ſurface of 
the liquor, the bottom diameter AG being 20, the 
diameter bs at the top of the liquor 40, and the 
altitude ac 224 inches; required the quantity of 
liquor. 


CB* — AG? | | 30“ — 204 
— — AC & 22! 
Here e x2 = * 227 K 


— == * 90 Xx 785398 = 4786'0200;8 


cubic inches = 16971702 ale gallons = 20718701 
wine gallons, | 


© PROBLEM XIV. 


To find the Solidity of the Slice ane cut off a Pars. 
loid avs by a Plane eco Parallel to the Axe vn. 


Multiply the baſe of the flice by the ſquare of the 
diameter of the baſe of the whole paraboloid, and 
divide the product by the ſquare of the chord of the 
baſe of the ſlice; from the quotient ſubtract + ol the 
product of the faid chord, and its diſtance from the 
center of the baſe of the paraboloid ; and the dit 
ference multiplied by half the altitude of the ſlice 
will be the ſolidity. Dp 
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LL JAOX EA* FG X HB, 8 
1 = OY x ane is the ſlice 
1c. 
0 E Xs 


* DEMONSTRATION. 


By corollary 4 prop. 1 ſect. 4 the ſection Fc is a parabola, 
having the ſame parameter with the generating parabola EDA, 


- nd therefore }FG X CB * BA is the fluxion of the ſolid : but, 


putting a = DH, 7 = HA, # = AB, and y = BG, by the pro- 
: 22 


perty of the parabola, it will be rr: y :: 4a: 8 2 21 and, 


by the property of the circle, 1 — x = Vrr -; hence 


una bben, by ſubſtituting theſe values, the 
arr - SS ——_— 

4 
fuxion of the ſolid will become £2 1 whoſe 


ä 0 
2 


4 


fivent is a X area BAG — = the ſolid required, 


But, putting A for the altitude pc, it will be yy : rr Te 
5 which being ſubſtituted for it, in the above found 


ralue of the ſolid, gives A X fe: X BAG — Fyy/rr — yy) = 
8 2 ; +0 a + : 
350 Xx (= X FAG -r x HB) for the ſlice acs. 2, E. D. 


Corol. 1. The ſlice azc is equal to a paraboloid of the ſame 
altitude, and whoſe baſe is equal to the difference between ;̃ of 
the rectangular area BOI, and a fourth proportional to the 
areas BG*, HAZ, FAG. 


Coro, 2, From the demonſtration it appears that the flice is 


ally equal to à X ( BAG e e, ear #47 


arr 


Corol. 3. When n coincides. with k, a will be = a, and r = 


I = therefore the rule becomes à M HAK for half the para- 
Id, a ; 


| Corol, 
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KLNAMPLE IT. 


If a caſk, compoſed of two equal paraboloidy 
fruſtums, having its length = 40, its bung diameter 
32, and its head diameter 24 inches, when laid 
with its axe parallel to the horizon, want fo much of 
being full, that there are 3+ or 3*2 inches of the 
bung diameter left dry; it is required to find hoy 
many ale gallons will be neceſſary to fill the caſ, 


Here 3:2 is the verſed ine of the bale of the ſlice 
and 3:2 + 32 = S the tabular verſed fine, u 
which, in the table, correſponds the area *04087;28, 
And hence 04087528 X 32* = 4185628672 = 
the baſe of the ſlice. T 

u, 


pou RIES 


—_ 


Corel. 4. From a X Hak = half the paraboloid, ſubtrat 


4 X BAG — II = the ſlice apc, and there will re 


zrr | 
K ay*\/rr —y a _ 
main a X HBGK + — -a X HBGK + JJ a/DLX 


zr : ü | 
for the value of the complemental ſlice pH E; LC being drawt 
parallel to HA. 


Corol. 5. After the 
ſame manner may be 
found the flice paral- 
lel to the axe of an 
obliqueſegment apt. 
Thus, ſince &rG Xx 


CB X AR X 6, CL ABC 
is the fluxion of the 
flice ac ; by putting 
a = DH the diameter 
of thedoubleordinate 
AE, ft = HA the ſemi- 
tranſverſe axe of the 
ſection AFEGA, c = 
HK = {EM the ſemi- 
conjugate, x = AB, 
andy BG; weſhall 
have cc: :: 4: 
ary 


= BC; but cc; 


a k 


L 
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But, by the property of the circle, 2/(32—3:2)X 3*2 
= 24/288 X 3˙2 = 19*2 is the chord of the baſe of 
the lice; and 16—3*'2 = 12*8 1s its diſtance from the 
center or middle of the bung diameter. Allo, by 
the nature of the parabola, 16*— 12* : g*6* :: 20: 
1615 the altitude of the flice, or half the length of 


the empty part. 


Then 1 * 32 19.2 X =—_— * 245 _ 


19˙2 X 19˙2 3 35 
8 5 * 2 82 
1 — 6˙4 X 12˙8) * 7 . 


2 
(4185628672 K 5 — *4 X 19*2*) = 565*2611072 
cubic inches = 20004472 ale gallons, the content of 
the empty part required. | | 


ESL S E X- 
f 7 — . . 
y:ittitt= (f-); hence t- = . and x = AB 
tyy 3 
= —==; alſo s. LaBc is =; conſequently the above 
ey/ec= yy by ; : 
. : a 7 c 4214 
fuxion will become = 35 * 2 —— Nt 222 
„ % f OT gee 
: NF ay Nee — 
tlie fluent of which, viz. = x elliptic area BAG — 2 _ 2 > 


vill be the value of the flice gc. 
Or, if d be drawn perpendicular to AE; fince, by ſimilar 
triangles, it is f;c::@:; _ = oh, the ſame {lice zca will be 


expreſſed by PH X BAG — 


ee — » DH X rr — Fe: 
— = DH X BAG — 3 5 
zee | | 12EM* 


Aud if cy be produced to meet Em in o; and ox be perpen- 
Uular to £m, and meet the circle ENM in N; then will the 
arcle ExM be to the ellipſe xo, as well as the ſegment x 


9 the ſegment GAB, as EM to EA, or as tO f; and therefore 
. the 
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EXAMPLE II. 


If the ſame caſk be placed in the ſame manner, 
and 64 inches of the bung diameter be dry; re. 
quired how many ale gallons the caſk wants of being 


full. 


Here the dry inches being more than 16 — 12 org, 
the difference of the bung and head ſemi-diameter, 
it ſhews that 04 — 4'= 24 inches of the head diameter 
allo are dry; and therefore the empty part of the 
caſk will be double the difference of two ſlices, the 
verſed fines of whole baſes are 64. and 24+ ; the whole 
diameters being 32 and 24. 3 


Now the tabular verſed fines will be 6*4 = 32: 
*2, and 2*4 = 24 = *1; whole tabular areas ar 
11182380 and 04087528; hence 32* x 1118230 


— 
— 


the value of the flice ca will alſo be à x Mxo - 
er yy DH X FG VERA — CT 
# 66, 47 4 — ä | NM — Fr 
© Ae. = DH X MNO — . — 
CC I2EM 5 
Where the circular area xo, is the projection of the elliptic 


area Aro, by lines parallel to the diameter pH, upon a platt 


perpendicalar to the ſame, 


F fin IP — by ſude 
Moreover, ſince yy: cc:: BS = A: a= DH 773 / 
firing this value of à inſtead of it, the folidity of the ſame flite 

will become po 4 70 7 


— 
. 


I a 2 
2x A0 A/V =5j* = {omg X MNO — 3PO X ox) X 55 
159 ON | 
: ; . 3 1 
Coro. 6. Hence the flice FGac, is equal to- a parabola 
. Whoſe altitude is Ec, and its baſe equal to the difference oe 
3 of the rectangular area pox1, and the fourth proportional! 
the areas oN, PM*, 20MN, 


ö | „ « barely 
Corol. 7. Uhen 3 coincides with-n; the rule becomes bare!) 


" 1 f 1. 0f 
DH X PM = Dh * AUK, ſor the value of pan of DEF. 
Half the oblique ſegment, * 2a RE Ea pr 


Coril. 


ty 
th 
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= 1145075712 S the baſe of the greater ſlice, and 
1? Xx 04087528 = 23*54416129 = that of the 
ls. | +» pe 

Again, 16 — 6*4 = 9'6 is the diſtance of the chord 
of the baſe of the greater ſlice from the middle of 
the bung diameter, and 12 — 2:4 = 96 is the diſ- 
ance. of that of the leſs from the middle of the head 
diameter; and hence the former chord will be 
2/10 — 90 g 24/250 X 044 = 2566, and the 
latter = 2 12*—g60* = 2V 21*0X2*4 = 14'4. 


Moreover, by the nature of the parabola, as 
12*8* — 29 2. 
7˙2 9 r 


16 — 12* or 28 X 4 : 20 
4 
the altitudes of the ſlices. — 
EET Conſequently, 
| 


Cirol, 8. By taking the ſlice from the ſemi-ſegment, we obtain 


3 ec — ON3 X PO 
DH XX PONQ + DH LES — DEX PONQ + DH.X 3 
ce 3PM 


for the value of the complemental ſlice pA. 


Corol, 9. And by adding this laſt to the ſemi-ſegment, there 
PO * on? ON - 


reſults pu EONQ + DH X X EONQ 


pe. © : 1Aul 
Te X IO X o, for the value of the flice EDcBE greater 
than the ſemi-ſegment. | 


Corol, 10. If Res R be a circle perpendicular to Bc; and if 
com its center r be demitted the perpendicular Tv ; then, by 
— the oblique flice azc from the right {lice sBc, we ſhall 


RS X BSG — EM* X ON ＋ FO X "pv 

FG* 2 88 

zor the value of the ungula, or cuneus, Ares, contained be- 

— the two ſections RFSGR, EFAGE, And the ſame will hold, 
"gh both the ſections be oblique. | 


on Nt 


Corol. 11. And, in the ſame manner, 
be K EM* Xx EONQ_— RS: X BRG + FG? X Y 
vil b enz | 
© the value of the oppoſite ungula or cuneus KGFREs 
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114*5073712X32* 25*6X 96, 31 

25:67 * "= ) X - 
— /114*$075712 X 5* 6 x 8 
* 4* — 235 4 * r 5 
(1145075712 X 5 — 4X25" 6*) = 2837886683 iz 
double the greater ſlice, 


Conſequently, ( 


% 


A (23: 54416128 x X 24 3 * =, 1 187 


14'4* 3 35 
23*54416128 x 52 14*4 * 9'6 182 6* 
(— — — 1 X — = — 
3 3 35 7 


(23:54416128 X 5 — 4 X HE) = 17990521471 
double the leſs ſlice. 


Therefore 2837886683 — 178852147 = 
2659034536 inches = 9:4292 ale gallons is the 
quantity required. 


PROBLEM XV. 


To find the Solidity of a Parabolic Spindle, 


Multiply the area of the greateſt circle, or mid- 
dle ſection, by the eng, and of the product 


will be the content.“ 
That 


— 


© DEMONSTRATION» 


"oY de, þ = Ca, c 341g, & = AG 275 


9 — xx 2 -A] 
„ „„ 
boy 7 


. bb * 2 
putting þ = — the parameter of Dc ; and hence the fluxion of 
p F141 , 


the ſolid 5a, will be = x (25 a); the fluent of which 
Pp 
+66 N by + 1ax 
FP 


£33 x will be a general expreſſion for the 


ſegmen' 
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That is, ru X DE“ X AB = the whole ſolid 
Ab BEA; AB being the length or axe, DE the greateſt 


diameter, or double the abſciſs of the generating 
parabola ADB, and n = *785398. 


I 


Th 2 4 
: | 


* 


EXAMPLE. 


Required the ſolidity of a parabolic ſpindle, whoſe 
length is 80, and greateſt diameter 32. 


By the rule, 785398 x 32 X 80 X 7 = 
55398 X 430903 = 343145093570 is the con- 
ent required. 


PROBLEM XVI. 


To find the Content of the Segment arn of a Parabolic 
Spinale. 9 | 


To z of the ſquare of the length of the ſemi- 
ſpindle, add g of the ſquare of the altitude of the 
© C4 ſegment ; 


tm 


2 


8635 


ſegment Aru; which, when x = 6, gives 
I 


the valve of the ſemi-ſpindle ave, 2. E. D. 


Corol. 1. A parabolic ſemi-ſpindle, is to a cylinder of the ſame 
baſe and altitude, as 8 to 15; and to a paraboloid of the fame 
bale and altitude, as 8 to 72, or as 16 to 15. 


Corol. 2. It appears from the demonſtration, that the ſegment 


FR 1 
AH is expreſſed by cx x = 3 = 


TAC? — 1482 70 
AC AC X AG + AG 5 
AC 


Corel, 


392 P ARAB OLOI D. Patt z. 


ſegment; from the ſum take the product of the ſaid 
length and altitude; and call the difference p. 


Multiply the cube of the altitude of the ſegment 
by the ſquare of the greateſt diameter of the ſpindle; 
divide the product by the tourth power of the length 
of the ſemi- ſpindle; and call the quotient . 


Then the product of ? and & multiplied by 
*785398, will give the content of the ſegment. 


That is tac* — AC XX 
g Act 


+785398, is the ſegment AH, by corollary. 2 of the + 
laſt problem. | | | | 


AG +. +AG? | 
| N Wow 


EXAMPLE. 


If the diameter of the baſe of the ſegment of a 
parabolic ſpindle be 24, and its altitude 20; what 
will be the content, ſuppoſing the length of the 
whole ſpindle to be 80 | 

| Here 


— — — 
— — 


Corol. 3, If from the value of the ſemi-ſpindle ap, be taken 


that of the ſegment Arn, there will remain — a X 


4355 — bx + Ter 23 a 2 
— — — r 
þ + 


the value of the fruſtum nve+; putting z inſtead of 5 — x or GC 


* (6% — 2.42 22 + 1:5) for 


And if inſtead of 2, in the two laſt terms of this expreſſion, be 
ſubſtituted its value 1 the value of the ſaid fruſtum 
| 80 
Will be denoted by 


1 Saa + gay + 2 


8nE* TA DEN THAT IIK 
15 * 


60 


E 


CX 68 K 


Corol. 4. If to, or from, the fruſtum : 
89 + 40d +3/ 
— y 
bo 


„ 5 
bac 


bg 


00 


be added, or ſubtracted, the fruſt. DIKE = ca X 
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Here AC = 40, AG = 20, and en = 12; then 
de = 40 — 20 =' 20; and, by the ' parabola, 
ae: GH; CD = 164 Bt doubt on 
which gives DE = 32- | | 


4 * 40* 


Then ( — 40 X 20 + >) * 
785398 (F - +5) X 5 X 32* XR. 785398 


= 45225 X 785398 = 3552094093059 is the 
content required. 


PROBLEM XVII. 


To find the Content of the Fruſtum of a Parabolic 
Spindle, one of the Ends of the Fruſtum paſſing 
through the Center of the Spindle. 


Add into one ſum, 8 times the ſquare of the dia- 
meter of the greater end, 3 times the ſquare of the 
diameter of the leſs end, and 4 times the product of 

| the 


* 


8D + 409+ 39* 

| | 60 &. 
&d*(ata)-Eda(4D ＋ 3d) * 9 (45 + 39) 
| . 69 6 

for the value of the fruſtum HK, neither of whoſe ends paſs 
trough the center of the ſpindle ; the upper or under ſigns being 
uſed, according as the ſaid center is within or without the fruſ- 
tum, and in which Þ repreſents the diameter throngh the center 
of the ſpindle, 4 the diameter of the leſs'end of the fruſtum, and 
9 that of the greater; alfo a the diſtance of ꝗ from the center of 
the ſpindle, and a that of ) from the ſame. Orin a caſk of this 
form, ſtanding upon one end, b will be the bung diameter, d the 
bead diameter, 24 the length of the caſk, a = @ = i the wet 
mches of 24, and 9 the diameter at the ſurface of the liquor, 


the value of which diameter is as determiried in the following 
corollary, _ * | 


there will reſult c x 


Corol. 5. Since, by the property of the parabola, 4 


: af — 
54D , the value of Þ will be — — . 


; A A 
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the diameters ; multiply the ſum by the length; and 
the product multiplied by 05236, or 2 of 7835396, 
will be the content. 


That is, (3DE* + ADE x FH + ZFH) x CG x 05236 
is the fruſtum DE FN, by corollary 3 to prob. 15, 


EA ME# L Do 


Required the content of a caſk in the form of the 
middle zone of a parabolic {pindle, the bung da. 
meter being 32 inches, the head diameter 24, and 
length 40 inches. 


The caſk is evidently two equal fruſtums, whoſe 
greater diameters are 32, and leaſt 24, and their 
lengths each 20; therefore | 
(8X32' +4X 32 X 24 + 3 X 24% X 40 X 05236 
= 8&*x(X4+43X4+3X3*)X 5; x 5236 
= (11 X 16 + 27) X.9* X 5 X *05236 = 519680 
x---05236 Me ta: inches = 96-4907 ale 
gallons, the content required, 


PROBLEM XVIII. 


To find the Content of the Fruſtum of a Parabolic 
Spindle, neither of whoſe Ends paſs through 
the Center of the Spindle. 


Multiply the diameter of each end, by its diſtance 
from the diameter in the middle of the ſpindle; and 
multiply each product by the ſum of 3 times the 
ſaid diameter ot the end, and-4 times the ſaid middle 
diameter; to or from the product belonging to the 
leſs diameter, add or ſubtract that which belongs t 


the greater, according as the center of the ſpindle 


is within or without the fruſtum; to the ſum or 
difference, add 8 times the product ariſing from the 
multiplication of the length of the fruſtum by the 


ſquare 
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ſquare of the diameter in the middle of the ſpindle; 
and this ſum multiplied by 05236, or of 783398, 
will produce the content of the fruſtum. 


That is, [S DEL X GL + (4DE + 3FH)FH Xx GC + 
(4pE + 31K) IK X LC]{X 405236 is the fruſtum 
11KF; uting the upper or under ſign, according as 
GL is greater or leſs than 6c ; as is proved in corol- 
lay 4 to prob. 1 5. | 


Note. The value of the greater diameter IK is 
EX GC Le X (DE — FH : 
— . corollary 5 to the 
60 8 


lame problem. 


EAAMPEPLE I. 


If the liquor in the caſk, in the example to the laſt 
problem, when ſtanding upon its end, with its axe 
perpendicular to the horizon, riſe to the height of 
zo inches; what quantity of liquor will there be? 


32 X 20? — 101 x (32 — 24) 


Here, by the note, 1K = 
5 20 X 20 


= 30. 


Then, by the rule, [8 x 32* x 30+(4 x 32＋43 * 24) 
24x 20 + (4 x 32 +3 * 30) 30 x 10] x 05236 
= [8 x 16* + (128 + 72)4 + (64 + 45) 5] 
£120 * *05236 = 407160 x 05236 = 2131084775 
cubic inches = 75*59875 ale gallons, the quantity 
requred, 


EXAMPLE 1 


If in the ſame caſk, placed as before, the liquor 
nſe but to the height of 10 inches; how much will 
be in it? | 

Here all the dimenſions are the fame quantities as 
in the laſt example, excepting o, which here is onl 


10, inſtead of 30; and the caſk is leſs than half full, 
Wherefore, 
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Wherefore, by the rule, [8 X 32* X 10 + (4 x 32 
+ 3X 24) 24 & 20.— (4X 32 + 3 & 30) 30 * 10] 
* 05236 =[8X16*Þ(128+72)12—(64 + 45)1;] 
X 40 X 05236 = 112520 X*05236 = 5991*533423 
cubic inches = 20*89195 ale gallons, the quantity 
required. | 


PROBLEM XIX. 


To find the Content of the Univerſal Parabolic Spindle, 
or Solid generated by the Revolution of a Parabolic 
Segment about its © Baſe,” being an Ordinate 

| to Any Diameter. 


Multiply the area of the greateſt ſection by the 
length, and , of the product will be the content; 
as in the common ſpindle. | 


; D 


Tl :// 
vl 23233 
1 [ 


That is, DE* X AB X ien S the ſolid AbBEA, 
generated from the revolution of the parabolic ſeg- 
ment ADB about its baſe as, which is a double ordi- 
nate to the diameter py, and pct being perpendi- 


cular to aB.* 
| | 2 


— 


— 


* DEMONSTRATION. 


Let on be parallel to cp, and Ar parallel to pr; and put 
4 = Dr, $0 = Han, fe = CD =34DE, 3 =,A%. 
p = 4n = 3*14159. Then, by the property of the parabola, 


AP? ; AF X FB 33 PD : FH :: by ſim. triangles, cp ; 6H © 


- 
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If an oblique parabola, whoſe baſe is inclined tp 
its diameter in an angle of 30 degrees, be turned 
about its baſe ; required the value of the ſolid gene- 
rated by its revolution; the baſe of the parabola, or 
length of the ſpindle, being 80, and the diameter 
from the vertex to the baſe 32. 


Here AB = 80, DP = 32, and the angle bye = 
30%; then, as radius S I: z =-fine L or zo? :: PD 
= 32 : DC = 16 the radius of the greateſt circle of 
the ſpindle. 


ed x Ar X FR' _ — | eee 
o -- - — Det d: 
GH X PC | 52 — 22 | 

IG = —— = 4d NK —; hence AG = AF + FG = 
- CP 60 

„ bb+4bd—4d p 8 85 > 

2 X USSR + — and the fluxion þ x G x AG of the ſolid 

K 4 

will be pz X 7 * r * (bz 22)? = 7 


x[Þ x OTA -h x (3+84) +bz* x (5+ 20d) = 8423]; 
the fluent of which, viz. 47 55 5 * 

[1 x (b+44) = 45*z x (+84) +5z* x O a- A 
vill be a general expreſſion for the value of the ſegment ; which, 
when 2 becomes = b, will, be #>pccb u for the content 
of the whole ſolid ADBEA» 2, E. D. 


Corol ary. If any parabo- 
las Abb Ach, having the 
lame baſe ap and between 


, the ſame paxallels az, cb 
be turned about their 8 Z. 


1 [ 
„ s 1 


mon baſe; they will gene- 


| rate equal ſpindles, | | 
4 For the lengths and | 
greateſt diameters will be. A W B 


the ſame in all of them. 
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Therefore 32* x 80 X 5, x *785398 = *785398 
* 43690 = 343145693570, as in the example 0 
prob. 1 5. 


PROBLEM xx. 


To find the Value of an Univerſal Paraboloid, or 4 
Body Generated by the Revolution of a Parabola 
about Any Diameter. 


INVESTIGATION. 


JAE 
IN 8 
L 
= EL INR 
| M 
d 1. . 


Suppole AB to be the diameter about which the 
parabola c ac revolves, cap a vertical ſection of the 
tolid generated by ac, and 4g acc that of the folid 
generated by AGc; alſo let 614 be perpendicular, 
and FE1f parallel to cc. Then, by the property of 
the pan cn} = 3b ; en — p1* Sen 
(FE EI)! = bb — (yd) :: G S 4: 11 = 


X : — 29 X 04A) 14 2 245 x N 
hence the fluxion of the ſolid 2cyyæ& will become 


— 2acy* * * LES and the correct fluent gives 
acx © =0@d) x (36 Ea x (3y £44) — 

857 * Ox (3 —(b Sæayx ( 3b/—#0)) 
tor the value of the ſolid required; in which the up. 
per ſigns reſpe the ſolid die generated by cf, and 


the under one; the ſolid pK rc generated by CF. 
I | Corol. 


—— 
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Corol. 1. When E arrives at A, then y = o, and 


5 — 
the expreſſion Becomes ac x (b = d)* x 3 - 
* GH Xx CB? | cn ict =, by ſubſtituting for GR 
CH? X BA p 1 
CB” K AY 
bay ——— cx an x + 0 


the ſolid CAD. 


And if cu be an ordinate to the diameter An; 
| AB * BC | 

ne: -* 
Bc + 2CH . 2AB AM 
hence AB X —— will be = 2, 


conſequently the above value of the ſolid cap be- 
2AB + Au 
—— 


we ſhall have Bc : BC :: AB: AM = 


and 


comes c XxX CB* X 


Corol., 2. When 8 coincides with mn, d will be = o, 
34 — y+ 
266 
x (bb + yy) for the fruſtum eye generated about 
"1, as in problem 12. Or c Xx “ x 6H for the 


vhole paraboloid, as in prob. 11. 


and then the rule becomes ac x Ze % = 


THE INVESTIGATION OTHERWISE, 


Suppoſing FL to be an ordinate to the diameter 
an, whoſe parameter is p; and putting m and x for 
the fine and coſine of the angle L, to the radius 1 ; 
ve ſhall have FL = vp x aL = V/px, where x is 
now = AL; then FE =my/px, and LE = Px; 
hence E =AL+LE=x +2 px. Then the fluxion 


& the ſolid © x FE* x AE is cm*Þx x ( + 41x 2); 


whoſe fluent gives cm*px x (ix TA Sc 
X (3x + 2ny/px) S x FE x (2E + AL) for 
the value of the ſolid Ax, generated by the revo- 
lution of ay. And 2c x CB* x (243 + AM) for 
the ſolid cap, as above. 


Scholium. 


| yoo KYPERBOLA; [Part 3. 


Scholinm. It is evident that the ſurface of this ſolid 
might be found by the. method by which we deter. 
mined that of an elliptic ſpindle ; and the ſurface of 
the parabolic fpindle might eaſily be determined 
alſo, if there appeared any occaſion for it; but not 


by the ſame method. 
MICE UEERC ICICI ENICIICER I IEICIEICIE 


SECTION un. 


OF HYPERBOLIC LINES, AREAS, SURFACES, 
AND S$OLIDITIES. 


| DEFINITIONS. 
O what hath been ſaid of the hyperbola among 
the conic ſections in general, may be added 

the following obſervations, 


US 


If avs touch the hyperbola in the vertex V, and 
be equal to the conjugate axe, Viz. av and vB fac 


equal to half the conjugate axe; and if from ” 
| | cente 


— 8 


1d 
ch 
he 
er 


— 
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center e, through the extremities A, B, right lines 
ca, CB, be drawn; thoſe lines will be what are 
called aſymptotes to the hyperbola ; that is, they are 
ines which continually approach to the curve. 


And; like as the conjugate axe is a tangent to 
the curve at the vertex of the tranſverſe, and 
bounded by the aſymptotes; fo, if to the extremity 
p, of any diameter 4D, be drawn a tangent 4p, 
and terminated by the aſymptotes, then 4 will be 
the conjugate to 4p. 


When the aſymptotes form a right angle at the 
center, the hyperbola is ſaid to be right-angled ; 
x alſo equilateral, becauſe its axes are then equal 
to each other. : 


PROBLEM I. 


— 


7 Conftru an Hyper bola, having given the Tranſverſe 
and Conjugate Axes AB and 2BC. 


The ſemi- conjugate '% | | * 
dc being erected per- KELTY 2 
pendicular to AB, and D NY 
being the middle of AB, © ,_ [\ 
or the center of the hy- E FfK D NF 15 
perbola; with the center 
D and radius be, de- | 
lebe an arc meeting F. 9 G * 
ah, both ways pro- 
daced, in F and F; which will be the two foci. 


Then, aſſuming ſeveral points E in the tranſ- 
rerſe produced, with the radii AE, BE, and centers 
},F, deſcribe arcs interſecting in the ſeveral points 


5 through all which points dra y the hyperbolic 
urve. | 


D d pRO- 
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PROBLEM II. 


In an Hyperbola, to find any Two Conjugate Diameter, 
an Ordinate to one of them, and its Abſciſs, one 
from another ; viz. having any three of them 
given, to find the Fourth. 


C Av. £25 


To find the Ordinate. 


As any diameter: 
Is to its conjugate : : 


So is the mean propor. between the abſciſſes: 
To the ordinate.“ 


A ß cat + 0x: z 


5 f 
7 Vd +-x) x; where 4 denotes the diameter, c 1ts 


conjugate, y an ordinate to the diameter, and is 
abſciſs, or its diſtance from the vertex of the di- 
ameter, meaſured upon it. 


Note. In the hyperbola, the leſs abſciſs added to 
the diameter, gives the greater abſciſs. 
AN 


If the diameter be 24, its conjugate 21, and the 
leſs abſciſs 8; what is the ordinate ? 


MIL >) 4 _— 6 
By the rule, dt n — 7X1 


14 the ordinate required. 


— —— 


* The values of the ſeveral quantities, in the four caſes of 
this problem, are eaſily found from the general property of-the 
curve, Viz. dd :.cc::(d+x)x: yy, The demonſtration of which, 


together with that of the preceding problem, belongs to conic 
icclions, 
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To find the Abſciſſes. 


As the conjugate : 

Is to the diameter : : 

So is the root of the ſum of the ſquares of the 
ordinate and femi-conjugate : 

To the diſtance between the foot of the ordinate 
and the center. 


Then, to and from this diſtance, add and ſubtract 
the ſemi-diameter, and the ſum and difference will 
give the two abſciſſes. 


— — —— oc 


14:88 the greater or leſs 


That 1s, = dy tee +9; 22 + 
abſciſs, according as his upper or under ſign is uſed. 


Eg A AMFL Bb 


The diameter and its conjugate being 24 and 21, 
required the two abſciſſes to the ordinate 1 4. 


Here Le 22 + 24 = 3495 —— + 12 
C 4 


1 = 4 +& © 12.8, a8 
* 12 S 32 and 8, the two abſciſſes required. 


5 


E 


To find the Conjugate. 


As the mean propor. between the abſciſſes: 
Is to the ordinate : : 
= So is the diameter: 


of To its conjugate, 

the 

ch, Tha , » * 93 * — dy 5 . 
- 18, Vd + x)x 13 4 D 


D d 2 E X= 
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EXAMPLE. 


What is the conjugate to the diameter 24, the 
leſs abſciſs being 8, and its ordinate 14 ? 
"/ » & / Yd,  Þ & * ty 
(Sas 4/zaxs 6 
conjugate. 


21, the 


. 


To find the Diameter. 


To or from the root of the ſum of the ſquares 
of the ordinate and ſemi-conjugate, add or ſubtract 
the ſemi-conjugate, according as the leſs or greater 
abſciſs is uſed : Then, as the ſquare of the ordinate, 
is to the product of the abſcits and conjugate ; ſo 
is the ſum or difference, above found, to the di- 
ameter. 


. zee + yy it Te 
That is, cx x EE 57 == d. 
| F 


EXAMPLE; 


The leſs abſciſs being 8, and its ordinate 14, 
required the diameter, ſuppohng the conjugate do 
de 41. | 


Here 
Dec + yy + bc X21 +145 +1% 
cx Xx — = 21 * 8 X — —— 
| * 14 X 14 
| OTIS + ar —_— 
= 3X _ NF Tr 


3 X (5 + 3) = 24, the diameter required, 


P R 0® 
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PROBLEM III. 


Hwing given any Two Abſciſſes x, x, and their 
Ordinates Y,y; to find the Diameter d to 
which they belong. 


Multiply each abſciſs by the ſquare of the or- 
dinate belonging to the other; multiply alſo the 
ſquare of each abſciſs by the ſquare of the other's 
ordinate ; then divide the difference of the latter 
products by the difference of the former; and the 
quotient will be the diameter to which the ordi- 
nates belong.“ 


yy M ra 


That is, TI 


EXAMPL E. 


If two abſciſſes be 1 and 8, and their two or1i- 


nates 4 and 14; what is the diameter to which 
they belong ? | 


xXyy — xxYY TG Xa Xa =P xn 
aTY — X39 ..— 1 xk 14 EX bx” 
4+TTISL7S'S — 2 * x 7 

4X14 —35x44 2X2 5 7 


diameter required. 


Here 


D d 3 PRO 


* DEMONSTRATION. 
By the nature of the hyperbola, dx + xx : dx + xx 2: 
TY : yy, or dxyy + XX = dæ XY + XXYY; hence d = 


IXYy = Xxx 
— . . E D 
TYY —_ Xyy — . U 
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PROBLEM IV. 


Given any Three Equidiſtant Ordinates a, b, c, with 
their Common Diſtance, or Common Difference d 
of their Abſciſſes ; to find the Diameter v 
to which they belong, tegetber with its 

Conjugate c. 


* From the ſum of the ſquares of the extreme or. 
dinates, take double the ſquare of the middle one; 
and call the difference A. | 

From the ſquare of the difference between A and 
double the ſaid ſquare of the middle ordinate, take 
4 times the ſquare of the product of the extreme 
ordinates ; and call the ſquare root of the remain- 
der B. f 

Then, as A is to B, fo is the given common 
diſtance, to the diameter to which the ordinates 


belong. ED 
And 


* DEMONSTRATION. 


If x be the abſciſs to the leaſt ordinate a, by the nature of the 
hyperbola we ſhall have theſe three equations, 
cc 


cc 
aa = — X (o) Xx x = — Xx (Dda+z3 
_= (Dd ＋ x) | _ (D T ra) 


c cc 
42 55 X (d+x+4) x (x + 4) = 55 * | 
(Dx + xx + 24x + Dd + ds 


CC 


1 x (D+x+24d) x (x + 24) 5 X 
(Dx + xx + 4dx + 2pd + 4). 
And by ſubtracting the double of the ſecond from the ſum of 


the firſt and thud, we obtain this equation, 


aa — 263 on CC-== rind X 2dd; and 1 8 
a Db DD 


Again, taking the firſt equation from the ſecond, leaves bb—aa 


wan 5544 
= — x (24 + Dd + dd); 1 eee 
A CC 2d . 
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And as the common diſtance of the ordinates, is 
to the root of 2A, ſo is the diameter p, to its con- 
jugate c. That is, 


4 — aa + 455 — cc)* — gaacc 
24324 — 26 + cc 


DA 
4 * 


MIC = 


i 


EXAMPLE. 


Required the diameter, and its conjugate, to which 


belong the three ordinates 43, 14, and 5, 
their common diſtance being 7. 


dy/ (45 b — aa — cc — gaace __ 
#6 — $35 + ec: 
AC” 1 4X 65 * 35* x 21* 
ob I — 35.2) ——— 
Ar 


Here the diam. D = 


— 


5 2X14 + 


1(32* = 5* = bg x 3*) — — 336 


—_ a 
3 2 X 16 + 05 x 3* | 98 1 
o d 4 And 
by = aa . DTA 255 =Laa—7Lcc 
4x — — — — A5. 
44 265 + cc 2 1 aa — 2bb þ cc bs 
cc aa—2bb + cc 
Conſequently, 44 = _ (Dor) Xx = wy X 
. „233 — 3Jaa — tcc 2 | 
[4 % ( —) — 2»*]; and hence 


aa — 2bb + cc 


— the diameter v. 


4 aa + 4bb — cc)! — 4aace _ an 
aa — 2bb + cc A 


Alſo from the equation — uy 2 wn is deduced 
DD 2dd 


D aa — 2bh + cc = 262 
— 
2 


= the conjugate c. 2. E. D. 


Corollary, e the ſum of the ſquares of the extreme ordi- 
nates, is greater than double the ſquare of the middle one. 
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And 


24 A 5215 — 2 2 bs x 37 
9 r 8 1 


=74/ 5 ＋ 9X13 OW =IX14 —=21, 
the conjugate C, 


PROBLEM V. 


Ti o find the Length of an Arc of an Hyperbola, the dr 
nx at the Vertex. 
LT LH ©” 


Put a = the * tranſverſe axe, c = the (emi. 
Cc. + aa 
c* 

drawn from the end of the arc required, a = the 


„eg 
2 = 2302 58 5093 


* common log. of 2 £ 240 1 2 2 5 
2 


32. FR H — ce 
22 — D — r 


, e an ordinate to the axe 


conjugate, q = 


hyperbolic logarithm of 


4 
bx 2. . Kc. 


Then 


* DEMONSTRATION. 


Putting æ S the abſciſs of the ordinate y, we ſhall obtain, from 


the nature of the curve, x = 1 and therefore = 
cc + aa 
— — 2 19 
2775 * cc 
hence 2 — 8 — 2 
e +» Van 72 24 ce +) 
wy Sake + aa * Cy 
—— * N25 1 r Feb 
P 1 ,z 37 . 2 fre). 
1 29 Fd T 2. 4. * 2.4 2. J. 089 c) 


el 


i 
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Then will the _— of the arc be expreſſed by 


2 E 
8 * 2.4 6=f E XC). 


XAML. 


Required the length of the curve correſponding to 
the ordinate 10, the tranſverſe and conjugate axes. 
being 80 and 60. 


Hes 2 40, = 3% and y 22 ict hence 9 
DEE. 2500 


1 Vcc ＋ 90 = 10910 = 


362277662; and 2 — e 


whoſe hyperbolic logarithm is 3274501 = a; 


allo 3 — 1076133 — B. 


Weener = 6 


4 
„ee +yy - Fc __ : SS 
6 . I 45698 9717 — D. 
LETT Cd ew 
and = 2 Lo = 35493293125 — . 
Then 
Bu the fluent of is the hyp. log. of” — I) = A; 
fee +17 4 
1 
Nec r « | 
that of THE 2 18 r E 
Vece + yy | 4 
that of — 2 2 — is 22 == D, Me 
Hec + yy 6 


ane 
n * 2 ns 1" 2.4.6.8 N 


— — — — 
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Then + A = 327450, — Ze = *000764 


2.4 
« £qa* 
+ 25 = 016607 — wy = *000012 
+ 225 D'= *000084. _ *000776 
+ *344141 
— *000770 


| 343365 the ſum of the ſeries, 
which multip. by c = 30 


produces 10: 3009 5j the length of the arc, 


rr 


Uſing the ſame ſymbols as in the laſt rule, the ac 


will be expreſſed by the ſeries y X (1 += — 


. „ Tr x0 


+ 


11212 a 
: or 


* DEMONSTRATION. 


aa Tec 
. 


ce 1 


For, by the demonſt. of the laſt rule, 2 is = 57 


2, by extracting the root of the numerator and denominatoh 


and then dividing the one by the other, y X 


a? . a* + 4a* c* F a6 + 4a* c* + 8a c 
(1 + pe ® 2. 4c * + 4.40%“ J 
8 6 N 350 . 
5a + 244% + 48a*c+ + 64a Kc). And, by taking 


4.4.84˙% 


the fluents, we obtain the ſeries as in the rule. 
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a*y? 4 + 4c? 35 a* + 4a*c* + 8:4 89 
ory X (1 + "= they 4 3 42 + 4c* 140 
8 9 + 244 C7 1 + be” INS xc). 

a* + 44 c * + 8c* 2c7 


EXAMPLE. 


Taking the fame example as to the laſt rule, in 
which a = 40, c = 3o, andy = 10; we ſhall o5tain 


A=1T 5 e = 003170 
B = 0032922 12 59 
= 398 — *003229 
+ 1033320 | 
— 003229 


the ſum 1030091 which multiplied 
10 
produces 10. 3009 i the arc, nearly as before, 


r 


1. To 21 times the ſquare of the conjugate, add 
9 umes the ſquare of the tranſverſe ; and to the ſame 
21 times 


* DEMONSTRAT ION. 


Firſt x = . 


- — a, uſing the ſame ſymbols as in the 


. ., 0 LINES 
as 2.4ct 2.4. 665 „„ 


Then proceed as in rule 5 for the elliptic are. 


AT (BTD 


Thus y x 
/ A + Bx 


=7 X 
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21 times the ſquare of the conjugate, add 19 time; 
the ſquare of the tranſverſe; and multiply each ſum 
by the ablcits. ; 
2. To each of thele two products add 15 times 
the product of the tranſverſe and ſquare of the con. 
jugate. 8 
3. Then as the leſs ſum is to the greater, ſo is the 
double ordinate to the lengih of the curve, nearly, 
„ JE" * 1 
That in, WESC YZ 
- Igc*t + (97 T 2161) x 
of the curve nearly; where is the tranſverſe axe, c 
the conjugate, x the abſciſs, and y the ordinate cor- 
reſponding to the arc. | 


X S the length 


EXAMPLE. 


Taking, again, the fame example, we have ? = 


5 
8o, c = 60, y = 1o, and x 3 


ee ee 
= —8 753 4 a 
== 216370 


- Then 
ay aAa'+ 2342 
= 7 X CU 1 * Kc): which put = 
F e 2Ac* PCP" as ) 7 
22 — a* * 422 2 : 
* (0,8 — = — y+ &c) the value of the 
arc in the laſt rule. Then, by equating the correſponding 
te nare — i 
rms, we 6 
r 2Ac* 6c? 
e* Ada 1 4 | a*c* 
or 1 = 3p; 11 _ — , 
4 Dae 40 
n 21CC 
a 
hence 3 = —— — l _ | Leif. cw 
I04a = _—_ 10t 


putting þ for the parameter, and? for the whole tranſverſe axe. 
Conſequently 


- 
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tgc*? + (197% + 21) x 

t$c* r {9r0 + 21 c v 

15 x 60* x 80 + (19 x 80 + 21 x 607) 2˙16 
15 x 69* x 8 + (9 x 80* + 21 x 60+) 216 
118606+70516485 , | 
11520*51281928 
the arc required, very near. 


Then y X 


= 10 X 


= 10.X = 10:300;, the length of 


! PROBLEM VI. 


Io find the Area of a Segment cut off an Hyperbola by 
a Double Ordinate. 


K 


From the product of the ordinate and its diſtance 
from the center, ſubtract the product ariting from 
the multiplication of the product of the femi-axes, 
by the hy perbolic logarithm of the quotient reſulting 
from the diviſion of the ſum of the products of the 
{emi-tranfverſe multiphed by the ordinate, and the 
ſemi-conjugate multiplied by the {aid diſtance of the 
ordinate from the center, by the product of the 


{emi- 
: 1972 5 
| I Ents 
Oe AT (R-. [O? : 
onſequently y * is Nx _ 
AIST BX 3 4 
| 27 107 
1971 + 215 
1 — ———— 
4 57 * t 2 „Igeln ne 4 
11 a = 9 
0 41 _ dV - ad ad 
15% ＋ — — 2. 8. 8 
2. E. D. 


Corollary, A right line may be found nearly equal to an hy- 
1 8 : $8 - . 
5 arc, by proceeding in the fame manner as in the corot- 
ay to rule 5 for the arc of the ellipſe, taking here r = 
' IQAK + 
oA 


X Ab. 
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ſemi-axes ; and the remainder will be the area cut 
off by the double ordinate.* 

Thar is, cB X BD — CA 
X AE X hyp. logarithm of 
CA ” BD + CB x AE 
4 CA x AE 


=> Oy — 
2 — 


ac X hyp. log. of 


= the ares ADF ; ting 
2 = the ſemi-tranſverſe axe 
ta, e ſemi⸗ 
conjugate, y = BD the ordi- 
nate, and v = cs its diſ- 
tance from the center. 


* DEMONSTRATION. 


. cow — aa 


The fluxion of the area ABD is yv = —, by the 


„. ch —ag ac 
nature of the curve; the fluent of which is — — x 
2a 


9 + /vv—aa 
a 


h. I. of = the area Ap; the double of which will 


be —·ö᷑! ö! 


a a 


= ac Xx 


ay + cv 


ac 


the whole 


h. 1. of (= +=) = yy — ac & h. I. of 


ſegment Abf. E. D. 


—— 


Corol, 1. The ſame ſeg. apr or — n 
| / VU — 6 CC cc 
ut. — — 1 LES, oc „ h. 1. 2 5 
C 


= ac x (awy/i+4gq=h l. of (2 1 „ ＋ 27) | 
nge Xx (at +>1- b. I. df qa + oC” 1); 


2 
putting 2 = =, and q. = * 


G or ol, 
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Note 1. The ſame rules will ſerve for any other 
two conjugate diameters, and their abſciſs and or- 


angle formed by the abſciſs and ordinate, to the 
radius 1. | 


* 


Nete 2. Tue hyperbolic logarithm, is equal to the 
common logarithm multiplied by 2302 58 5093. 


EX AMP LE. 


Required the area of an hyperbola, whoſe baſe is 
14, and altitude 10; the tranſverſe axe being 30. 


Here 


—_—_— 


Corol, 2. If from the triangle g = {4 y, be taken the ſemi- 
2 4 — there will remain 
a 


ſegment ABD AU — Fac X h. l. o 


14c X h. LEES 
ac 


for the value of the hyperbolic ſector 


cad, When y or v are ſuppoſed infinite; then the ſector be- 
comes the ſpace A between the aſymptote and the curve in- 
iutely produced, and the expreſſion for it becomes inſinite. 


Corol, 3. When the hyperbola is equilateral, then à is = c, 
VO +y 
a 


and the area apy = py — aa X h. l. of 


Corol, 4, When A ant c coincide, the hyperbola becomes 
a triangle; and becauſe ca and Ak are then each = o, the rule 
will become barely ch X BÞ or AB Xx BÞ for the area. 


Corol. 5, Similar ſegments of any hyperbolas, are to each 
other as the rectangles of their axes. Where by ſimilar ſeg- 
ments, are meant thoſe whoſe ordinates or abſeiſſes, are as their 
ke axes or diameters. For, by corollary 1, the ſegment being 
erpreiſed by ac * (q VI 99 — hyp. log. of q+ 4/1 + 99) 
TX Q/QQ=—1 — hyp. log. of r - 1; and 


0= 


fe ſegments will be as ac. And hence, ſimilar ſegments 
b *quilateral hyperbolas, are as the ſquares of their axcs, or of 
ar like diameters, | 


4 Hence 


anate; multiplying the reſult by the fine of the 


M1 0 * = 
7 being the ſame in all ſimilar ſegments, 


— — 
-. 


„„ 
. 8 A «ns: - 
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Here 4 = ta, adv = 25. 


— ö AX 7... 
ml M VV — as a/ 40 X 10 nn” OE es 9. 
Then 239 — 15x12+9X25 _4+5 _ 
r 
| whoſe 


— 


Hence allo, hyperbolas of the ſame tranſverſe axe and abſcif, 
are to one another as their conjugate axes ; but if their baſes or 
ordinates and, conjugate axes be the ſame, they will be as their 
tranſverſe axes, For when à and « are the ſame, the quantity 
v+/vov —aa, 


ch ad 


| — (7 C + 4 h. 3 01 — 18 as C3 and When 
a a 
| Aya/cc+v „ re 
c and y are the ſame, then 9 —ac Nh. l. of 


— C 
IS as as 


And conſequently, having the quadrature of any one hyper- 
bola, from it we may find that of any other hyperbola; viz, 
knowing the area anſwering to every abſciſs in any one hyper- 
bola, we can find the area anſwering to any abſcits in any other 
hyperbola. For we can find a fimilar abſciſs in the ſquared hy- 
perbola, with the correſponding area. Then, as the rectangle of 
the axes of the ſquared hvperbola, is to the rectangle of thoſe 
of the hyperbola propoſed, ſo is the area of the former, to that 
of the latter. — Uhus, let /, c be the tranſverſe and conjugate 
axcs of any propoſed hyperbola, and its abſciſs; alto 1, c the 


— 24 
axes of the ſquared hyperbola: Then, ?: T:: x; — = the 
; t 


ſimilar abſciſs in the ſquared hyperbola, whoſe correſponding 


tcA 
area call a: Then, as Tc : :: a ; — = the area of the 
| TC 


hyperbola propoſed. Now, it will be moſt convenient t9 
have the ſquared hyperbolu an equilateral one, whoſe axes are 
each an unit. For then we need only divide the abſciſs ot the 
hyperbola-propoſed, by its tranſverſe axe, and multiply the pro- 
duct of its axes. by. the area anſwering to this quotient in the 
ſquared, or equilateral, hyperbola. And this is ſimilar to fin 
inz the ſegments of circles, and ellipſes, from-thole ot a circle 
whote ſegments are already calculated, and arranged in tables. 


Corol. 6. If a and c be any other two conjugate diameters, and 
the fine of the angle formed by à and its ordinates, to the _ 
3 


MM 3&0 oY Ty iO a FE uh 


dect. 7.) HYPERBOLIC AREA. 417 


whoſe hyperbolic log. is 11098612288z; which being 

multiplied by ac = 15 X g, produces 148·3 1265897; 

and this being taken from vy = 25 X 12 = 3oo, 
leaves the area required = 151*68734103.. 


E e RULE 

2 * . Sew ſmw — aa f 

t; it is very evident that — gar & h. I. © 

Au denote the oblique ſegment cut off by a 
a 


double ordinate to the diameter a. And if, in this expreſſion, 
for 5a and 5 be ſubſtituted reſpectively a and v, the ſaid 


CVA/VY — AA 


oblique hyperbola will be expreſſed by — 4 
v +y/vv—A 
A 


L of =; which alſo expreſſes a right hyperbola, 


whoſe tranſverſe and conjugate axes are A, c, and the diſtance 
of its baſe from the center v. : 

And hence is evident the following conſtruction, whic! 
denoorEx firſt demonſtrated, in a very operoſe manner, in his 
Exercitationes Mathematica, Lib. 4. 

Viz. Let Ap be a double C 
ordinate to the ſemi-diame- 
ter cy, of the oblique hyper- 
bola AVD. Draw vv paral- 
I and £4454 perpendicular 
tar; and with the ſemi- 
tranſverſe e and ſemi- con- 
jugate = the ſemi-conjugate 
of cv, deſcribe the right 
hyperbola a vd. And the of 
nght hyperbola awd will be 
= AvVD the oblique one propoſed; alſo ap = ad; and every 


=_ pair of correſponding ordinates E, ef, equal to each 
other. - 


Corol. 7. Hence it appears that all hyperbolas, having the 
ame center, and equal baſes, and between the ſame parallels 
A va, infinitely produced, are equal to each other; as are alſo 
their correſponding ſections E, ef; parallel to the baſes; and 
likewiſe the intercepted fruſtums Axr D, ac fd. 


Corol, 
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EE WS TE. 
Putting x = the abſciſs AB, and the reſt of the 


letters as in the firſt rule, alſo z = 725 = Then 


"4 th — 


U 
2 — 


Corol. 8. Let as be the 
ſemi-tranſverſe axe of the 
hyperbola psc; draw or 
parallel, and BF perpen- 
dicular to AB; and draw 
AFG meeting Dc produced 
in 6; then upon the baſe 
co of the hyperbola de- 
ſcribe a parabola vac, 
having 1ts parameter equal : — 
to e axe of the D I. C 6 
hyperbola. And (EG — H) X AB will be equal to the hyper 
bolic area EBC. | 


ay I 


ac 


ay +cv 
5 


For the area EBS = A = {vy — Lac X h. l. of 


and a x the curve cx =ac = Ivy + lac x h. l. of 


by addition, a + ac = wy, and therefore A = wy —ac Z 


AE X EC 
"” — CH) * 22 


So that the quadrature of the hy A __ upon the 
rectification of the parabola, 


a Xx (=—£)==( 


ay — cn 


f 


Corol. g. By ſubtracting the eg. . X h. l. of —— 


8 . 
from the ſegment vv — @c x h. l. of —-T— 


6 th. 
there will refult vy — 9 — 4 x h. I. of —— 7 + co 


for the fruſtum included by two parallel double lo 25 
' 2y; their diſtances from the center being v, v. 


* . 


— 


The fluxion of the area is 


. CAM A + xXx Xx 
Ix = 3 Then inſtead of 222 write 25 in of- 
24 


der rhat the fluent quantity z may be leſs than 1, and by that 
4 means 


ſa 


hat 


I I AE. 20 K 
— . ,‚ ne == bec) or 
2x5 X (5 2008 3-57 $79 3 


I 3 5 
E e 2 Will 


2 — 


— 


means the ſeries be made to converge by its powers, and the 
faid fluxion 


„ CXa/24X + xXx : hg 
2 28a -X 


will be = 


(. + 2.32 + 3-42* + 4.523 &c); 
and the fluent 1s 4e * ＋ + Tl + — S 22 + =o &c) 
= the ſemi-lſegment ABD. 


Now although this ſeries converge by the! powers of z, yet 
the coefficients actually diverge: in order, then, to make the 
coefficients converge, let the ſeries be multiplied by ſome con- 


renient quantity leſs than 1, as 1 , and the quantity — 
d by the ſame, and the reſult will be 


Baez? 11 202. 3+3 4 + 4 
— X — + —2 + 21 + =—23 &c) for the ſaid 
n A Ti $+7 1+9 


area AD. And, to make the ſeries converge {till quicker, let the 
lame operation be performed upon this ſeries, and there will reſult 
3 


$acy? I 1 I I 


— 


2+ &6) 


I=2]? 8 1.35 „ e $4749 7.911 


for the value of the ſaid area. 


3 — — 
But $acz< 2Cxx/2ax + xXx 


= 2xy; therefore 


area ABD. 2, E. D. 


Corol. 1. An hyperbola is always leſs than a parabola of the 
z* Kc) 


ſame baſe and altitude; for 2 xy * gas — — 
, xy F 1.3.5 37857 3 
| 18 
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will be the area of the ſemi- ſegment ad (Fig. to 
rule 1); putting a, B, c, &c, for the firſt, ſecond, 
third, &c, term. | 


EXAMPLE. 


Taking here the laſt example, in which = 19, 
3.= 12, 30 
h * RT 10 . 
24 T4 30 ＋ 10 40 4 


2 will be = 


- 
* ** - 4 a 8 » 8 FAY 2 * FY —_—_— jou 


—— — 


is always leſs than 2xy x or ; xy, the parabola, But « the 
altitude 1s diminiſhed, the hyperbola approaches nearer and 
nearer to the meaſure of the parabola ; till at laſt they vaniſh in 
a ratio of equality. 


Corol. 2. An hyperbola is evidently, for any finite altitude, 
always greater than a triangle of the ſame baſe and altitude, 
But as the altitude is increaſed, the triangle approaches nearet 
and nearer to the value of the hyperbola, till at length, when 
the altitude is infinite, they become accurately equal to each 
other. Which I demonſtrate, by the method of increments, 
after Mr. Emerſou's notation, thus: 

* x 


2a + x Bus 
and the general ſeries expreſſing the value of the area will become 


: — &c)—Now to find 


When the altitude & is infinite, then z = 


I 
2Xy X (= — * 
3 „„ . 
the ſum of any number of the negative terms; ſince it 5 
I 
2 — 1. 2 ＋ 1. 21 ＋ 3 
ting v = 2z f, then „ = 2» = 2, and the nth term 
| ; I 
: = — the * + 1th term, or 5, will be — 


b. 2. 43 woy v 
32'S 123 


evident that the »th term is ; or, put 


and the integral s = a — 


: But when #6 
9 


1 12 
1 


. . ES I 
=; in this caſe, a — :; hen 
VOY T 

12 12 


= 1, then 5 ought to be 


A2 
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Then A = 33 &c. B =. Jaz = 701666667 
C= 7222 51524 
D'= 4c 4960 
® = Lon 5639 
F = AR 76 
622722 11 
H 11622 2 


the ſum of theſe negative terms is · 173 18039 
which being taken from the firſt term 333333333 
leaves 316015294 

and this multiplied by 2xy = 240 


produces 7584367066 

SZS the ſemi- ſegment, 

the double of which is 151˙68734112 
the area required. 


4163 RULE 
8 . 1 8 — and 
% | | GOD 4e. 4.1.33 1 
12 12 I 2 
conſequently the correct integral is 
12 4 12 4.22 + 1.24 13 


is infinite, becomes accurately ; that 1s, the ſum of the 


infinite ſeries + &c is = 8 which being 
13•5 9 mY 

taken from 32 leaves + — 12 2 11 and hence 2 * N + = 
74) = the area of the hyperbola when æ is infinite; and which 


ls therefore equal to a triangle of the ſame baſe and altitude, 


Corol, 3+ Hence the ſpace included between the arc of an hy- 
perbola, infinitely produced, and its chord, is af a finite magni- 
tude, although it be of an infinite length. For this ſpace is the 
ufterence between the hyperbola and triangle, which, as above, 
$ nothing, that is, nothing in compariſon with an infinite ſpace. 


Cor ol. 
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rr 


3AB* 
Bac 
three-fourths of a third pro- 
portional to the tranſverſe 
axe 24c, and the abſciſs 
AB ; upon the diameter A1, 


= the parameter of the axe, 


Take Bn = = to 


deſcribe a circle meeting 
3 in k, and HL, parallel 
to BD, in L; and draw AK, 
AL. 


Then will the ſegment par be nearly equal to 


— 4x/tx + rA + Vl 


L A 
Sf aan, hr = 
15 15 


9 


dex. 
* * 
putting 


1 _— — —— 


— 


Cerol. 4. By cor. 3 rule 2 for the ſegment of a circle, the 


area of a circle whoſe diameter is 1, is 


1 1 
#=2 x (= + 
33 ·7 


the following equations: 


1 1 1 


X (— — — — 
Z+$+7 7.9.11 11.13.15 
. „„ i - 
1 = $+7+9 T 9.11.13 
x ( * 6 
3.3.7 8.79.1 
| 1 2 
IV.— = + — 
1.3.57  Geregern © 


1. n=2—4 


161 + &c), and by cor. 2 to this prob, 


* (== —— — —— — &c); from hence are deduced 


I 
15.17.19 


&e) 


&) 


13.1517 
— &c) 


95 . 


c) 


cn + 4x + enxa/tx cxa/tx 
4 
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putting # = the tranſverſe 2AC, c = the conjugate, 
and x = AB the abſciſs.“ 


EXAM PI. E. 
Taking the fame example, in which # = 30, c = 
Vtx + 4A + = 


15 | 
(ex _ 399 +4375 720 = 104/3 + 204/15 ..g 


8, and x = 10; we ſhall have X 


t 459 5 
= (v3 +2y15) & 16 = 15164828 = the area 


nearly. 


E e 4 RU I. E 


— 


* DEMONSTRATION. 


By proceeding as in rule 2 for the circular ſegment, we obtain 


exy/tx 


2 #  . - * 
1 


28 22 
ſemi-ſegment Ab B. Then, after the method uſed in demonſtrat- 
ing rule 6 for the circular ſegment, ſuppoſe aps to be 


&c) for the true value of the 


* ( + = + = &c): 


t * 
hence, comparing the like terms, 1 + n = - and _ = 5 
and therefore n = 9 and XN =" 0 — * — — Which 
15 3 15 "3 
ralues being ſubſtituted for them, we have app = 
„ ne*x* e* x 
r „ 
2 3 
ee t att t 
, 15 15 
Ea * [aV (as + . X AITVAI X Al] = 243 * 
Is 8AC 
WAH X AI : 1 2 _— AD. 2. E. D. 
I 


And this rule was firſt given by Sir J. Newton; but without 
emonſtration. 
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rn 
LE PT oe 
If Bn be taken = _— five-ſevenths 
of the ſaid third proportional to the axe 2ac, and 


the abſciſs as ; and the lines drawn as in the laſt 
rule, 


Then L 214/txa+} xx+4,/tx 1 5 
75 FI 


all expreſs the area nearer than by the laſt rule," 


7 


X AAB, or —— 


EXAMPLE. 
Taking, ſtill, the ſame example, we have 


Le 4 — LUX 720 _ 

75 5 75 6 
— — * 24 = 34/182+44/3 X 16 
the area nearly. 


= 151*68133 


P R O- 


* DEMONSTRATION, 
Taking BH = — let, as before, the area be expreſſed by 


AB X (, K AR) = AB X ( X AIT IVA X A1 


A 


. + * * = SN = = (Ve ee ee 


15 ex ese max mA 


f 1 . 


ing compared with the true ſeries < 2 — X 6 + = _ ihe), 


ue 


&c) : which be · 


( 
4 


the laſt problem. 
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PROBLEM VIL. 


70. find the Area of the Fruſtum of an Hyperbola, in- 
cluded between two Parallel Double Ordinates. 


Multiply the fſemi-tranſverſe by the one ordi- 
nate, and its diſtance from the center by the ſemi- 
conjugate, and take the ſum of the products; do 
the ame by the other ordinate and its diſtance from 
the center, taking the ſum of the products alſo; 
divide. the greater ſum by the leſs, and multiply the 
hyperbolic logarithm of the quotient by the product 
of the ſeri-axes; then ſubtract this laſt product 
fom the difference of the products ariſing from the 
multiplication of each ordinate by its own diſtance 
from the center, and the remainder will be the area 
required. 


x +cv cv 3 
ay+cv "= 
the area included by 2 and 2), » and v being 
their reſpective diſtances from the center, and à and 
the ſemi-axes. As is proved in cor. 8 to rule 1 to 


That is, vy — vy — ac X oa log. of —— 


Or, 
, . 2 mA 
we obtain theſe three equations, * + # = —\, _ and 
: 4, 
mA 1 13 8 
FT = 555 hence 4 = 2, mm = ts and 1 = —. 
28 7 2 Ty - 
0 Aæ& gxx . 
onſequently xy = w—_ 7 and the ſen . 


«225 |. 21AL + 4AK — 1 214/tx + pax +4/tx 
75 4 IP 
55 


Which likewiſe i is another rule given by Sir J. Newton, withe 
Out demonſtration, | 
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Or, if there be calculated the two ſegments whoſe 
baſes are 2y and 29, their difference will be the 
area ſought. 


EXAMPLE. 


To find the area of the fruſtum whoſe altitude 
is 5; its leſs end being, as in the example to the 
laſt problem, 24, its diſtance from the center of the 
Hyperbola 25, the tranſverſe axe 30, and the con. 
Jugate 18, 


Here a = 15, 2 9, V=25,y5=12, and v zo; 


— 993 — 157 i 0 
——ů— - = oof ni? 


3 * — 
— 973 = = 15 „ 


ay +cv __ 15X9y/3+9X39 NAA 
ay + ov © 15X 12+9X25 2 IIZ 7 
1 - = 1244016936, whoſe hyp. log. is · 2 183456, 
which multiplied by ac = 15 X 9, gives 29470656. 


'Then —— 


And vy —vy = 30 X 97/3 — 25 X 12 30 * 
(9/3 — 10) = 30 Xx 5:58845727 = 167˙653718. 


Theref. 167˙653718 — 29·4766 56 = 138˙177062 
is the area required. 
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PROBLEM VIII. 


427 


To find the Area included between two Ordinates Br, 
po, to an Afymptote cb of an Hyperbola, drawn 


parallel to the other Aſymptote. 


From the vertex E of the curve, draw EA parallel 


(0 BF, or CK. 


Then the rectangle of ca and Ar multiplied by the 
lyp. log. of the quotient arifing from the diviſion of 
cd by cs; or from the diviſion of BF by DG, will 


produce the area of BFGD.* 


E X- 


* DPEMONSTRATION. 


Put c S 4, AE=c, AB = x, and BF == y; then, by the pro- 
perty of the curve, ac = CB X BF (a ) X 5, and hence 


ac aces 


a+x 


* 3 


. and yo 72 - Whoſe fluent is 


nc X b. Lof <2 = CA X AE X h. l. of — = the area ABE. 


In 


428 


Are 


Required the area BDGF included by two ordi. 
nates BF, DG, whoſe lengths are 8 and 6; the ſemi. 
tranſverſe cx being 15, and the ſemi-conjugate 


EK 9. 
Here cx ET EK. =V15' 1 5*+ 9* 33 ＋ 5 
334. 
And in the ſimilar triangles ER, AE, 
g 75 
: CE +: a 2 
34 
. a 45 
: BK © AR-= 
5 
Conſequently A X AE = 1 = = 
ww SS > 
But the hyp. log. of — = + = > * 287682, 
. | | Thetef, 
In like manner ADpGE is = ca Xx AE Xx h. l. of . 
And, taking the difference, we have BpGF = CA X AE X 


kLo——-kLofE=ca x ar * N ar by 
CA CA 5 


„ „„ CA X* AE 
W for o, and — for c, the ſame area 
F DG 


will be = ca X A & h. 1. of —. E. B. 


Coro!, 1. If cs, cp, ci, &c, be in geometrical progreſſion; then 
* CI f | 
— Will be = —», &e, and conſequently the ſpaces P, Ol, xc, 


equal to one another; or the ſpaces ABFE, ADGE, Alk E, &C, 4 
ſeries of arithmeticals, and are the logarithms of the geometricals 


CB CN C1 
—, , Ke, to the modulus ca; or the ſaid ſpaces will 
CA cA cA 


form a ſcale of hyperbolic logarithms, whoſe abſolute numbers 
are CE, CD, CI, &c, When cA is 1, 
Corol. 


UYPERBOLIC AREA. [Part z. 
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Theref. * * oY = 2855667 is the area 
required» 


PROBLEM IX. 
To find the Curve Surface of an Hyperboloid. 


Let a and c be the ſemi-axes of the generating 
hyperbola, and v the _—_ of its baſe from the 


center. Alſo let a = 


aa +cc 

of another hyperbola, whoſe ſemi-conjugate is c, the 
fame with that of the former. Then find, by pro- 
blem 7, the area of the fruſtum of this latter hy- 
perbola, whoſe two ends are diſtant from the center 
by v and @ ; multiply this area by 314159, and the 
product will be the ſurface n 

That 


* 


Corol, 2. The ſpace ABFE is alſo 1 e 
„ = - &c). 
| 2222 75. 


For the fluxion of the area 


acx. . I Xx x* x3 


a+x a a* 0 
2 2 3 : 4 
x 4 * 
whoſe "Wy is ac * (= aw wn ＋ = de) 
24 343 4 a* 


a 


After the fame manner 


, AD 
ADGE is = CA X AE X wy - = —__ 


And — by taking the difference, we obtain DO 
— AB AD? — ABS AD? — An? 


=CAX AE x ( - 
CA * 


be the ſemi-tranſverſe 


4 
I 
I 
by 
i 
15 
2 
= 
bo 
6 
* 
| 
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That is, px (v 4 - Ac Xx hyp. log. of —=) 
= the ſurface required ; p being = 314159, 2 


Y, Y, the ordinates, of the latter hyperbola, whoſe. 
diſtances from the center are v, a.* 


E X- 


— Al... 


—— — 


* DEMONSTRATION. 


Put here, 0 = the ordinate to the abſciſs , and z = the curve; 


c 9 


—— 
ca/vy—aa 


then a: c:: Vο —aa;w= „ and w = 


— 
a αο - 
"ROSEN 


hence the fluxion of the ſurface will be 2 þavz =2 aud 05405 


2þc/vv—aa * common __ 2þevay/aa(vy—aa)io 
wy a aa(vy—aa) = 


3 2 — i 1 . — 

2 ut + cc a a ada cu ,/ wy — 

. . YE conan bots — 
a a aa + cc A b 


which is evidently equal to p drawn into the fluxion of an 
hyperbolic ſegment, the ſemi-axes being A, c, and abſcifs v. 
And, by taking the correct fluent, we obtain the expreflion in 
the rule above given; which is the difference of two ſegments 
whoſe baſes are diſtant from the center by © and a; or the fruſ- 
tum whoſe two ends are diſtant from the center by the ſame 
quantities v and a. Q. E. D. | 


Corol. 1. Hence if Azu be the gene- 
rating hyperbola, xc its ſemi-tranſverſe, 
ED perpendicular to xc, and equal to 
the ſemi-conjugate. Draw cp; make 
CE = CB, and on cs let fall the per- 
pendicular EF ; with the ſemi-tranſverſe 
cr, and ſemi-conjugate of Abu, deſcribe 
the hyperbola GH. 


Then, as the diameter of a circle is 
to its circumference, ſo is the fruſtum 
GIKH, included by the parallels BI. 
AM, produced, to the ſurface generated 
by AB. | 


For, 
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dect. 7.] 


E X AMP L E. 


Required the curve ſurface of an hy perboloid 
whoſe altitude is 10, the tranſverſe and conjugate 


axes of the generating hyperbola being 39 and 18. 


aa — ve” „ 
a/aahcc 4/15*+9* = 


He = 2 


r = ae = 165, 
a 34 
75” 
. 
1 . 
and Y = — = = 5" 
734 


Hence vy — ay — 25 X 15 —15 * 63. = 192. X 


152294; a= = LN 529615451; 


v/34 34 
and 
| 
4 
: For, by fimilar triangles, co: c:: E: OF = A = 
2 2 ö 
2 — = E. ae . And all the reſt is 
®' Fca* + 3D* Vaa + cc 
wwident. 
Corol. 2. Putting 2 = . and 2 = on - and 


2CF + PL 2CF + FB 
proceeding as in rule 2 for the hyperbolic ſegment, we ſhall 
obtain the ſurface generated by Ba, equal to 3*14159 drawn 
into the difference between the ſeries 
4 1 


2 
„ 343270 $+7+9 


a . 
FL X GH X (= — 


and the ſeries 


L 1 * 1 
| Ys X Ik „ 2 — * 2 KC). 


1 9 2.95 3+5+7 $+7-9 


432 HYPERBOLIC SOLIDITY. [Parz. 
and | | 
75x15 
Ter 434 1 
Ay+ca © 75X27 Ws 5 

0 
E 20441209; whoſe hyperbolic logarithm i; 
7149706; which multiplied by ac = 115:761 5451 
produces 82:7061049 ; which, being taken from 
v —ay = 294, leaves 211*2338951, Which mult. 
plied by 314159, produces 663*610853, the cure 
ſurface required. 


PROBLEM X. 


To find the Solidity of an Hyperboloid, 
EY LH” 


As the ſum of the tranſverſe axe of the generating 
hyperbola, and the height of the folid, is to the ſum 
of 


— 


* DEMONSTRATION, 


Let / be the tranſverſe, and c the comjugate axe of the gene- 
rating hyperbola, its abſciſs, or the altitude of the ſolid, ) the 
ordinate, or radius of the baſe, and p = 3*14159. 


TELE? and the fluxion of the folid 6. 


Then Jy ee Xt 


ab » ft + x , : T7 +1sx 85 

Y 8 pecæn X , whoſe fluent is pccæxæ * * 
. RF | EE 

2þxyy N EET nm x baſe X altitude * . the meaſure 
?+ x t+x 


of the ſolid. 2. E. D. 


Corol. 1. An hyperboloid is to a paraboloid of the ſame baſe 


and altitude, as / + ?x to : + x;; and therefore the former 13 
; x 


always leſs than the latter, by the quantity Zpxyy x 1 


which difference, when x is infinitely little, or nothing is 


nothing; and the hyperboloid approaches nearer and e 


Cl 
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of the ſaid tranſverſe and + of the height; ſo is half 
the cylinder of the fame baſe and altitude, to the 
ſolidity of the hyperboloid. 


That 1s, the ſolidity is = + baſe X altitude * 


t +ja t + 3a 
dh IDarr Xx —=; 
t + a v t + 2 


putting a for the altitude, v the radius of the baſe, : 
he tranſverſe axe, and p = 3*14159. 


EXAMPLE. 


Required the content of an hyperboloid whoſe 
altitude is 10, the radius of its baſe 12, and the 
ordinate to the middle of the abſciſs or height 


7 


- — P ˙A — 0 


the paraboloid, as the common altitude is dimmiſhed ; till at laſt 
they vaniſh in a ratio of equality. Alſo when the altitude is 
rery little, the hyperboloid is equal to the paraboloid very 
dearly. But when x is infinite, the ſame difference 4pxyy & 


long hyperboloid is Ipxyy — Ipxyy = Jpxyy = a cone of 


tte fame baſe and altitude, to which meaſure the hyperboloid 


continually approaches; and when the altitude is very great, it 
is equal to the cone very nearly. 


Corol, 2. When x is = ut, the general expreſſion becomes 


k I + 32 
i baſe x altitude x +3 ; where » may be any number, 
-" . 


ategral or fractional, When 2 is infinitely little, this expreſſion 
comes 1 baſe x altitude or = the paraboloid of the ſame 
baſe and altitude, as before. If u be infinitely great, it will be- 
come ; baſe x altitude x 2, that is, 3 of the paraboloid, or = 
tae cone of the ſame baſe and altitude, as above, When = is 
= 1, of t = x, the expreſſion becomes + baſe x altitude & 
7» 0r 5 of the paraboloid, Moreover, when = is between 1 and 
o the hyperboloid is between 5 and $ of the paraboloid; _ 
when 


Ff Here, 


— becomes barely 3 xyy, and the value of the infinitely 


* = - 4 
_ 
—ͤ— —— — 3 * 0 


7 — 
vw. San * 6 p - 
—ſ — I errrneng — 
— —— - — 
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Here, by prob. 3, we ſhall have 
$07 X 43* of $00 Neit2* _ 20 —- 40 30 
. 2 2 m— — cc" 30 the 
5 X 12*O 10 * 3* Xx 7 8 — 7 1 | 
tranſverſe. | 


t + Za 
t + a 


: 1 mga . 4 — | A » - 
7 * 1 3.14159 X 660 = 2073˙45 11551360, 
. the content required. 


Then 1parr * =P i0 * 144X% = 


. 


To the ſquare of the radius of the baſe, add the 
ſquare of the diameter in the middle between the 
baſe and top; multiply the ſum by the altitude, the 
product by 3141 50, and g of the laſt product vil 
be the content of the ſegment. 


. rr + dd 
That is, — 5 


ment; putting 7 and 4 for the radius of the baſe 

and diameter in the middle, @ tor the altitude, and 
7 = 3'14159. _ 

This is proved in cor. 1 to rule 2 for the next prob. 

| E X- 


* ap = the content of the ſeg- 


— 


when » is between 1 and infinite, the hyperboloid is between 
5 and g of the paraboloid of the ſame baſe and altitude. 


Corol. 3. If the generating hyperbola be equilateral; ſince 7 
is then Sc, 3y will be = tx + XX, and hence? ===; 
which being ſubſtituted inſtead of it, the general expreſſion for 
the hyperboloid will become px Xx 2 ., which is the 


ſame expreſſion as that for the ſpherical ſegment, differing only 
- . . __ i .- w 
in the ſign of the latter term, it being — g here and + 34 
there. 


Corol, 4. When ? is = o, the rule becomes! baſe * altitude, 
as it ought; for when f is So, the byperboloid becomes # 
CONne., 


er 
let 


tl 


ſol 


the 
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EX AMP LE. 


Taking here the laſt example, in which ry = 12, 
= 647, and 6 = 10; 


We ſhall have — LE "I X10Þ = 11 X 6 X 10 


= 660 p, the content the ſame as before. 


PROBLEM XI. 


7% fnd the Content of the Fruſtum of an Hyperboloid, 


SL KS 


From the ſum of the ſquares of the ſemi-diame- 
ters of the two ends, ſubtract 4 of a fourth propor- 
tional to the ſquare of the tranſverſe, the ſquare of 
the conjugate, and the ſquare of the altitude of the 
fuſtum ; multiply the remainder by the ſaid alti- 
tude, and the product by 3*14159, and the half of 
the laſt product will be the content of the fruſtum. 


That is, (pd + 4d — _ x pa = the content; 


putting Þ and 4 for the ſemi-diameters of the ends, 
F f 2 a the 


—_— a 


ä 
8 


A 


—— — —_— —— CY 


* DEMONSTRATION. 


Uing here y, y for the ordinates or ſemi-diameters of the 
ends, for the altitude; and putting A for the diſtance of the 


leſs ordinate y from the vertex of the whole ſolid; fince YY 13 
({+a+x) x (AT) 


— — — 


— 
— 


cc, we ſhall have the flux ion of the 


tt | 
- . . At + AA 2AXx £3 XxX | 
ſolid 5 _— PIII = pc X + + w - 5 3 and 
| tt | 

13 AT TAATAXTIIXT TT 4 

the fluents give = fccFx X SALT - ; and 7 


| is 
4 : . 
this, 


- — 
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a the altitude, 7 the tranſverſe, c the conjugate, and 
= 3*141:36- 


EXAMPLE. 


It a cafk, in the form of two fruſtums of an hy. 
perboloid, have its bung diameter 32 inches, its head 
diameter 24, and the diameter in the middle be. 
tween the bung and head 34/310 ; required the con- 
tent in ale gallons, the length being 40 inches. 


By problem 4 we ſhall have 


_— — 


1% /i 125 + x 230 — 165) — 4 X 121 X 165 


32 


122 — — Xx 310 + 16 
25 
2 / 2 1-4* x12 x068 ine 
= n 25 | 10 %(248— 125) 1200 
0 — 32.X 319 e | A39= Jag 
; "5 | 


= 


8 


At + AA 


this, by ſubſtituting 2 for , and — for 


At + Aa +2axr+tix+xx 
ft 


„becomes (yy + yy — 7 * Ip. 
9. E. D. 


Corol. 1. When the generating hyperbola is equilateral, ? 18 
= c, and the rule becomes (yy + yy = ! xx) x A; which is 
the ſame with the rule for the fruſtum of the ſphere. 


Corol. 2. When the axe s o, or the hyperboloid becomes 


. ; xy 
a cone; ſince then Y:y9::a+x:Aory—y:y:: 4 1 
2 
| "; 0... Y 5) 
and #:c::t A: , we ſhall have — 8 3 and 
tt AA 14 


* Re 2 a p 
therefore = = Ie; which being ſubſtituted for it in the 


cer 


rule(YY + yy — —) x 1 þx, produces (Yy + Yy +5)) * 3þ® 


for the fruſtum of the cone, as it ought, 
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30 4 — 40 = 3oyB8r = 270. = f the 
tranſverſe axe. | 


_ 11 | 3 1 
7 — — EI 1 . 4 = 
25 + 2 "EF RY 2 5 2 
- 88 [E<E 2 1 os EL = 108 /— = 
the conjugate axe c. 
Then 
"2 x ab 202 x 108? 
(04+4d—— =) 1aÞX2=(16*+12? „„ 
20” Xt 2 30X26=4,, 2 
X20P =(20*'— = —_—— 4 x2} - 
p=( „ - 4 X2p 
149X 32 


—— XP = 79577 X 3'14159 = 2499809994216 
nches = 68-64787213 ale gallons, 


* PU LE 1% 
Add together the ſquares of the greateſt and leaſt 
ſemi-diameters and the ſquare of the- whole diameter 
| rf 4 in 


* 


* DEMONSTRATION. 


Put x = the abſciſs, whoſe ordinate is ; the axes being ? and 


c; and, from the nature of the hyperbola, we ſhall have theſe 
three equations: 

ti) S cet] Xx = c tx xx), 

tdd = c t- ka) * (& - ga) = x +axx—ax— rat ＋ gaa), 
ttop ct te la) * ( ＋ 1a) = ce (tx xxx Ta Tat aa) 
from the ſum of the two latter of which ſubtract double the 
former, and there will reſult ? x (DD — 233 + dd) = Laacc; 


— 439 
_ will ee _ _ Which being 
lubltituted inſtead of it, in the laſt rule, will give 


(dy + 2 Xx Zap for the content of the fruſtum re- 
quired. 2. E. D. 


a 
and hence 


Cor ol » 


— _ — — 
GA — —— — — 
— —_—_ 1 
— — * „ - » 2 * n 0 
* * ”S - + * 
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in the middle, multiply the ſum by 5 altitude, 


5 and the product by 3*14159, and one: ſixth of the 
laſt product will be the content. 


That is, (DD + 4099 + dd) X 4ap = the content, 
putting p, s, and d for the greateſt, middle, and leaf 
ſemi-diameters, 2 = the altitude, and p = 314159, 


XAML E. 


Taking here the ſame example as before, we ſhall 


6% f Fe — . Laden 
2 en. 5 
have — A * 40p = 8 
6 3 = 
mw_— * 4 = 7957. 


the content the ſame as before. 


P RO- 


Corol. 1. If d the leaſt diameter be ſuppoſed to become 
infinitely little, or nothing, the above rule will become 
(Dp + 429) x gap for the content of a ſegment, 


Corol. 2. An hyperbolic fruſtum is equal to a cylinder of the 


| | „ 
ſame altitude, and whoſe diameter is 4// — — 


And the ſegment is equal to the cylinder whoſe diameter i# 


, the altitude being the ſame, 
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PROBLEM. XI 


To ful the Content of the Segment cut off an Thyperbo- 
laid by a Plane Oblique to the Axe of the Solid. 


td > heres ” 4 —— —— — — 
wy 7. 


— 


As the ſum of DE and 2p, 

ls to the ſum of 3 DE and 2CD, | 
So is © the cylindroid of the ſame baſe and alt, 
To the ſolidity. 


. 5 
”—_— — CY nk nods 
- a+ us 


„20 h + IDE 3 1 
Nai, ————— X DF X bate 1s the content | 


of ap. Where 2cD is the diameter to the double 
ordinate AB, Or tranſverſe diameter of the baſe, pr 
the continuation of the diameter to the middle of 
az, and DF perpendicular to AB.“ | | 

Ff4 PR C= 


* DEMONSTRATION, 


Pat 2eD = a, DE = b, EB = e, Dd = x, 4% =y, B = the 

elliptic baſe whoſe tranſverſe axe is As, and s = the fine of the 
angle E to the radius 1, 

HS the property of the hyperbola, a> +55: ax+xx:: cc: yy = 
ax + xx 
ah ＋ bb 
ſimilar figures are as the ſquares of their like diameters, we ob- 


ce * 


; and becauſe parallel ſections are umilar, and 


ax + XxX 


—— = tl 2Ct1 . 
ITT the ſection at ab 


kan ce & 


Hence 


| 
| | 
be 
I 
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PROBLEM XIII. 
To find the Content of an Hyperbolic Spindle, 
EEE T0 


Proceed as in rule 1 for the elliptic ſpindle, and 
the content will be obtained.* 


That 


ws — 


ax + xx 


po Pp + ; Whoſe 


will be the con- 


Hence the fluxion of the ſolid is PS * 


; 1a ＋ AK BSx& a + 3 * 
nan . a+ 
tent of a D. | 
And when x or pd becomes = 6 or px, the rule will be 
a ＋ 23 a +36 ; 

27 mo Shes the ſold ans, 


9.E.D, 


Corol. i. When E is a right angle, DF, DF and HG all coincide, 
as do àn and BI; and the rule becomes 3 baſe x ns x 
2CH + *hH | 


G : x 
for the right ſegment, the ſame as in problem 10, 
2CH + HG 


2CH + JHG 
Corol, 2. If from ; bafe BI x us Xx Kul the right 
2CH + HG 
2CD ＋ IDE 
ſegment IB, be taken 1 baſe B x DF Xx _— the 
2CD + DE 


oblique ſegment ap3, there will remain the part BAL. 


SCHOLIUM, 


I might here proceed to find the ſlice parallel to the axe, and 
the other parts depending on it ; but as there appears little oc- 
caſion for it, and it would run into a complex infinite ſeries, | 
have omitted it, | 


* GENERAL INVESTIGATION. 
Put x = DE, and y = EF; then, by the property of 


. X * 
the curve, :::: ec r axy FI = 2 + —; hence 
C 


2 


FF 


CE 


area EFBD — 


Fur. Or 2þC X area EFBNO — 
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© 


21,3 — 
That is, (2cs — 5 — * = the content of the 


ſpindle ABCLA:; Where c is = 6D the central diſ- 


tance, or the diſtance of the centers of the ſpindle 
and generating area ABC; s = the generating area 
abe, = BG the ſemi-tranſverſe, c = G the ſemi- 
conjugate, L = AC the length of the ſpindle, and. 
p = 3'141 59. 

As in corollary 1. 


Note. 

De 1 =cC=- — and the fluxion of the ſolid 
C 

Will be 3 * * 2Ccti/cc + xx + tt + — = 

74 [tt — ce + = + 0 = LEED = þx 5 


(tt=cc + 


ttxx . tt » 
+ 2cy) = 2poys -U * (4LL—xx); whoſe 
ce 
. ttx 
fluent gives 2þC X area EBD —.— * (4LL —4xx) = 2þÞC X 


pttx 1 JLL—4xXx 
ce 12 

2 1 — == a 
cc 12 


content of the middle zone FENPLM; putting / = 2x = Eo its 


length, 


* 


Corob, 


— , - . * * 2 
— 
— ö — — — = s ** & 


for the content of the fruſtum 


* T - 22 
- $S* * . 
- - —— * Lg E 
——— ͤ en ¹ . ds. 


j 
' 
4 
, 
! 
7 
! 


| 
1 
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Note. If the generating hyperbola be equilateral, 
— X$S— L) X29 


for the content of the ſpindle; putting D = BL the 
greateſt diameter. As in corollary 3. 


the theorem will be barely (==? 


RULE 


— 


Corol. 1. When 1 becomes = L, the laſt theorem becomes 
213 


2þcs — HR for the whole ſpindle aBCLA. 
CC 


Corol. 2. If from the ſemi-ſpindle be ſubtracted the fruſtum, 


there will remain 2pc Xx area AFE ———— * "—_ 
CC 


the ſegment MA; putting à for AE the altitude. 


for 


Coro). 3. When the generating hyperbola is equilateral, we 
ſhall have LL = 4cc — 47? = 4cc — (2c — p)? = 4c —vp; 


Lt + 5 : ; g 5 ; 
and hence © = ———; which being ſubſtituted in the tore- 
4 
8 - LL + DD 
going rules, we obtain * ps — ?þL3 for the whole 
2D 
: LL + DD 5LL - LL 
ſpindle, * þ X area EFBNO — 71 XxX ——— 
2D | vb 
- ; LL + DD 
the middle zone FBNPLM, and — * b X area 
| 2D 
L — 24 
AFE — paa X F for the ſegment MAP. 


\ 


Corel. 4. Putting d for mr the leaſt diam. of the fruſt. or zone, 
n= 2 2.786398, and tlie reſt of the quantities as above; ſince LL 


DC — 1DD tt__ Dc — dc — 2DD + dd 
Dc — dC — 4D + 1dd „ 11 
and the area EFBNO = 1d] + 5, putting for the area FBN; if 


theſe values be ſubſtituted 1 in the general forms, we {hall obtain 
3 X (2 +dd+(—D+d+ 75 for the value of the 
middle zone FEX?PI.M, 

and }»L x (2b0 4 (- 54 =) * 8c) for that of the whole 


ſpi dl * 
Pin r Corol. 


FX 7 


p 


sect. 7.) HYPERBOLIC SPINDLE, 443 


LCL K-20, 


Divide 3 times the generating area, by the length 
of the ſpindle; from the quotient ſubtract the 
orcareſt diameter of the ſpindle; multiply the re- 

| mainder 


— 


Coro!. 5. And if here, again, the generating hyperbola be ſup- 
poſed to be equilateral, fince in that caſe 1/135 =(2c—4d)* —qtt= 
(-d) — (20 p) = 40% + dd + ge = bb, and hence 

Il4+ pb — dd _ LL + DD 

12 „ 45 


. dd 
[20 +(—v += X or zr x (38 X 


; we ſhall then have 32 L * 


I I. DD 


—LL) 


for the whole ſpindle, and 


A” — 24d 
x (200 +dd + (=D +4 +I) x ZE) 


— dd 
7 +09 4 for the zone. 
9524 


Hence it may be obſerved, that the content of an equilateral 
hyperbolic ſpindular catk, may be found from having only its 
length, with the bung and head diameters given. 


o pl x (44d —11 + > x 


Corol. 6. The fluent of 


. iixX a6 R. 
pyzx or PA * (c + tt + ) 15 alſo 


F "ag C 


txx c tx Ve Hax 


ce x hyp. log. 


S pr Xicc + tt + 


* + fc A * . bet | - | 
of L __ which is another expreſſion for the content 


Zee 0 


a 
ol the fruſtum Fr LM, 


Corol. 7. Putting u for the diameter in the middle of the 
fruſtum or ſemi-ſpindle; then, by the nature of the hyperbola, we 
ſhall have (c=1d)*—(c—4p)* : (c- jm) *—(C=D)* 3: 4: 1; 
hence (e — 1 = 4 (c fl zm) — 3(c — 4b)*, and 

1 . 4m* — 402 —d* | 
4 42 — 3D 4 


2 2 
3 4m*—3D 


— x 
4 42 35 
in 


in the fruſtum, or c = 


* = "TS 2 - — "+ 
I TD ah ta 3s I — 
22 r - - 


= — ee dr 


4 
AF 
| 
| 
i 
| 
1 
| | 
1 
} 
| 
| 
| 
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mainder by four times the central diſtance; and to 
the product add the ſquare of the greateſt diameter; 
then the fum multiplied by the length, and the 
product by 3141 59, + of the laſt product will be 
the content. | 


That is, [DD + (= — p) X 401 L S the con- 
tent; the letters as before. 


By corollary 4. 


Note. If the generating hyperbola be ſuppoſed to 
be equilateral, 4 times the central diſtance will be 


= +2? and then (35 x 22 — 11) x 29 


is the content. By corollary 5. 


"EW n. 


Divide the difference between 4 times the ſquare 
of the middle diameter and 3 times the ſquare of 
the greateſt, by the difference between 4 times the 
ſaid middle diameter and 3 times the greateſt, and 
ot the quotient will be the central diſtance. 

Then proceed as in the laſt rule. d 


That is, [DD + (= — p) * — — 7 X 2 


4m — 3D 


= the content. By corollary 7. 


Note. 


— 


— 


in the whole ſpindle; and hence the rules in corol. 4 will become 


[DD + (= — D) X AY el for the whole ſpindle; 
and [pp + £dd + &= x — = 1] x! 


4 3 — =7 
for the zone. 


Corol. 8. And if the generating hyp. be equilateral, then 4//= 


(c=14)* = (c=1D)* =, by writing for c its value found in * 
la 


1c 


| 
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Nite. When the generating hyperbola is equi- 
lateral, the content may be found without having 


the length L given, for then L is = 
(mm — 4p) — [(D —m)? — 
Wl —— 


| (4 — 3D)* -- 
Another rule might be drawn from corollary 6. 


, by corollary 8. 


FROUSL EM ©ATV4 


To find the Content of a Zone or Double Fruſtum of an 
Hyperbolic Spindle. 


. 


Uſe here rule 1 for the zone of an elliptic ſpindle, 
and the content will be obtained. 


tel LL — {1 
„ 
| C 12 
the content of the zone FBNPLM; where p = 
314159, C = 6D the central diſtance, ? = Bs the 


That is, 2PC X area EFBNO — 


ſemi· tranſverſe axe, c = 6H the ſemi-conjugate, 
S ko the length of the zone, and L = ac the 


length of the whole ſpindle. | 
By the general inveſtigation of the laſt problem. 


Note. 


— — 3 
py — 


laſt corollary [(m—d)* —i(p=d)*P —[(p=m)* —{(p—d)*P 
; (49 35 —4)* g 
hence AC 0M fo —unnogcP 1 
(4m — 3D — d)* 
the length of the zone, and when 4 vaniſhes, we have 
iD) I- I.. 
(4 — 35) 
whole ſpindle. So that when the hyperbola is equilateral, the 


'ngrh of the ſpindle need not be given, if the diameters Þ and 
given, ; 


* 
05 
N 
1 
w 
AY 
145 
1. — 
T 
ft. 
+ 
' * 
1 
} 
; 
1 
. eZ 
FF 
=Y 
\ 
wr, 
d 
- 
1 
| _ 
1 
7 - 
* = 
1 
1 
1 
4 
* 
bi 
1 7 
N 
* 


= L the length of the 


& Aww 
—_ r =_ 
—— — XE v. —_ 
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Note. When the generating hyperbola is equila. 


. . LL 
teral, the rule will be barely p X _ X area 


L. 


1 2 1 | 3 
E FBR NO — PI X —— . By corollary 3 to the lit 


problem. Putting b = BL the greateſt diameter, 


= VU. L: & - L596 


Uſe the ſecond rule for the zone of an elliptic 
ſpindle, only here add the firit general product 
inſtead of ſubtracting it, and the content will be got, 


That is, [2DD + 4d + 8c X 6 ＋ 4 — p) x dc) 
X I= FBNPLM. Where d = FM the leaſt di. 
ameter, s = the area BN, and the other letters as 
before.———By corollary + to the laſt problem. 


Note. If the generating hyperbola be equilateral, 
II + vp +dd 


4 times, the central diſtance will be = = 
— | 


and then the content cf the zone will be 


- 35 [I + DD = dd J's a 
LU —U +5 X( XX !. 


| —_— 


Buy corollary 5; to the laſt problem. 


DT 1, © art. 


From 4 times the ſquare of the diameter equi 
diſtant from the greateſt and leaſt, ſubtract the tum 
of the ſquare of the leaſt and 3 times the {quare 
of the greateſt diameter; and from 4 times the {aud 
middle diameter, take the ſum of the leaſt and 3 
times the greateſt; then divide the former difference 
by the latter, and + of the quotient will be the cen- 


tral diſtance. 


That 


© 


* 
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e 


= c, 1 being the 


. I 
That IS, 7 * N 


middle diameter. By corollary 7 to the laſt problem. 
Then proceed as in the laſt rule. 


Note. When the generating hyperb. is equilateral, 
: m—d)* - (D-) - ( =) —42 (D—&d)*}F 
I. 9 6 ( 5 — = ) )*] | 
by corollary 8 to the laſt problem; ſo that the con- 
tent may then be tound without having the length 
given. nl 
Another rule might be drawn from corollary 6 to 


the laſt problem. 


, PROBLEM XV. 


70 fund the Content of the Segment of an Hyperl lic 
Spindle. | 


Uſe here the rule for the ſegment of an elliptic 
ſpindde; only inſtead of what is there called the 
lels axe, take here the tranſverſe, and inſtead of the 
greater, the conjugate axe; and the content will be 


obtained, ——By corollary 2 to problem 13. 
. aatt L — 24 
That is, 2PC X area AFE H x = = a 
| a 
4 the ſegment xAF. Where @ is = AE its altitude, 
m ad the other letters as in the laſt problems. 
re ; | | 
id Other rules might be found by ſubtracting the 
; fluſtum from the {emi-ſpindle, according to the cor- | 
ce relponding rules of the laſt two problems. | 
Ne | | 


P R Q» 
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PROBLEM XVI. 


To find the Content of an Univerſal Hyperbolic Spindl; 
that is, of a Solid Generated from the Revolution 
of an Hyperbola about an Ordinate to 
Any Diameter. 


TSMC HRS TTIGCGATION. 


Put 4 = cs the ſemi-diameter to which belong; 
the double ordinate AA, about which the figur 
ABA revolves, c = ob its ſemi-conjugate, 5 = az, 
e = CE, 2 = EF, y = GF parallel to ct, m = fine 
of the angle k or r, and # = its coſine, to the n- 
dius 1, allo p = 314159; and let o be perpen- 
dicular to AE. 


1 


Then, by the nature of the hyperbola, c : « :: 
| ' ax/cc + 232 


CC +2ZZ; 
a V t 32% 
C 
hence EH is = 2 = ny, and the fluxion of the 


ſolid is p X G X uk = pmmyy X (z = ny) — 


= ci; hence 5 = - c= 


C— : but GH is = my, and HF ="); 


i 7 "On 2 0 2 ca e Y F 422222 


whole 
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whoſe correct fluent is pmm x [Au (BE — 52) 


— — 
a* 23 c ax Vece 2A 


2 2 5 
+ C 2 +4 2+ 360 


— cac x hyp. 


C 
log. of — = the ſolid generated by KOH. 
And when 2 becomes = 5, the above fluent. 
| 4 ca ec + 3b t 
gives nm X (cb + ab + —— — 2 | 


36 C 


= cac X hyp. log. of A _ +25 for half the con- 
tent of the whole ſolid ABA. | 


Cirollary. From the general inveſtigation above it 
a* þ3 
300 oy 


5 
+ x/cc + ) — 


appears that Am ( nBE + c*b +46 + 


— c ac X hyp. log. of 


[4 


- — Ono een U ˙ oY be o—_ 


— — = * 


Cc 


preſſes the ſolid generated by ABK; the ſign of the 

firſt term uE being — or +, according as K falls 

between A and E, or without them: and conſe- 

quently half the diff. of the ſolids generated by the 

(paces ABK, K BA, is 2p X BE N BK" X RE 

= the cone generated by the triangle 3K E. And 

hence the ſolids generated by the two equal areas | 
ABg, EBA, are alſo equal; the value of each being 

the half content of the whole ſolid mentioned above 

in the inveſtigation. | 


K _— Wag 8 2 
r Ou . 3 . — — * 
7 S = o = 
| o 


—— z— — — 


r 


X — — — — 99. 
— * 8 p 


Scholium. The ſolution of this problem was never . 
but once before attempted, viz. in a periodical per- 
formance ; but the ſolution there given is erroneous, 
the fluxion and fluent of the general fruſtum being 
both falſely aſſigned. | 


Gs | S EC- 
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ron VIAL 


PROMISCUOUS QUESTIONS C0N- 
CERNING SOLIDS 


QUESTION I. 


EQUIRED the content of a tub who 
greater diameter AB is 60, diagonal c 66, 
and the length of the ſtave ac 30 inches, 


Here AB: Bc + AC :: BC — 5 
ac:PEL—6xg6= 576 ALE 1 


60 N 


Hence ARE = 4AB —3eD = GV/ 
30 — 28˙8 — 152. 


And xc — VAC - AE 730 —1˙25 — 675 — 2 


= 6725 — *04 = 6724˙96. 


Then (AB + AB X De + pc*) x A X 785390 
= (60* + 60 X 57:6 + 57:6*) X 2249 X 785300 
= 10373*76 Xx 44/39 X 3*14159 = 81410117 
cubic inches = 288-688 ale gallons, the content 
required, 


QUESTION 11. 


Three perſons having bought a ſugar loaf, would 
divide it equally among them by ſections parallel to 
the baſe; it is required to find the altitude of each 
. perſon's ſhare, ſuppoſing the loaf to be a cone 


whole height is 20 inches. 0 2 
. 8 Similar 
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Similar cones being as the cubes of their altitudes, 
w_hall have as 2/3 : 4/3 :: a0 3 202/42 
138672247 = the height of the upper part; and 
84/3 : z:: 20: 204/57 = 174716107 = 
that of the upper and middle part together; conſe- 
quently 17:47 16107 — 138672247 = 3604380 is 
the height of the middle part, and 20 — 17:47 16107 
= 2:5283893 is that of the lower part, 


QUESTION III. 


A filver cup, in form of the fruſtum of a cone, 
whoſe top diameter is 3 inches, its bottom diameter 
4, and its altitude 6 inches, being filled with liquor, 
1 perſon drank out of it till he could ſee the middle 
of the bottom; it is required to find how much he 
(rank ? | | 


By problem 14 of ſection 1 we have Þ = 4, d = 3, 
b, and BD = :D = 2; hence D* — df = 64—27 
=37,P = the tabular area whoſe verſed fine is 
=0r4, = 44 = of 785398163 q = the tabu- 


: 5 * A 
kr area whoſe verſed fine is — 2 or Ty = 


D - A 

quently (37 32 n ＋ 540) * 2 (5A t ANN) 
X2 = 718539816 + 35˙0458624 = 42.899844 
cubic inches · 152127 ale gallons, or 1 gill and 5 
nearly, the quantity required. Os. 


1h LI | 
29455283 — — 23 and - —— 2 conſe- 


QUESTION IV. 


have a right cone which coſt me J 5 13 7, at 
198 a cubic foot, the diameter of its baſe being to 
Is altitude as 5 to 8; and would have its convex 
"7 2 ſurface 
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ſurface divided in the ſame ratio by a plane parallel 
to the baſe, the upper part to be the greater: re. 
quired the flant height of each part. 


£5137 — £39; 9 | | 
Here =2—= = == is the ſolidity of the Cone in 


| | > 
et ; and *785398 X 5* * = = 200 * 785398 XK 
— * is that of a cone ſimilar to it, whoſe altitude 
is 8. 
Now, the ſurfaces of ſimilar ſolids being as the 


ſquares of their like dimenſions, we have WV; +8: 
VS :: V5 + 8* the fide of the ſaid ſimilar cone 


N _ the ſlant height of the upper part of this cone, 

when its ſurface is divided in the ratio propoſed; 

| 6 6 62 

and conſequently Y N 25 — = — - 
is the ſlant height of the under part of it. 


Then, becauſe ſimilar ſolids are as the cubes af 


Es : 6 
their like dimenſions, we ſhall have . 3 1 — : 


VE : 24/D x V = 3:9506486 the lun 


height of the upper part required; and / 2 | 


s 11363 ,, , 4562 E... os 
Ix n ö 
= * * N — 39506486 = 5˙ 0361098 — 


39506486 = 1:0854612 the ſlant height of the 
under part. LO 


aks 
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QUESTION v. 


There is a mill-hopper in the form of a ſquare 
yramid, whoſe ſolid content is 137 feet; but one 
bot is cut off its perpendicular altitude, to make 
a paſſage for the grain from the fruſtum or hopper 
o the mill-ſtone : The ſides of its greater and leſs 
end are in proportion as 44 to 1. Required the 
content of the fruſtum, in corn meaſure, in which 
166-8025 cubic inches make a gallon, or 21 50'42 
a buſhel, | | 


Since ſimilar ſolids are as the cubes of their like 
| 1 
dmenſions, we ſhall have 4-5? : 1? :: 132: 7 = 
2 2 the content of the part cut off. 


Ts. 
3 4 27 —8 729-8 
Therefore 192. —< = 2-2 T 
37 * . a 54 
= 55 cubic feet = = Xx 1728 „ 


121 X 32 or 23072 cubic inches, the content of the 
hopper. Which being divided by 21 50-42, gives 
10729067 buſhels for the content in corn meaſure. 


QUESTION VI. 


A piece of round tapering timber, whoſe top and 
bottom diameters are 40 and 50 inches, and its 
height 6 feet, is to be cut through the extremity 
of the leſs diameter, and parallel to the tapering di- 
fection; required the content of the two parts or 
looks into which it is cut. 


By prob. 14 feX. 1, =,104 — 40, þ = 6 feet 
= 72 inches; then A =! 50? Xx tabular ſegment 
_ height — or 3 r 1118238 
= 219 5595s 


6 g3 Hence 


| 

i 

| 

| 
|. 
| 
| 
= 


1 
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Hence [ —> — 
Ty — 
3 X 500 1 5 =) Sy — 
(279* 5595 K 5 885 ==) * 24 = (279*5595X3} 


— 160 X 4) X 40 = od ade * 40 = 794714, 
the content of the hoot cut off. 


dp — , * 3h = 


But, by prob. 8 lect. 1, —_— x K x Me 
- 53 — &*) X 190 & 24:X 785 8 = 166400 

785398 = 250690'2 543893, the content of the 
W * piece. 


Conſequently 130690˙ 2543893 — 7947'14 = 
122743*1143893 is the ſolidity of the complemental 
hoot, 


QUESTION VII. 


« Two Oxonians mecting at an inn, encoun- 
tered with a tankard of negus ; the one, being pot- 
valiant, gave it a black-eye, as it is called, that 
zs, he drank till he could ſec the center of the bot- 
tom of the tankard; the other drank the reſt : Now, 
if the liquor colt 1s 6d, and the tankard meaiure 
4 inches diameter at the top and bottom, and 6 
inches in depth, what muſt each perſon pay, pro- 
porucnable to che liquor he drank *” 


By prob. 4 ſect. 1, we have g 4d for the quan- 
tity left by the firſt perſon ; and, by prob. 2 ſect. I, 
nud db is the content of the whole tankard ; d being 
the diameter, + the height, and u = 7853005 
that is, the whole is to the leſs ſhare as to g; 

11 ES oe . EBIT. 
conſequently 1 : : 18d : 33 
3˙8197185 
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3819718 5 pence, which is the ſum the latter perſon 
muſt pay; and hence 18d — 3:8197185d = 
1441802815 pence is the ſum the firſt drinker muſt 


pay. 


% 


QUESTION VI. 


How many acres of the earth's ſurface may be 
ſeen from the top of a ſteeple whoſe height is 400 
feet; the earth being ſuppoſed a perfect ſphere whole 
arcumference is 25000 miles? 


Having drawn from A, the top 
of the ſteeple, two lines AD, AF, to 
tonch the earth, whoſe center is c, 
and the other lines as in the figure; 
x80 will be the ſurface required, 


"By fimilar triangles, A: cp or 
0844 ED Or CB ; CE; hence A: 
CAE AZ:: CB;:CB— e 2 

12 50 „ 420 
, © $200 


|| 2 


AC e 400 
314159 5280 
12500 X 4 1 50000 = 


1250 x 528 + 3*14159 K 4 © 6600125+5663706144 
07375913336410945. | 

Then, by problem 19 ſection 1, we have 
07575613336416945 X 250000 X 640 (the acres in 
a ſquare mile) = 12120981+338267112, the num- 
ber of acres required. 


684 Es- 
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* 


* 


QUESTION IX. 


How high above the ſurface of the earth muſt x 
| perſon be raiſed, that he may ſee one third of its 
{ſurface ? 


The ſurfaces of ſegments being, 
by prob. 19 ſect. 1, as their alti- 
tudes, the altitude of the ſegment 
in the queſtion muſt be one-third 
* diameter, or two-thirds of the 

ws of the ſphere; that is, BE = 
23 ; and conſequently E = cs. 


But, by fimilar triangles, as b 
CK 3 CD M ep or es; ca, and hence 
COXBE, 

= 
which is a general expreſſion for the height _ 
the ſurface, and which when, as above, BE“ sf 
2EC, becomes 2Bc =+the diameter of the 5 
which is the height required. . 


CE: CB — CE — BE 220 B: CA CB - AB —= 


"QUESTION . 


If from a piece of tin AED, in the form of the 
ſector of a circle, whoſe radius AE or AD is 30 
inches, and the length of its arc ED 36 inches, be 
cut another ſector aBc whoſe radius AB or AC is 20 
inches; and if then the remaining fruſtum BcDE 
be rolled up fo as to form the fruſtum of a cone; 
it is required to find its content, ſuppoſing one- 
eighth of an inch to be allowed off its flant height 
BE for the bottom, and the ſame allowance off the 
circumference, of both top and bottom, for what 
the ſides BE, CD, fold over each other, in order to 
their being ſoldered together, 


By 


the middle of AB. 
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By ſimilar figures, as AE A. 
EZ - __ 36x20 / % 
. / q 
= 24, Then the cir- B/ 0 


cumferences of the top 

and bottom are 36 — + 

= 357 = 35'875, and . 

3.8753 and the ſide of E 

the veſſel is 30 — 20 — 4 

= 9 9875. 
Hence the diameters of the ends will be D & 
and d = 1 half their difference is 

314159 314159 


N conſequently the perpendicular altitude will 
71415 | 


be found, by the property of right-angled triangles, 
ES *875* X 3*14159* — 6 
„be voss = ara = Vain 
= 3933749 : : 
314159 
Then, by problem 8 ſection 1, we ſhall have 
35975” +35'875 x 23'875 + 23*875* „ 3043749 „ 314159 


3*14159* 3*14159 12 
9 . 9 „ 43242 — 170667 „ 3.4242 
82 x 3*14159* 12 768 3*14159* 


= 6853263 cubic inches, the content required. 


QUESTION 1 


It is required to find the area of the ſection of 
any ſpheroid, formed by a plane paſſing through the 
extremities of the two axes, the one axe being 80, 
and the other 60. - 


By prop. 1 ſect. 4, the ſection 
AKB. will be an ellipſe, whoſe F. 


kes are AB and 2HK, H being 


But 


bs, 


But AB VAE ＋E EB“ = 40 + 3o* = zo. 


And, having drawn GUI parallel to DB, by 
the nature of the ellipſe, Ak“: EB :: AB! — G& 
= An — S447 = ar : o =- inn"; and 
hence, by the nature of the circle, 24/ Fu X mw = 
2v/ G61* GH = 24/£8* — AEB = EBV2 = 
the other axe 2HK. 


Conſequently aB X 2HK X 785398 = 50 x 
30 V2 X 785398 = 1666: 081101807, the area 
of the ſection, when the ſpheroid is oblong. And 
50 N 400 7308 = 2221 441469076, the 
area when it is oblate. 


QUESTION XII. 


There i is a punch bowl in form of the ſegment of 
an oblong ſpheroid, whole axes are to each other 
in the proportion of 3 to 4, the depth of the boy] 
being one-fourth of the whole tranſverſe axe, and 
the diameter of its top 20 inches: it is required to 
determine what number of rounds a company of 10 
men may drink out of it, when filled with liquor, 
uling a conical glaſs, whole depth is 2 inches, and 
the diameter of its top an inch and a halk. 


The ſegment, whoſe altitude is 1, of the ſpheroid, 


whoſe axes are 3 and 4, is ſimilar to the propoſed 
one; and, by the nature of the ellipſe, 4 : 3: : 24/3 x1 


24's the diameter of its top; but by prob. 14 


ſect. 5, its content is = „ N 1 Xx 914159 = 
15 285328 3 

LG 
of their like dimenſions; therefore A 2. 20 :: 


15 


; and ſimilar ſolids are as the cubes 
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2 7228 
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wx 705208, 433 _ , 215 Xx 270008 — * 


. 3 
content of the glaſs, and 15 X*785398 = each round. 


| 85398 6000 

Therefore 922243 X r = 1229993. — 
81 x 15 * *785398 -43 

1140444976 is the number of rounds required. 


QUESTION > 49 - 


Two perſons would divide between them, by a 
ane perpendicular to the baſe, a hay-rick, in the 
form of a paraboloid, whoſe altitude 1s 40, and the 
diameter of its baſe 30 feet; it is required to find 
te difference between the ſolidities of the parts, 
ſuppoſing the altitude of the ſection to be 28 feet. 


7 


| 


*. . 


T G 
K 
Here DH = 4o, EA = 3o, and Be = HL = 28. 
Hence DL, = DH — HL = 40 — 28 = 12; and, 
by prob. 3 ſect. 6, as DH: DL :: Ha : ELC= HB 


= 15/12 _ 3/40 | N 9 * 30 
. ey RE —HB =y/15*— 2 


87e = 30, and — — 1— $I. 10-2 00 
30 20 
22613 387 the tabular verſed fine ſimilar to an; whoſe 


abular area is 13 322474; which taken from 
39269908, the tabular ſemi-circle, leaves +2 5947434 


4 . 4 cages 
185398, the content of the bowl. 
| . 8 | 
ii X 2 X — 4 X *785398, the 


— _ — — 


the 


LOSS 4 WM — - 
_ =. 4s wes 
6 — 
— 
—— —— — — —- — =-- 


— va" 
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the tabular area ſimilar to double the area HBGK; 


conſequently + x 3o* x *25947434 = 116: 763453 
1s the area HBGK. 


Then, by cor. 4 to prob. 14 ſect. 6, we ſhall have 


58 
116-763453 x 40 x 2 += * 2 346076364 


420 ej = 9341107624 + 1924081794 = 
11265*7 5803, the difterence required, 


QUESTION , XIV. 


The curve ſurface of a paraboloid being 
(109/109 — 27) x 2 x 3.14159 = 6980-57746, 
It is required to find its altitude, and the diameter 
of its bate, ſuppoſing them in proportion as 5 to 6, 


0 


+ 292— FF 
By prob. 7 ſect. 6, = Te; * 3 * 2 5 X 314159 


— = 27 5 ; 
_ — Xx 2 X 314169 18 Pa ſurface of 


a paraboloid whoſe altitude is 5 and baſe dia- 
meter 6, which is ſmilar to the propoſed parabo- 
loid ; but the ſurfaces of ſimilar bodies are as the 
ſquares of their lineal dimenſions, or the dimen- 
ſions are as the roots of the {ſurfaces ; therefore 


as N * 2 X 3*14159 is to 9 


X 2 X 3*14159, or as 1: 10 :: 5 : 50 the altitude, 
and :: 6: 60, the baſe- diameter required. 


QUESTION Xx. 

If a cubical foot of braſs were to be drawn into 
wire, of one-fortieth of an inch in diameter, it 5 
required to determine the length of the ſaid wire, 
allowing no loſs in the metal. 


Here 1 * 12* = 1728 is the ſolidity of the wire 

EE VER 32 . I OS.” : 
in inches; and (52) * 785398 = * 785398 
the 
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the area of its end; conſequently 
1728 1725 > 1600 | 6 
/ TIT 


1 
— " 8 8 
= x 70639 


inches = 55+ miles, is the length required. 


QUESTION KXYEL 


A gentleman having a bowling green, 300 feet 


long and 200 feet broad, which he would raiſe one 
foot higher by means of the earth to be dug out of 
4 ditch around it; it is required to find to what 
depth the ditch muſt be dug, its breadth being every 
where 8 feet. | 


Here the ditch 1s a kind of ring whoſe breadth 1s 8, 
and length = 300 & 2 +200X2 +8 X4 = 516X2 
= 1032, and conſequently the area of its bottom = 


$X 1032 = 8256; but 300 Xx 200 x I = boooo 


_ 60000 3 
1s its content; conſequently _ - = 7x7 feet is the 


25 


depth required. 


QUESTION XVII. 


Required the weight of a bomb-ſhell, or hollow 
ſphere of caſt iron, whoſe outſide diameter is 15, 
and the thickneſs of the metal 24 inches; the gra- 
vity of water being to that of caſt iron, as 1 to 7, 
and a cubic inch of water weighing *5787 ounces 
avoirdupois. 


meat 15) & 311 f% X 4 = 16 N<c236 m a 
ſolidity of the whole ſphere, ſuppoſing it all ſolid ; 
and, fince 15— 24 x 2 = 15—5 = 10 is the dia- 
meter of the cavity, 10* x *5236 will be the con- 
tent of the cavity; conſequently their difference 
(15* = 10) x +5236 = (3* — 2?) X 5? X *5236 
= X 125 x *5236 is the ſolidity of the metal in 
Inches, 


But 


» i : Mt — . 
G4 = | 
bt — - + — — - — — 1 


I 
| 
i 
=_ 
| 
IM 
. 
=_ 
_ 
[ 

| 
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But 1 : 7 :: +5785 : 450509 ounces, the weight 
of a cubic inch of the metal. 


_ Conſequently 440509 x 19. x 125 Xx 5236 = 
50374849152 ounces = _ 314*8428072 pounds 
avoirdupois is the weight required. 


ron inn.. 


Of what diameter muſt the bore of a cannon be 
caſt for a ball of 24 pound weight, ſo that the dia- 
meter of the bore may be one tenth of an inch 
more than that of the ball? 


By the laſt, the weight of a -cubic inch of caſt 
iron is 40509 ounces, conſequently as 40 509 ounces 
: 1 inch :: 24 lb. or.24 x 160z. : i< AT. 
. 3 ö 49 
inches, the ſolidity of the ball; but the ſolidity is 
equal to the cube of the diam. multiplied by - 5236; 


therefore 5 fg = 5*657098 inches, the 


diameter of the hall; to which adding +1 makes 
5*757098 inches, the diameter required. 


PART 
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„50 IV. 


Having given the menſuration of all figures which 
are uſually thought to be met with in real practice, 
viz. the figures formed by right or circular lines, or 
by che conic ſections; I ſhall, under this part, give 
a very brief treatiſe of other things relating to men- 
ſuration in general; ſuch as the quadrature and 
cubature of figures, from general equations expreſ- 
ing their nature or property; the method of equi- 
diſtant ordinates; and the relation between the areas 
or ſolidities of figures, and their centers of gravity. 


Nu CR ee I Inte ng N 


eri 


or THE TRUE QUADRATURE AND CUBA- 
TURE OF CURVES IN GENERAL, 


PROPOSITION I. 


IF z be the abſciſs of any curve, and the ordinate y be 
equal to 2t-"X ( (32" +y22" +023" + £24" + Sc.) 

* (a + 02" +c2% d Rc); andif © be put 

gqualtor, r +q =5,S+q=t,t+q=v,v+q=w, 

Ec. I ſay the area will be equal to 

WAX ( ＋ G. + y2 + 323 ＋ e ＋ &C)? 

«own into the ſeries 


+ 
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= 
＋ 7 
a 
— 
&(r +1) 
Axt BB(s+ 1) 


* 


* c ( + 2) 5 
20 1) — CBE(s5+2) 
—— —23* 
a Eo 
= —Acw—BS(v+1)=Cy(:1+2)—DB(s+3) 
+ of 
| &(r +4) 
+ &C. 


Where A, B, C, &c, are the whole cocfficients of 
the preceding terms, with their ſigns + or —; 


= — — 485 
VIZ. A — . — - 3 
c 7 c ( ＋ 1) 


DEMONSTRATION. 


The fluxion of the area is yz = 25-1 2 N 
(a +B2" +72 &c) l- xXx (42 + b2" c + &c). 


Let the fluent of this expreſſion, or the area fe- 
quired, be repreſented by 27 ( + 82" + yz*"+&c)? 
* (A + B2" + ea + &c); where A, B, c, &c, 
are not ſuppoſed to repreſent the ſame quantities as 
in the propoſition, but other quantities yet to be 
determined. | 


Then 


Wi 


vl 
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Then let the fluxion of this laſt aſſumed area or 
fuent be taken, and compared with the given flux- 
jon, ſo ſhall we have equations for determining 
the values of the aſſumed letters A, B, c, &c. 


Thus the fluxion of the aſſumed area 2 being 
NX x ( ＋ G +y2®" + &c)? x (ap + (OTA) D* + 
aher xe, ug x (Cv N ye . 
X(32" + 2) + 383 +8&C)X(a+B2"+cz*" + &c). 


0r, by proper multiplication, &c, 
* 2 X (a + BY + v0 + c), drawn into 
ta+(p+9qn)Baz"+(Þ+29n)y4Z D νοαν,i. +8&c, 
S0 n + οο 
+(£+ 2n)&c2* + (Dunz) αν | 


+ P+31)&%D 23" 
&c. 


If the ſeveral terms of this ſeries be compared 
wth the correſponding terms of the feries in the 
giren fluxion, we ſhall obtain theſe equations, viz. 


= NA, 
1 + (p +1) 8B, 
(= (p+29n)ya+(p+4qn+1)5B+(p+21)zc, 
«= (p+34n)3a + (2+ 27 π‚ον 21) 80 


TO, 

e=p+49n): A+(p+39n+n)3v4+(p+241+22)yC | 

0 +(p +9qn +3n)D +(p +41)%E, | | 
Kc, &c. 


en Hh From 
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From whence we obtain 


Lal 
— e 
TE 
e = #=(p+2559)7a> (p+gx+n)8u 
5 4 ( + 2) a 
4— RRR 
22 
4 (þ + 3) 
— - (An) A-(＋3qπννενν - rer 
* (þ + 42) 
& c. . 


Where now the letters Aa, B, c, &c, in the terms 
on the right hand ſide of cheſe equations, denote the 
preceding terms, as ſpecified in the propoſition. 


And if © AD, +=, s +9=4, 
t+4q , &c, theſe laſt equations will become 


— ayt—BB( + I) 
C ( ＋ 2) 
| <—4dv— py(t+1)—CcB(s +2) 


= , 


* (T + 3) 


3 


&(r +4) 
&c. ; Wee. 


Which 


= AC — BI(v+ 1) —Cy(t+2)—Db(5+3) 
— — 
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Which values of A, 3, c, &c, being ſubſtituted 
fr them in the aſſumed tluent or area, will give 
the area as in the propoſition. Q E. D. 


And much after the ſame manner we may find 
the area of the curve whoſe abſciſs is z, and ordinate 


ber = Ae) x nen, 


(ATB +c2* + 25“ + &c) "X &c, what- 
ever be the number of the ſeries. ' 


When, after ſome of the firſt terms, the nume- 
tors of each of the following terms of the ſeries 


a b 
8 


- * A 5* + &c, become equal to nothing, 
the ſeries will break off, and terminate; and then the 
curve is ſaid to be quadrable. If otherwiſe, it is 
ud to be non quadrable. If y be either nothing, 
ora negative integer number, it is evident that the 
denominator of one of the terms of the above ſeries 
ill become equal to nothing, and then that term 
wil be infinite; and if this happen before the ſeries 
terminate, by means of the numerators becoming 
equal to nothing, the value of the area will come 
out infinite; in Which caſe the ſeries is ſaid to fail. 


The curve is denominated from the number of 
terms contained in the quantity 
e E C/ T3 + &c)*. So, if it contain 
only one term a, it is a ſimple nomial; if it contain 


„o terms ( + 822)!, it is a binomial; if three 
4 e . „½22¼), it is a trinomial; and ſo on. 


H h 2 But 
ch 
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But in what follows I ſhall conſider none beyond the 
trinomial. | 


The area might be expreſſed by a deſcending 
ſeries, and from thence other caſes of the termin: 
tion of the ſeries might be pointed out; but this! 
ſhall do in the particular forms, as in them | it wil 
be done with greater eaſe. 


Nor ſhould it be wondered at that the area ad. 
mits of two different values; for when an ordinate 
flows, the area on one fide of it will increaſe as faſt 
as that on the other decreaſes; conſequently the 
fluxions of thoſe two areas will be equal to each 
other, that is, the fluxions of the areas are both 
expreſſed by the ſame quantity; and it is therefore 
but right that the fluxion ſhould admit of two dit. 
ferent fluents, anſwering to the two areas on the 
oppoſite ſides of the ordinate. When the expreſſion 
comes out affirmative, it denotes the area lying on 
that ſide of the ordinate from which it is {uppoſed 
to move; but when it comes out negative, it de- 
notes the area on the other fide of the ordinate. 
When it comes out infinite, it denotes the area lying 
along the abſciſs infinitely produced. 


If all the terms of the ſeries a + b2* + £23" + &c, 
after the firſt, vaniſh, and by that means the ex- 
preſſion for the ordinate become only 
a X (a +2" +y2*" + &c)?", the curve or area 
is ſaid to be ſimple; but if there be more terms 
than one, 1t 1s faid to be compound. 


In what follows I ſhall. conſider chiefly thoſe 
caſes in which the curve is ſaid to be ſimple; not 


only becauſe thoſe are the caſes that commonly 
happen 


W 


dect. 1.) OT CURYES. 469 


happen in practice, but becauſe every compound 
cale may be reſolved into as many ſimple ones, as 
there are terms in the ſeries a + b2” + £2 + &c); 
ind then, by finding the area for every ſimple caſe, 
the aggregate of thoſe will be the area for the whole 
compound one. 


In the quantity expreſſing any area, write that 
particular value of the abſciſs which it is ſuppoſed 
o have where the arca commences, or when it is 
equal to nothing, and the value of the area reſult- 
ing from that ſubſtitution, will be equal to nothing, 
if the firſt area be rightly aſſigned, and then it 
needs no correction; but if the area, by this ſubſti- 
tation, come out of {ome value, then by juſt fo much 
ill the firſt area differ from the truth, and it muſt 
be corrected by ſubtracting the ſaid value from it. 


It may alſo be obſerved, that when the ordinate 
is oblique to the abſciſs, the area, as found by the 
ſeries, muſt be drawn into the fine of the angle of 
inclination of the ordinate to the abſciſs. 


EXAMPLE. 
3a — bz% 

z R VaR — b23 + wy 

To have this in the ſame form with the general 
ſeries, we muſt expreſs it thus 

= > (34 — bzz) X (a— n + 62) 
Tt may be exprefſed thus 
1 ( ＋ 3422 * ( - + 22 ) v1. 


If an ordinate y be = 


x1, 
I 


Now by comparing the firſt of theſe forms 
wich the general expreſſion of the area, we obtain 
Hh 3 = 
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4 S 3a, b S o, c 5; 4 S 4, f S o, =I 


Ert , 2. 


1 — 
Hence r=E 2, =r+q=—1,t=54 


7 2 -, r So, W VT = 1, &c. 


Then, by ſubſtituting theſe values in the general 
ſeries, we have | 
2 X (a — b 2* + DL x — 2 — 25 


a — bz? + 23 ; 
» 


23 | 
all the reſt of the terms after the firſt vaniſhing. 
And becauſe this expreſſion is negative, it denotes 
the area on the other ſide of the ordinate. 


Again, by comparing the latter form with the 
general ſeries, we obtain a = —b, 5 = o, c = 34; 
=, 8 o, S3; p 21, 221,25 


Hence r we = 1,54 T4727 2, f= $+4 =2,&C 

Then ſubſtituting theſe values in the general {e- 
3 

+ e * 


. . a — bs 
ries, we obtain ——— 


b ba , chp— 6a 30 — 54A bD 7a 
+8 ocz n : 7 * 
for the area in this caſe ; where the law of the pro- 
greſſion is manifeſt, and where. a, B, c, &c, denote 
the whole coefficients of the firſt; ſecond, third, &c, 


terms. 


10CYZ* 


EROLEART 1, 


When 5, c, 4, &c, are each equal to nothing, the 
curve will be ſimple, and the general expreſſion tor * 
5 5 | ple 


k 


, 


tt 
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Jeqrens becomes X(a+(82" +y2"" +823" + &c)7 x 


"_ 

58A 
(1+ 10 
_tya+C+08B. , 

(r+2)% 
via+(t+1)yB+(5+2)Bc — 
r 
_wia+(v+1)38 +({+2)y0+(C+3)8D, 

E+4)6 


&c. 


COROLLARY By 


If the curve be only a trinomial, as y = 2 x 


+2 + 75 e that is, 9, e, &c, each equal to 
nothing, the area in the laſt corollary will become 


as * SBA n_C+1)88 +9, 
S ＋ * D 2 ar Paine, 

_ (5$2)8e+(t+1)yB . Co (Cee 
(r + 3) 4 a (r +4) 4 — 


But to find another expreſſion of the area in a 
deſcending ſeries, we have the ordinate y or az* N 


4. % T . =ad OE x E Ter )* 


then, by comparing this with the original ſeries, 


2 


the area will come out © 5 * ( ＋ N +1y2*")1 x — 


984 __ (6=3)8p+ (r=2Jea __ (s—4)Bc+(r—3)zaB 
EE TT eg) yn: 


H h4 When 
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When any particular example is propoſed, if, 
after having ſubſtituted in the former or aſcending 
form, it come out an infinite ſeries, let the latter 
or deſcending form be tried; for ſometimes an area 
is quadrable by the one ſeries, when it is not ſo by 
- the other. 


SAMPLE .Ibs 
| * 5 8 a . 
Let the ordinate y be = — ; which 
a/ 20 — 227 + 32 
1 
| a -2-1 ; z*1 
reduced to form is a2 x (1 — 22 +.32*)* . 


Here then we have a =a; @=1,=—2,y= 
P = - 2, UZ1, 4 = 5. 


2 


Whence r=? = — 2, r 


+qz—1v=t+qz—-,vz=v +4 S o, &c. 
And by ſubſtituting theſe values in the aſcending 


E : . 22 I 8 
ſeries, we obtain az” Xx (1-22 + 32*)* X (7 -—⁹ 


all the reſt of the terms vaniſhing, 2 3 
222 


—2.L½̃ =- 22 71 322 for the area required; and 
which therefore is quadrable, 


But if the ſame values be Ab in the de- 


ſcending ſeries, we get the area expreſſed by che in- 
Finite ſeries 


—_ 22 . — 
8 4 23 +3 1122 4 110 S® &c) = 


9 * 42 5 2* 023 
ax 1 — . 1 7 +44) +55 
927 4% 452? 45.09 | 
| &c) = 
42 1— 22 T 322 7 79 894 
* X — — — — — — — &c , 
go” op + 4% 45x ＋ 4.5.69 / 


E x- 


- 


Sect. 1.1 OF CURVES. 473 


EXAMPLE II. 


AYY 


= = which reduced to 
2 + 32 + 3205 


the proper form is az" * (2 + 32 + 32) 


Suppoſe 3 = 


Herea=4a; &=2,8=3; Y=3, P=3,n=1,q8= 


Then 7 S = 3, 3 & 


And, by the aſcending ſeries, the area will be ex- 
preſſed by the infinite ſeries Lag?y/2 + 32 + 32* 


. 160 4145 LL 190+17Cc 2 &c) 
3 10 12 1 


— 1 728 
* HI 32 ＋32 * 6. +7 8. 26 7K Z 10. — &C); 


and therefore it is not quadrable by this method. 


But by the N ſeries the area is quadrable, 


and comes out = * 42.2732 + 3 27 all the 
terms after the ſecond vaniſhing. 


So that ſometimes the area is quadrable by the 
one ſeries, and ſometimes by the other; but it is 
allo ſometimes quadrable by neither, and ſometimes 
by both of them. 


COROLLARY! N 


In the caſe of a binomial y = az?” x & + HZ, 
belide the letters which in the laſt corollary were 
equal to nothing, y alſo will be nothing; and by 
ſuppoſing it to vaniſh in the _o—_ ſeries in the 


laſt corollary, there will reſult © 2 X (a + (6 2) X 


IN... 1. C) , CT mn (+38, 
e "AR Ine 
&c. for the aſcending ſeries to be uſed in this caſe; 

where 
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where the ſeveral letters have the ſame value as he. 
fore. And this ſeries, it is evident, will always ter- 
minate when 5 is either nothing or a negative inte- 
ger, and the number of terms will be one more than 
the number of units in 3. 


But the ſame ordinate y e x ( + 2 is = 
ez? FI" x (B +623)", Then by writing, inthe 
4 aſcending ſeries, æ for G, E for a, Þ + qu —1 
* 
for p, and for + n, we re ſhall have 55 


I (r—1)-A — 3 
(= (5 — 2) Þ2" (5 — 3) 82% (- g)B2# 
for the area expreſſed by a deicending ſeries; and 
which, it is evident, will terminate, and be qua- 


drable, when 7 1s any affirmative integer number. 


SSAMPEE 31s 

aYY 422 
 BbÞ2bcz 23 +? = — Graf 
= 422 (b +2") j= a2” (6 4 5 8 


We ſhall have s a; =, 8 =c;Þ 3,23, 
and 18 i. Hence r L ands =r +4q= 
1—1=0o; to that the curve is quadrable by both 


forms of the ſeries. Thus, 


It the ordinate be y = 


wy” ſubſtituting 1 _ alcending ſeries, we ſhall 
have — = (6 + C z?)] 2 = J for the area 


— 33 +7 
on the cas fide of the „ 


And by uſing the e ſeries, we obtain 


2 . area 
( e X— ＋ N for the 
— the other ſide of che ordinate. 


E X- 


„ Ss an 
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LXAMPLE It, 


Suppoſe the ordinate be y = 2 


4¹ X ( + 2 = 42 X (b + FL 


Then a A= b, g Sc; p 4, 1 S 2, and 9 . 
Hence r = g --.2: 2007 = © + „ 
it appears that the deſcending ſeries will bring out 
2 terminate, but the aſcending one an interminate, 


area. Thus, 


By ſubſtituting in the aſcending ſeries, we have 


. t“ cz S .- 
. 23.23 2.3.4225 2.3.4.5. 23 —&c) 


for the area. Or by writing 4 for 26, it will be 


an*\/b+c2* I gem? -- ge 22. 5.7. 96 
2 23 2.3.4 2.34.55 —_ 
But by ſubſtituting in the deſcending ſeries, the 
area 15 quadrable, _— comes out 
ne 62 RX — . 
20 3 34 CC 


EXAMPLE. Ids 


the ordinate y be = Wa(b N a 
170 * 1 9 — a*x (5 + x 7, which expreſſes 


the common parahola, a being the parameter, and 
þ + x the whole ablciſs, or diſtance of the ordinate 
from the vertex of the curve. 


- — — 


Here a= a*; 2 2], BZ, z n and 
2. Hence 1 = E= 1, nds-=r +q = + 
do that the curve is quadrable by the deſcending 


ſeries, 


476 THE QUADRATURE Part 4, 


ſeries, but not by the aſcending one. Thus, 

By ſubſtituting 1 in the deſcending ſeries, we ob- 
tain al (6 + x)* X 4 = 34 a(b + x)* for the 
area. And ſince this area vaniſhes only when 
þ + x or the whole abſciſs is equal to nothing, it 
denotes the area of the whole parabola. But when 


* * 3 
* is S o, this area becomes VA x b* = the area to 


"Jt 
the abſciſs þ; hence 2 VL a & . — Lin be the 


area of the fruſtum included by the two ordinate 
anſwering to the two abſciſſes b and 5 + x. An, 


Z — _ 1 
after the ſame manner, 24/ a X E 


will be found to denote the fruſtum contained by 
the two ordinates whoſe abſciſſes are þ + x and b—z. 


But, by ſubſtituting in the aſcending ſeries, the 


area will come out the infinite ſeries 


X (b+x)* x ('—Z+ + £75; — 25 = + Kc. 


As this ſeries vaniſhes when x is put equal to 
nothing, it expreſſes the area beginning where 4 
begins, viz. the fruſtum included by the two - ordi- 
nates whoſe abſciſſes are þ and 5 + x; _ therefore 
(5 + x)? 


this feries is equal to 2 Va & , Which was 


found above to expreſs the ſame area, Then, by 
making this 1 equal to the 1 ſeries, and re- 


ducing, we obtain - 75 * — = for the value 


2 — RE 5-7-9927 2 9 + &c. 
| 4.0b* 4-0. 4.6.80 
And by ſuppoſing 6 ws: x in theſe laſt expreſſions 


0 


of the infinite ſeries 1 — — 1 


1 
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to be equal to each other, there will reſult 


29 * + LOT for the ſum of the infinite ſeries 
3 


5 3 ERR... fu.” 
FT Fs "y 1 &C z 


* = 1. 99. $+7:9-11 
** 5 Ba” += £299! + fic 


Now by the binomial theorem the quantity 
1.3. xt 


94 + a SAL. 1.383 
= K +5 T5: 2.45. 2.4.60 Taree &c), 
therefore the FW « quay 
3 
(b+x)* , 
"a (1 — = + 3 5 Ms — &C), is 
pes 1.3 x3 . 3.6 * 


2 . | 
SOX (1+ 7 4.06* Þ+ 76.89 4.0. 76.8108 K &c), 


and conſequently the area becomes 


125 * 14 1.33 "S 1. 3-8. 


Ul: — ——_———_—_—_ 
a n- © 4686 2 NR &c), 


which muſt be = 24* x CC + x)* — 8*]; 


{ that, in general, 


3 | 
pad 2. 1. 35 1.3.6 6 
8 1 9275 1 4. 4.677 4.6.80 ieh <<) 


If, in this equation, we take x = + and — 5, 
we hall have 


h p 1 . r , 
WY 1)=1+;-- +3 .6.8, ＋ &c. 


And by _ _ eien theſe two, we have 


3 1.3.5 1.3.6.7 
FFT 7 4. 0 12 4. 3 8 8 4.6. 8. 10 * 4.0.8. 10.12 + XG 


1 I 1. 3.5 1. 3.6.70 | 
STS — — —— —ê B . — 
* ; 4.6 4.6. 8. 10 4.0.8. 10.12.14 Kees 


"TIEN 1.3 1.3.6.7 1. 3.5.7.9. 11 
271224 — . 
7 + . ee 14.16 7 Ke 
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And, further, if æ be taken , then, in general, 


25 (+ LES SW 1 1.313 1.3. 522+ 
* 1 a 3 + 4.6.8  4.6.8.10 ＋ &c. 


erer IV, 


In the caſe of a ſimple nomial 


5 24 * wx ſuppoſing g in the laſt 


corollary to become nothing, the area will be 


aa?” 2 mz? x 
_ = putting m = ag?” 


Or if inſtead of ”:27* be written its value y, the 


area will be 2. 


And the curve in this caſe is always quadrable; 


m 
except when p is = ©; for then the area > be- 


2 


7M mM . . . 
comes — = =, V1z. infinitely great. 
Q 0 JO 


To this caſe of areas belong all ſimple parabolic 
ſpaces, and the ſpaces lying between the curves and 
aſymptotes of all hyperbolas. And all ſuch are, 
evidently, to the parallelograms of the ſame baſe 
and altitude, as 1 to p. | 


SRXAMPLE I. 


The general equation to parabolas 1s 


m * 
pe =g=+*, ory =p"t*z»+*; where y is the 
ordinate, © the abſciſs, and p a given quantity. 
| —_— 7 2. 
Here then m = p"*", and 2 3 £5 nn 
which value of p being of ſome magnitude, we con- 


clude that all parabolas are quadrable, and the 2 
I Wl 


- 


Hon ans n 1 


%V 
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will be, by ſubſtituting in the two. forms above, 
m m +21 

m u „ m + 1 

—— a 17 


either 


1 


So that the area of any parabola is to that of its 
circum{cribing parallelogram, as m + # 1s tom + 21. 
In the common parabola, „ and x are each equal 


t0 , or E = yy, and the general area becomes 3252 
or: of the circumſcribing parallelogram. 


EZSAMPLE II. 


The general equation to 
hyperbolas is 


mn mn 


WWW, 2 Ao 
where 2 is one aſymptote G, — B 
and y an ordinate ep drawn 

parallel to the other Gp. 


m + n . 


Here then m =p , and 


_ Mm. n—m 


me 1 aw — co 


: ſo that 


the ſpace will always be quadrable, except when 2 
ad m are equal to each other, as in the caſe of the 
common or conic hyperbola; and by ſubſtituting 
in the two forms above, we obtain either 

7m Xn + m 


for the area 6P 4 Dc. 


G - If 23 — lt 


So that 1 ſpaces are to their inſcribed 
jarallelograms, as - 


V to 1, or as u to n in; and. 


ince when 1 is = _ as in the conic hyperbola, this 
ratio becomes that of 7 to o; It appears that the {aid 
lyperbolic ſpace cedpc is in this caſe infinitely 


great ; 
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great; but in any other, of a finite magnitude, not- 
withſtanding it is of an infinite length towards p, 


COROLLARY V. 


If in the original ſeries, in the propoſition, only 
B, y, , &c, vaniſh, by becoming equal to nothing, 
.the ſeries for the area will become 
| ba cx" eg 


F jog 0 


| And if here again p and » be ſuppoſed each equal 


to 1, and a be actually drawn into the ſeries, and 
then the literal coefficients of the ſeveral terms 
be repreſented by a, B, c, &c, we ſhall obtain 
AX + BX TAC TAD“ + &c, for the area 
correſponding to the ordinate y = A + Bx + N 
+ Dx* + &c, putting æ for 2. 


of” 2 x 5 + 


And by this ſeries we 
might find a great va- F 
riety of areas. But to 4 
reduce it to another ſe- 
ries, converging quick- 
er; if xbe= A= b, —7 wm c 
as the above ſeries will 
repreſent the area AB De of the curve 4 BD; fo like- 
wiſe if y flow back from a to cd, making the ordi- 
nate y = A — BK + c — Dx + &c, x being 
now negative, the area aBdc will be 
Ax — BX + ACX — IDx+ + &C. 


Then, ſuppoſing the former x or ac, to be equal 

to this latter x or ac, and adding the two ſeries to- 

gether, there will reſult 

24 * TA + 2£x* + &c, for the area cdoc. Or 

if now 2 be put = ce = 2x, this area will be equal to 
_—_— either 

AZ + oa + 72 + — + &c, where c may 


be at the vertex of the curve, or not. 
| When 


K. 8 >» 
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When æ is = o, then y A as; ſo that as is 
always the value of A, or A denotes the middle or- 
ainate of the area cd Dc. 

If FEE be drawn parallel to cc, and meet cb and 
ding and F; the rectangle cFEC will be equal to 
ccXABZAZ, and conſequently the difference be- 


1 3 5 
deen c4Dc and c FE will be — + 2 + &c. 


34 3 


EXAMPLE I. 


If dp be a right line; its equation will be 
SAT Bx, B here denoting the ratio of the ſine 
of the angle 45A to its coſine. Then, ſince the 
ralue of each of the letters o, D, E, &c, in the general 


formula, is nothing, the general area a z + = + &c, 
will be only A2 = the rectangle cF = AB X cc 


Pl f 
FP x cc for the area dDcc, as in rule 6 


2 
prob, 3 ſect. 1 part 2. 


EXAMPLE II, 


If dy D be a parabola, its equation will be y = 


5 „ 
Vax(b+x) Va Xx (1+ 2353p * 8 
1.3. 5x 


5 2.4.0.8 84 + &c, by extracting the root. 


Here a =y/ab, © = = => S Kc, 


2.4 6%? 2.4.0.8 64? 
and, by ſubſtituting, the area c4pc will be = 
3 . 5 #4» s . 7 | 


4.662 4.6.8. 106“ 4.6.8.10.12.144* 
. : w* -- I.3.$2+ i 
e 921 4.0. 22 1 — Ke). 
And therefore the rectangle az or BA X cc, exceeds 
the parabolic area, by all the terms of the ſeries 
alter the firſt, 
N 11 But 
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But by example 3 to corollary 3, the ſame 
(3 + x)E -= 


area cd bc is = 2y/a X conſeg. 


2 
(6 + * — 62 a)? 1.3.54 
| =y/0 Xx (x — — 
. 3 f 4 ( 4.0 6* 4.0.8. 1000 
3.7.9 \ 
4-0.8.10.12.14 6% KC). 
equal to each other in this equation, we obtain | 


And when &4 and x are 


. Ee 2 1.3.57 

- po as * — 7. © 
＋ | : 4.0 4.58.10 4.0.8. 10.12.74 — Ke; 
the ſame as was found, by a different method, in 
ex. 3 cor. 3. 


When c 1s the vertex of the curve, then 6 i 
= x, and the ſeries for the area c Dc becomes 


I 1888 : 
AZ N (1 8 LL &c); which alſo, b 


ſubſtituting for this llt ſeries its value 4y/2, as Be | 
above, will be = STAZ = 343 X the rectangle 
CFEC. 


SX AMPLE III. 


If the curve be a circle, and a were any point 
between the circumference and the center, the ſe- 
ries would be very complex; but if A be the cen- 
ter, ander the radius, then will 


— 1 1.346 
= Vrr —xx= — — — * 
e rX(I „ „ Ke, 
and conſequently the area will be 
2 4 | 
27x X(1— ad of ane - — ; DT 


2.37 , 2-4+57* 2.45775 2.4·6.8.97 
which ſeries converges very faſt when æ is ſmall in 
reſpect of r. 


When becomes equal to r, we obtain 


Ar 11. ͤ SOD - WIA 
8 % 68 (7 | 2•3 244-5 2.4.0.7 2.4. b. 8.9 . 
tor the whole circle. | 

2 | | Hence 
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Hence 1 — 785398 &c, — = + 


+ &C, as in pa. 104. 


EXAMPLE. IV. 


If du p be an hyperbola; put NP 
its lemi-tranſverſe aB , ſe- Ne 
mi-conjugate AG = c, abſciſs 
ac = x, and ordinate cD = y; 
then its equation will be yy Bo 
44 of — ory =? XN Go A CS | | 1 


A 2 6 8 
VITE N (ITA -E * &c); 


—— —- 


: | 202 2.44 2.4. 005 2.4. 6. 8c 
and by ſubſtituting in the general ſeries, the area 


} 

| 

A 4 * „„ 1. zx 

adde will be 2 X (1 + — + — &c), 
1 

t 


3 2.3 2.4. 5c“ 2. 4. b. 7c 
the ſame with the ſeries in the laſt example for the 


area of a circle, differing only in the figns of the ſe- 
cond, fourth, ſixth, &c, terms. 33 


When x is = c, the ſeries becomes 


_— — ONS 1.3 a 
tr X (1 + 3 + _ &c) for the 
area GP. 


The rectangle ABtc is = tx, which taken 


c from the area ABDc, will leave AB X BE X 
4 x4 I.3x* | 
( + —=— — &c) for the arca BDE. 
2 6 2.4. 5c 2:40.70 1 
); So that the rectangle ABEC is to the trilineal BDR, as 
; ? x? * 1. 34 
- mis to the ſeries —— — —— + —=— — &e. 
In : 435 2.4.56 2.4. 6. 76 ; 
And when x or Ac is = c or AG, the rectangle 
ABCG will be to the trilineal Beq, as 1 is to 


1. 3 
— OC, 
2.4.6.7 & 


112 Parallel 


— — 
P ³ A —̃ ä ͤ—ñ— 


dinates BA, CD, to the other 
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Parallel to one aſymptote 
GP of an hyperbola, draw or- 


6G; B being the vertex of the 
curve: And put GA = @, AB 
„„ e = 3. 


Then : :: 3:5 
ab =” a 

„ T.5 
3 . 
— — &c.) = the ordinate. 

as | 

And by.comparing this with 
the general ſeries, we obtain 
| ax* a+ 1 
25 * ern = RW + a 
capc, taking Ac = ac. 


+ Kc), for the ara 


And when x = a, or Ac = A6, the above ex- 
preſſion will become 
20A X AB X (1 + + + 4 + + + + &c) forthe 
area PBS. 


PRQPOSITION IT. 


If there be Any Solid, in which all the Parallel 
Sections, either Right or Oblique to the Axe, are Lite 
and Similar Figures; and if, when the Abſciſs, or Part 
of the Axe drawn through the Centers of the Parallel 


 Seftions, is repreſented by 2, the. Value of the Settim 


be expreſſed by Any Series of Terms involving 2, and 
known quantities, after the ſame manner as the Ordi. 
nate is expreſſed in the laſh Propoſition : Then will 
the Solidity be expreſſed by the ſame Quantity as tht 
Area in the laſt Propoſition : That is, ſuppoſing the re- 
lation between the Abſciſs and Section to be expreſſed 
by Any Equation of which one fide is the Section, after 
the manner of the relation between the Abſciſs and 


Ordinate in the laſt Propoſition ; whenever the —_ 
0 


OF CURVES. 


if the Ordinate agrees with that of the Section, then 
will the value of the Solidity be the ſame with that 
if the Area as found by -the ſaid Propoſition. 


DEMONSTRATION. 


For, the fluxion of the ſolid being equal to the 
{tion drawn into the fluxion of the abſciſs, and 
the ſluxion of the area equal to the ordinate drawn 
Into the fame fluxion of the abſciſs, whenever the 
ordinate and ſection agree, the area and ſolidity 
muſt likewiſe agree, ſince equal fluxions have equal 


9. E. D. 


SCHOLIUM. 


All the examples that have been given to the 
corollaries of the laſt propoſition, may be conſi- 
dered as examples to this, the quadrature in thoſe 
being conſidered as the cubature here; and it is 
erident that curves will be cubable not only when- 
erer they are quadrable, but they will often be cuba- 
ble when the area cannot be expreſſed except in an 
Infinite ſeries, becauſe the ſection of a ſolid, uſing 
the area of a given circle as a given number, is often 
terminate expreſſion, when the ordinate is denoted 
by an infinite ſeries; and this is the cafe in the 
conic ſeftions; tor thoſe curves, the parabola ex- 
cepted, are not quadrable, yet all the ſolids genera- 
| ted by their revolution have finite expreſſions, as 
ve have already found in the foregoing part of this 
work, and as will more generally appear in what 
tollows ; which I have ſet down not merely to ſhew 
that the ſame concluſions may be brought out by 
different means, but chieſly for the ſake of ſome eaſy, 
Curious, and general rules, with which this method 
of nveltigation ſo readily ſupplies us. 


CO RO L- 


754 ' E e r 
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COROLLARY. 


Thus, by applying here what is done in the laſt 
corollary of the laſt propoſition, to the curves of the 
ſecond kind, we ſhall obtain general and terminate 
expreſſions for their ſolidities. For, by prop. 2 
ſect. 4 part 3, the flowing ſection being always a 
A + Bx + cxx, if p denote a given quantity, 
PX(a+Bx+cxx) will denote the ſection itſelf; 
and conſequently px X (a + iBx + JR) orp x 
(az Tr c2?) will de- | 


note the ſolidity cd h, B 
generated by the ſection F Ps: 
of a ſolid, in flowing di I 
from the place cd to atk E 
p being | 
— PTA D 
Since pa repreſents the middle ſection as, the 
firſt term p AZ in the above expreſſion will be equal 
to the cylinder cFBEc, whoſe baſe is equal to the 
middle ſection as, and altitude cc = 2; and con- 
ſequently h will always be the difference be- 
tween the ſolid c4BDc and the cylinder cFBEC. 

Or if there be taken : c:: c: 1, and the 
three areas, viz. the curve cdBDc, the rectangle 
cc, and the right-angled triangle c 6c, be ſup- 
poſed to revolve together about the common axe 
cc; then will the difference between the ſolid gene- 
rated by cd pe, and the cylinder generated by 
cFBEC, be conſtantly equal to one-fourth of the cone 
generated by c cc, 


| greater than 

The fruit. generated by cdBDc is J equal to 
or leſs than 
the cylinder generated by crrEc according as the 


— 


ke of affirmative] that is, accord- an hyperbola 
MR nothing ing as the 1 parabola 


or negative) curve D is 


or an ellipſe. 
In 


Ns — — — Je — 


2 n,, ,, — — 1 


— 2 Fo — — — 


— » 96 
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In the parabola c is = o, the equation to the 
curve being yy = A + Bx; and therefore the para- 
bolic conoid, or any fruſtum of it, is equal to a 
cylinder of the ſame height with it, and whoſe end 
js equal to the middle ſection of the conoid, viz. 
the ſection parallel to and equally diſtant from its 
wo ends. 


In the hyperbola c is = =, putting #2 for the 


whole axe of which cc 1s the continuation, and 
for its conjugate axe; and therefore the hyper- 
bolic conoid, or its fruſtum exceeds the cylinder by 
one-fourth- of a cone of which the radius of the baſe 
to the common altitude cc of all the three ſolids, 
a8 M is to n. | 


. . | . NN 
But in the ellipſe the value of o is — —, u and 


being the axes as above; and therefore the ſemi- 
ſpheroid, or its fruſtum, is leſs than the cylinder by 
one-fourth of the ſaid cone, of which the radius of 
the baſe is to the common altitude, as 7 is to m. 
When the ellipſe becomes a circle, m will be 
equal to; and conſequently the ſemi-ſphere, or 
is fruſtum, will be leſs than the cylinder by one- 
fourth of the cone, of which the radius of the baſe 
equal to the common altitude of all the ſolids. 
When dBD is a right 


l if 
ne, or the ſolid a cone, 8 . 
h | cG F< 
then the value of  c or — 1 T 

| | Cc LETT] T 
. FR <4 6 
will —, pro— 15 
; has equal to —» pro AL} 1.19 
ucing the right lines pd, — C 


cc to meet in H; conle- 

quently the triangles Pune, cc are fimilar, and the 

conic fruſtum exceeds the cylinder by one-fourth of 

ſimilar cone; the ſolids being {till all of the fame 

attude, The radius cs of the baſe of the ſaid ſimi- 
114 lar 


— 


i OS ——— — ————— e 


—— — 
DE ͤ% —- ::: 
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DC X CC 7 
+. ourth pro. 


C 

portional to cx, cp and cc: Or, if dt be drayn 
parallel to cc, the triangle dip will be equal to the 
triangle ces in all reſpects, or o = 1D = DC—W, 
that is, the radius cs of the bale of the ſimilar cone, 
is equal to the difference between the greateſt cp and 
leaſt cd radius of the fruſtum, When the fruſtum 
becomes a complete cone, it is evident that it wil 
exceed the cylinder by one-fourth of itſelf, or the 
cone will be to the cylinder as 4 to 3. 

From the general manner of conſidering the ge. 
neration of the fruſtum, in the beginning of this 
corollary, by the parallel motion of a' flowing ſec- 
tion, it is evident that the above properties will 
obtain in the ſame ſolids, whether the ends are per- 
pendicular or oblique to the axe; and alſo that 
the general method will include the fruſtum of any 
pyramid, whether right or oblique; and fuch a 
fruſtum will exceed the priſm, of the fame altitude 
and whoſe baſe is equal to the middle ſection oi 
the fruſtum, by one-tuurth of a cone of the fame 


altitude alſo, and of which the radius of the bale 
Dex 
is _ 

"af 

It may farther be obſerved, in general, that in 
the ſame or in ſimilar ſolids, when the altitude and 
the inclination of the ends to the axe are the fame, 
the cone, or the difference between the fruſtum 
of the ſolid and the cylinder or priſm, will be con- 
ſtantly the ſame quantity, whatever the magnitude 
of the ends may be. When the altitude is con- 
ſtant, and the inclinations of the ends vary, the 
| ſaid difference is reciprocally as the cube of the 
diameter, of the generating plane which is conju- 
gate to ec the axe of the fruſtum, or diameter con- 
necting the centers of its ends. When both the 
altitude and inclination vary, the difference 15 ® 
the cube of the altitude directly, and cube of > 

| ald 


lar cone, will evidently be = 


| pr X (a + ZBT ACX!) = px X 
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ſaid conjugate diameter reciprocally; but when 
they vary fo as that the altitude 1s always reciprocally 
2s that diameter, then the difference is a conſtant 
quantity. 


7PRUPUSITION Mm 


In the Fruſtum of any Solid, generated by the Revo- 
lution of Any Conic Section about its Axe, if to the Sum 
of the two Ends be added four times the Middle Section, 


or ſection parallel to and equally diſtant from the two 


Ends, one-fixth of the Laſt Sum will be a Mean Area, 
and being drawn into the Altitude of the Solid, will pro- 
duce the Content. 


DEMONSTRATLION. 


By the corollary to the laſt prop. the content is 
| 64 + 3Bx + 2Ccx* 

6 » 
but by prop. 2 ſect. 2 part 3, the one end pp“ is = p 
X (A + Bx + cx); then by writing + for x, the 
middle ſection will be ps? = Þ X (a + 4Bx TAC); 
and by writing o for æ, the other end will be p d = 
ja; now it is evident that the ſum of the two ends 
vith four times the middle ſection, is equal to the 
numerator of the quantity expreſſing the content; 
conſequently p x x Ah. 2 22 Px X 2 


vill be the ſolidity of the fruſtum. &. E. D. 


ener 


When the fruſtum becomes the complete ſolid, 


the leſs end vaniſhes, and the content is barely 


. 5 oe 


*CORO Lrx 
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COROLLARY II. 


This propoſition, it is evident, includes all fruſ. 
tums, as well as the complete ſolids, whether right 
or oblique, not only of the ſolids generated from the 
revolution of the conic ſections, but alſo of all pyra- 
mids, cones, and in ſhort of any ſolid whoſe parallel 
ſections are ſimilar figures. The ſame theorem may 
alſo be applied to the areas of all curves, whoſe equi. 
tion 1s of this formy = a + Bx + c, calling p and d 
the extreme ordinates, and 8 the middle one. 

And of this form is the equation to the parabola 
ds o (figure to corollary 5 to prop. 1) cp being the 
axe of the curve, and putting ca = x, and AB =y; 
and conſequently any parabolic portion ca A bound- 
ed by the curve 4s, the two lines AB, cd being pa- 


rallel to the axe cp, and the line Ac perpendicular to 


AB + 4KL + cd 


the ſame, is truly expreſſed by 4 


X AC, KL 
being the middle ordinate. 


ee er er ar EI SN Re nd Rt Rd not age 


EZICTION IL 


OF THE APPROXIMATE QUADRATURE AND 
CUBATURE OF CURVES BY MEANS OF 
EQUIDISTANT ORDINATES 
OR SECTIONS. 


TT AADFOSIFTION 0. 


F a Right Line Ax be divided into any Even Num- 
ber of Equal Parts ac, ck, ko, Ec; and at the 
Points of diviſicn be erected Perpendicular Ordinates ab, 
cD, EF, Oc, terminated by Any Curve BDF c; and 


if 
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if x be put for the ſum of the Extreme or Firſt and Laſt 
Ordinates AB, NO; B for the ſum of the Even Ordinates 
co, GH, LM, &c, viz. the ſecond, fourth, ſixth, Cc; 
ard c for the ſum of all the reſt Er, Ik, &c, vis. the 
third, fifth, Cc, or the Odd Ordinates, wanting the firſt 
and laſt: Then I ſay that the Common Diſtance ac or 
ck, Cc, of the Ordinates, being drawn into the ſum 
ariſmg from the addition of a, 4 times B, and 2 times 
c, one-third of the Produft will be the Area a BON very 
nearly, 

1118 


- D = the Area, putting D = AC 
the Common Diſtance of the Ordinates, 


DEMONSTRATION. = 
R KN 


It through the firſt three 1 | 
points B, D, F, of the pro- * 
poled curve, a parabola be 3 
conceived to be drawn, 
having its axe parallel to "8 
the ordinates ; the para- Tl 2 | 22 
bolic area, by the ſecond A O E G 
corollary of the laſt propoſition, will be (AB + 4cp + 
E)XZAatE=(aB+4cD+EF) X gc; but when 
the points B, D, r, are at no great diſtance from each 
aher, the parabolic curve will nearly coincide with 
the curve propoſed, and conſequently the area of the 
one will be equal to the area of the other, very nearly ; 
hence (AB + 4cD + EF) Xx AC will be equal to the 
area ABFE, very nearly. After the ſame manner 
(Ef + 464 +1K&) * 2 AC, or EG, will be equal to 
the area EFK1; and (IK + 4LM + No) X 4 ac the 
area IKON; and ſo on. 

Wherefore, by taking the ſum of theſe areas, we 
ſhall have (aB + 400 + 2E + 40 + 21K + 
4LM + No) * 440 = (a + 4B + 2c) X 4ac for 
the whole area azoN, very nearly. Q: E. D 


CORO L»- 
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COROLLAR Y- 


The fame theorem will alſo obtain for the content; 
of all ſolids, by uſing the ſections perpendicular to 
the axe, inſtead of the ordinates, as will appear from 
the laſt propoſition of the laſt ſection; for the fri. 
tum of the ſolid there may be ſuppoſed to coincide 
in the extremes and middle with any other fruſtum, 
after the ſame manner as the parabola with any other 
curve. The propoſition is accurately true for all pa- 
rabolic and right-lined areas, as alſo for all ſolids ge. 
nerated from the revolution of conic ſections or right 
lines, with all kinds of pyramids ; and for all-other 
kinds of areas, and ſolidities, it is a very good ap- 
proximation. ; 


SC HOLIUM. 


It 1s evident that the greater the number of ordi- 
nates or ſections are uſed, the more accurately vill 
the area or ſolidity be determined; but in a caſe of 
real practice, ſuch as caſæ- gauging, three ſections are 
ſufficient; and becauſe of the ſimplicity and accuracy 
of this method, it is by far the moſt proper for prac- 
ical gaugers of any thing that can well be deviſed; 
for by only taking the bung and head diameters, and 
a diameter in the middle between them, the ſum of 
the bung, head, and 4 times the middle circle, 
drawn into halt the length of the caſk, will be fix 
times the content, very nearly. And the- ſame me- 
thod may be uſed to good purpoſe in al] caſes of 
ullaging either ſtanding or lying caſks, by taking 
the area at the top, bottom, and middle of the 
liquor. 


KN. TT. 


Let it be required to find the area of the quadrant 
ot a circle whole radius is 1. 


Let 


T3? 


PP >. , », Wh, " 3h, 


— — 
222 
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Let the radius be divided into 10 equal parts by 
;1 ordinates, the firſt being nothing, and the laſt 
equal to the radius, and the intermediate 9 ordinates 
he fines of the arcs whoſe verſed lines are reſpectively 


l 2 Z 4+ 5 6 7 8 and 9 
75) T6? T6? TTI TOI TCO I) T T< . | 


Now, by the property of the circle, we ſhall have 
19 X*1=V*19=:4358899 the ſecond ordinate, 
Vi- xz Y z = b the 3d ordinate, 

VN = V 51 7141428 the 4th, 

VN = V4 Soooooo the 5th, 

s X*5 = V*75, = 86602 54 the 6th, 

1:4 x6 =y*84 =*9165151 the 7th, 

/ 113 X*7 = 4/91 = 9539392 the 8th, 

Vz X = h⁰ =*97979539 the gth, | 
VIX 9g 9949874 the tenth, | 
tie 11th, being = 1 the radius, as was before ob- | 


— — 


ſerved. 

Hence A = OT I=, 

z=the 2d + 4th + 6th + 8th + 1oth = 39649847, 

e=the 3d + 5th + 5th + gth = 3:296311, 

ud D = 1. | 
Conſequently (A+ 4B + 2c) X 4D = 23*45256 * . = 

7 =*78175 = the area, pretty near the trutwu. 8 
This area differs from the truth by more than in | 

curves in general, on account of the obliquity of the 

curve to the ordinates near the beginning of the arc ; * 

but if by the ſame rule we find the arc belonging to 

the g greateſt ordinates, which will be · 70363, and to 

It add the area of the ſemi-ſegment whole altitude is 

2 and baſe *6, conſidering it as a parabola, viz. 

b, R 2 = og, the ſum +7836 will be nearer the 

ue area; and if - o8 175 the true area of the ſeg- 


ment had been added, we thould have had +78 538 
le area very exact. 


fat 
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EXAMPLE II. 


Taking example 1 to prob. 5 of the parabola, jn 
which the abſciſs of a parabola is 2, and the baſe or 
double ordinate 1 2, to find the atea of the parabola, 


Here, by taking three ordinates, of which the fir 
and laſt are each nothing, and the middle one = z, 
their common diſtance being 6 ; we ſhall hare 
AZO,B=2,c=0,andD=6, 


Conſequently (a + 4B +2cyX 4D = 8 X 2=16, 
the true area as before. i 


EXAMPLE II. 


Given the lengths of five equidiſtant ordinates of 
an area, or the ſections of a ſolid, 10, 11, 14, 16, 16, 
and the length of the whole bate 20; to find the area i 
or the ſolidity. by 


Here A = 10 ＋ 16 = 26, 3 = I T 16 = 2, 
C 14, and D = = 5. 


Therefore (a + 43 + 2c) X ID = (26 +100 T 

+28) X+=<=EX53=54X5 = 270, the area 
or ſolidity required. g 
EXAMPLE IV. 1. 


Given eleven ordinates to an hyperbola between 
the aſymptotes, to find the area. Thus, taking 
the equation at the end of example 4 to corollary 5 ; 
to 1 ſect. 1, in which any ordinate y is = 
ab 
m_—_ Fx 7 ; then ſuppoſing the firſt value of x to be 
nothing, hel the laſt value equal to 1, and conſe- 

quently 


[1 
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= the common diſtance of the ordinates *1 or 
; we ſhall have for the ordinates 
I I 
"Ac 
x. 22 n 
10 10 10 10 10 —_ 10 — 


15 
Here then a = 75 *. = 1 +. =1'%5, 
i tir tis +ir tis = 345953933 
15 +42 +43 +45 = 272817454, 


and D = *I 


Therefore (a + 4B + 2c) X 4D = *69315021 
z the area required. 


TROFUSLTLION: Mu 


Given Any Equidiſtant Ordinates of a Curve, or 


Seftions of a Solid, as a, b, c, d, e, , Ce; to find 
warly a General Expreſſion for the Area or Solidity 
by the Terms a, b, c, Se, and the Baſe upon which 


10 inſiſt. 


INVESTIGATION. 


The firſt differences of the terms a, b, c, d, e, f, &c, are 
b—a,c—b, d- c, ed, f—e, &c, 
The dif. of theſe are 
t=2b +a, d—2c+b,e—2d+c, f—2e +d, &c, 
The dif. of theſe are 
d=3c+3b—a,e— 3d + 36 — , 3e— 3d—c, &c, 
The dif. of theſe are 
—444 6c—4b+a, f—4e+ 64 — 40 4 b, &c, 
The dif. of theſe are 
f—5e+10d—10c + 5b — a, &c, 


Then by putting a, [3, Ys d, e, &c, for the firſt 


erm of theſe differences reſpectively, and tranſpoſ- 
ins, we ſhall have 


32 
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8 
32 46 41 & 
c = - 42 ＋ 26 + (3 
d= 14 — 36+ 3404 7 
e 2 - 42 T1 40 — 6c ＋ 44 ＋ 3 
f = T4 5 + loc — 10d + sers 
&c. &c. 


Hence, by ſubſtituting the value of & in that of e; 
and the values of 4 and c in that of 4; and thoſe of 
b, c, and d in that of e; and thoſe of , c, d, and ein 
that of /; and ſo on; we ſhall obtain 


4 206 
2 „ 
K 8 
6 çp— 384 vF 
„„ h 68 4y + 5 
+ 10% + 50 ＋ 5 


Where it is evident that the coefficients in the value 
of any term, are the ſame with thoſe of a binomial 
raiſed to the power denoted by the place or number 
of the n _ 1 the x term 2 will be 


a + xa + x.- = — —— — —I+ 


&c. Which, by 1 FEAR, the Bader, to- 
gether, &c, becomes 2 = 4 


28 2 — 
* I * + __ 
x — — = 1 +2733. 
2 2.3 25 
1.2 1.2 143.1712 1.2743. 1＋2 44.172 43 
23 * ＋ 99 1 2.45 
— 1. 22: 273. — 12 . &c 
2.3·4 2˙3·4˙5 TY 
——_— &C 
2+3+445 
& 
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8 24 ＋ ax+ 48 * + % de + Auer tee 


— 26 8 85 hap 40x — rz & 
1 x* 


+ Y + 439% + er SC 
— 10x — rer &C 
+ er &c 

&C 


And by cor. 5 prop. 1 ſect. 1, the area will be 
*:» gr ＋ N + IN rv e Ke 
— 4 — Iyx* — 20x = ee &C 
+ z T LB +7, Kee 
— 10x — ie &c 
ce 
&c 
here L repreſents the length of the baſe. 


Which area will be had accurately true when the 
differences are continued till one order of them be- 
come equal to nothing, for then the ſeries will 
break off and terminate; that is, an area is quadra- 
ble whenever one of the orders of the differences of 
is equidiſtant ordinates conſiſts of a ſeries of nothings, 
or any other equals, or of a ſeries of arithmeticals; 
but if an order of the differences never become equal 
: nothing, the area will be expreſſed by an infinite 
eries, 


When the terms or ordinates are taken near to 
one another, the differences will the ſooner become 
equal to nothing, or nearly ſo; and if any order of 
differences, and conſequently its ſucceeding ones, 
be rejected as inconſiderable, we ſhall have an ap- 
proximate value of the area, and that the nearer to 
the truth as the more of the differences &, G, y, &, e, 
ke, are uſed. 


Thus, if there be only one ordinate, or if u, E 75 
de, be rejected, the area will be aL. 


K K — 
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If there be two ordinates, or g, , 9, &c, be re. 
jected, x will be = 1, and the area will be 


(a + 43%) X L = xx 
If there be three ordinates, or , 9, e, &c, be 
rejected, x will be = 2, and the area will be 


(a + & +> 3 
(4+ 4% Tc) * 


If there be four ordinates, ors, s, &c, be rejected, 
x will be = 3, and the area will be 


a +. 0 +30 ＋ 7 . + ia +38 +39)xL 
5 =(a ＋ 35%, 30 ) X:1, 


1 
+ 2 

And thus by putting x equal to every number ſuc- 
ceſſively, we ſhall have the following table of areas, 
an{wering to the reſpective number of ordinates ſet 
oppoſite to them; of which every expreſſion 15 
more -accurate than the preceding ones, and 1n 
which a repreſents the ſum of the firſt and laſt 
terms, B the ſum of the ſecond and laſt but one, 
e the ſum of the third and laſt but two, &c, and the 
laſt of the letters denotes the double of the middle 
term when the number of terms is odd, alſo L de- 
notes the length of the whole baſe, or the diſtance 
between the firſt and laſt terms. 
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10 
N Of] Areas. 
ordin. 
I AL 
2 - X 1 
* 
[AT 27 
3 6 ** 
4 * 
; 14+323+6c,,, 
go 
6 n 
288 ü 
= 41A +2168 + 27 +1300 1 
840 
g HELL 3577p + 1323c + 2989 „ 
. 17280 
1989 A + 58887 - 9280 + 10496 — 2270 E 
9 - 28360 5 ** 
| 35 
&c &c 


EX AMP L E. 


Taking the third example to the laſt propoſition, 
in which are given the five perpendiculars 10, 11, 14, 
t6, 16, and the diſtance between the firſt and laſt 
=20; we ſhall have A = 10 + 16 = 26, B = 11 
+16 2 27, = 14 X 2 = 28, and L = 20. 


7A + 32B + 6e © 


Hence by the rule for five ordinates — 

182 + 864 + 168 
90 

area as before, nearly. 


* 20 = —* 2 = 2695 the 


— 


3 


SCHOLIUM. 


When there are many ordinates given, the caſe 
may be reduced to fewer, by adding together the 
arlt and laſt ordinates, the ſecond and laſt but one, 
the third and laſt but two, and ſo on, and conſidering 
the ſums as a ne ſet of terms upon a baſe equal to 


K K 2 | half 
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half that of the former. Or there may be added to- 
gether the two firſt and two laſt terms into one ſum, 
then the four terms next to theſe, and ſo on; or ve 
may add three at the beginning to three at the end, 
then the next ſix, and ſo on; always diminiſhing the 
baſe in proportion to the number of terms that are 
added into each ſum. And the content will be 
nearly the ſame in each caſe. 


EZ AMPEL 8. 


Taking the fourth example to the laſt propoſition, 
in which are given the eleven ordinates 


10 10 10 10 10 10 10 10 10 10 and 
TH TT TW T5 TX =s Iu VI Ty FTWwI Vs 


the diſtance of the * nd iaſt = 1; we ſhall have 
Io 2 — 175, + 55 — 1 4354009, 1 2 + ir 
= 13888889, 22 357400, r + 15 
13392857, and ag 


Hence 4 
B = 1*4354069 + 
Cc = 13888889 + 
=—_ 


2 


— 


1 
1 
2 

1.339285) = 2:7746926, 

11357406 = 27463549, 


Then, by the rule for ſix ordinates, we ſhall have 
194 ＋ 78 + . 
Z — Xi = 6931476, Khich is much 
nearer to the truth than the number found by the 
former rule, the true number being · 69314718, and 
is tlie hyperbolic logarithm of 2. 


8 EC- 


7 % 
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OF THE RELATION BETWEEN THE AREAS 
AND SOLIDITIES OF FIGURES AND THE 
CENTERS OF GRAVITY OF THEIR 
GENERATING LINES AND PLANES. 


TRUFOSI ITE RN © 


F any Line, Right or Curved, or Any Plane Figure, 

whether it be bounded by Right Lines or Curves, re- 
volve about an Axe in the Plane of the Figure; the Sur- 
face or Solid generated will be reſpectively equal to the 
Surface or Solid whoſe baſe is the Given Line or Figure, 
and its Height equal to the Arc deſcribed by the Center of 
Gravity of the ſaid Generating Line or Figure; and 
conſequently the Content will be found by drawing the 
Generating Line or Figure into the Arc deſcribed by its 
Center of Gravity. 


DEMONSTRATION. 


Let Arup be the figure S 
generated by the given line 
or plane AB o; through c: 
the center of gravity of 
which draw DCAE per- 
pendicular to the axe of 
revolution, and meeting; 
Hort in E; and let every 
point of the baſe be reduced 
to Ap by means of perpen- 
diculars to it. 


The figure Arup gene- Þ — 
rated, is equal to all the Ar, \ 0 . 
cc, DH, &c. But, by ſimi- B 
lar figures, all the Ar, co, DH, &c, are as all the 

| K k 3 EA, 


D 
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EA, EC, ED, &c; and, by mechanics, the ſum of all 
the EA, EC, ED, &c, is equal to as many times xc; 
therefore the ſum of all the ar, co, Dh, &c, is equal 
to as many times CG, or equal to AD X CG; that is, 
the figure AFHD is equal to ABD X C6, the baſe 
drawn into the line deſcribed by its center of gra- 
vity. 2, E. D. 


OHNOLLARTY 1. 


From E draw EIK L cut- 
ting the upright priſma- 
tic figure erected upon the 
given bale ABD, fo as that 
any perpendicular Ai may 
be equal to its correſpond- 
ing arc Ar. Then will the 
figure AILD be equal to 
the figure AFHD. 

For, by ſimilar figures, 
all the aF, c, DH, &c, are 
as all the a1, CK, DL, &c, 
each to each; and as one 
of each are equal, there- 
fore they are all equal, each to each; viz. all the at, 
CK, DL, &c, equal to all the Ar, cc, DH, &c ; that 
IS, the Rave AILD equal to the figure APH D. 


err 11. 


Through k draw MK NO; and the figure ANMD 
will be equal to the figure AIK Lp, or equal to the 
figure AFHD. | 

Kor, by the laſt corollary, Ax up is equal to the 
figure deſcribed by the baſe ap revolving about 
o, till the arc deſcribed by c be equal to cx; which, 


by the propoſition, is equal to AD X CK or AD X c. 


co RO T- 


„ . —— 
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COROLLARY III. 


Hence all the upright figures aQKRD, AIKLD, 
ANKMD, AKPD, &c, of the ſame baſe, and bounded 
at the top by lines or planes cutting the upright ſides, 
and paſſing through the extremity K of the line cx 
erected upon the center of gravity of the baſe, are 
equal to one another; and the value of each will be 
equal to the baſe drawn into the line cx. | 

Hence alſo all figures, deſcribed by the revolution 
of the ſame line or plane about different centers or 
axes, will be equal to one another, when the arcs de- 
ſcnbed by the center of gravity are equal. But if 
thoſe arcs be not equal, the figures generated will be 
as the arcs. And in general, the figures generated, 
will beto one another, as the revolving lines or planes 
drawn into the arcs deſcribed by their reſpective 
centers of gravity. 


COROLLARY IV. 


| Moreover, the oppoſite parts NIX, MLK, of any 
two of theſe figures, are equal to each other, 


COROLLARY V. 


The figure AsPD is to the figure APD, as As to 
cx; or, by ſimilar triangles, they will be as ap 
to AC, 

For asPD is equal to AD X As, and App is equal 
to AD X CK, 


COROLLARKRTK: Yh 


If the line or plane be ſuppoſed to be at an infinite 
diſtance from the center about which it revolves, the 
figure generated will be an upright ſurface or priſm, 
the altitude being the line deſcribed by the center of 
gravity ; ſo that the baſe drawn into the ſaid line will 

k k 4 be 


504 THE RELATION BETWEEN FIGURES [ Part 4, 


be equal to the baſe drawn into the altitude, as it 
ought for all upright figures, whoſe ſections parallel 
to the baſe are all equal to each other. 


EXAMPLE I. 


Tf a right line, or a parallelogram, revolve about 
a line perpendicular to the length, there will be de. 
ſcribed a ring either ſuperficial or ſolid ; and as the 
center of gravity of the deſcribing line, or parallelo- 
gram, 1s in the muddle of them, the general rule will 
become the fame with rule 3 ſect. 1 part 3, and the 
rule at prob. 2 ſect. 3 part 3 


When the center of revolution 1s in the end of the 


line, the line will deſcribe a circle whoſe radius is the 
ſaid deſcribing line, and whoſe circumterence is 
double the circumference deſcribed by the center of 
gravity ; conſequently the radius drawn into half the 
circumference, will be the area of the circle. 


EXAMPLE II. 


If the right-angled triangle A Bo B 
revolve about the perpendicular 
Be, and deſcribe the cone ABD. I 
G 
Draw BE to biſect ac, and take A 


EF equal to one-third of x; and A 

F will be the center of gravity of the * ABC, 
as is well known. Draw Fs parallel to ac.——Then 
the line deſcribed by F will be the circumference of a 
circle whoſe radius is Fc; and, by the general rule, 
the cone will be equal to the triangle ABC Xx GF X 6n, 
putting 7 = 785398 &c, or = AC XI.CBX4CE NSN 
= Ac X TCBXITCA & S = Ac“ Ken X 4n = Ab- 
Koa Xa the baſe drawn into one-third of the 
altitude, as it ought, 


Again, 


FA 
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Again, from it, the middle of as, draw NI pa- 
rallel to Ac; then is x the center of gravity of AB, 
and conſequently the ſurface deſcribed by AB will be 
43 „ circumference whole radius is HI = AB X half 
the circumference whoſe radius is Ac — the fide 
Jrawn into half the circumference of the baſe = the 
ſurface of the cone, as it ought. : 


SXAMPLS ,Aife 


Let the ſemi-circle pe revolve about the dia- 
meter Ab, and deſcribe the ſurface of a ſphere. 


c 9 


| T 
I B 


4 


2 

If there be taken oe: Fc :: Fe: FH = = — 
putting 7 for the radius, and c for the whole circum- 
ference; x will be the center of gravity of the arc ca, 
and conſequently r: c:: FH: 4 = the line or cir- 
cumference deſcribed by x the center of gravity; and, 
by the general rule, DCA X4r = Xx AT 270 = 
the ſurface of the ſphere = the circumference into the 
diameter, as it ought. 


And for the ſolidity of the ſphere, we ſhall have 
firſt 1c: 27 :: 2p 2 = the diſtance Fx of the 


center of gravity of the ſemi-circle pcAp from the 
dameter ap, which is two-thirds of the diſtance of 
the 


506 THE RELATION, &c. [Part 4. 


the center of gravity of the arc pca from the ſame 
diameter DA, in the former caſe; conſequently the 
line deſcribed by the center of gravity in this caſe 
will be two thirds of that in the former; but the de. 
ſcribing line in the former caſe is to the delcribing 
ſpace in this, as 1 is to ar, therefore 1: 4 X i:: ſur- 
face of the ſphere : ſolidity = ir x turtace, + 


COROLLARY. 


The circumference of the circle, whoſe radius i; 
the diſtance of the center of gravity of the femi-cir. 
cumference of any circle from its center, is equal to 
four times the radius of that circle. 


d 


"EXAMPLE IV. 


For the ſolidity of the parabolic ſpindle, putting 
þ = the baſe and @ = the altitude or axe of the gene- 
rating parabola, and # 78 5398, as before. 


It is known that 3a is the diſtance of the center 
of gravity from the baſe, and conſequently 54 = 
the line deſcribed by the center of gravity ; but 546 
is = the revolving area; therefore * X 549 = 
a aa will be the content, which is r of the cir- 
cumſcribed cylinder. | 


EXAMPLE Vs 


For the paraboloid, Making the notation as in 
the laſt example, 34 will be the diſtance of the 
center of gravity of the ſemi-parabola from the axe, 
conſequently 2359 x g X 2ab = 2abbn = the ſoliditj 
= halt the circumſcribed cylinder. 


RART 
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SECTION: L 


OF LAND SURVEYING. 


T is ſuppoſed that land- meaſuring firſt gave riſe 

to geometry, which has ſince been gradually 
fung to the height at which we at preſent view it. 
Since the diviſion of common grounds has become 
{ frequent in England, ſurveying has been univer- 
ally taught and practiſed throughout the nation. I 
ſhall here give a ſhort account of two or three of the 
molt uſeful inſtruments, before we enter upon the 
meaſurements themſelves. 
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CHAPTER 1. 


The Deſcription and Uſe of the moſt uſeful Inſtruments * 
for Surveying. ; 


IJ. OF THE CHAIN. 


Land is mcaſured with a chain, called Gunter's 
chain, of 4 poles ar 22 yards in length, which con- 
lifts of 100 equal links, each link being of a yard, 

or e of a foot, or 7:92 inches long, that is nearly 8 
inches or 2. of feet. | 
An acre of land, is equal to 10 ſquare chains, that 
IS, 10 chains in length and 1 chain in breadth. Or it 
13220 X 22 or 4840 ſquare yards. Or it is 40 X 4 
or 160 ſquare poles. Or it is 1000 * 100 or 100000 | 
ſquace links. Theſe being all the ſame quantity. 
| Alſo, an acre is divided into 4 parts called 9 = 
an : 
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and a rood into 40 parts called perches, which are 

ſquare poles, or the ſquare of a pole of 53 yards long, 

or the {quare of + of a chain, or ot 25 links, which 

is 625 ſquare links. So that the diviſions of land 
meaſure will be thus : 

625 ſq. links 

40 perches 1 rood 

4 roods I acre 


The length of lines, meaſured with a chain, are ſc 
down in links as integers, every chain in length being 
100 links; and not in chains and decimals. "Therefore 
after the content 1s found, it will be in ſquare links; 
then cut off five of the figures on the right-hand fo 
decimals, and the reſt will be acres. Thoſe decimal; 
are then multiplied by 4 tor roods, and the decimals of 
thefe again by 40 for perches. 


pole or perch 


EXAMPLE $. 


Suppoſe the length of a rectangular piece of ground 
be 792 links, and its breadth 3 38: 5 ; to find the area in 
acres, roods, and perches. | 


792 
385 


3960 
6336 
2376 


ac ro p 
304920 Anſ. 3 0 7 
= 


*19680 
5 40 


787200 


— — 


Sect. 1. ] SURVEYING. 509 


2. OF THE PLAIN TABLE, 


This inſtrument conſiſts of a plain rectangular board 
of any convenient ſize, the center of which, when uſed, 
is fixed by means of fcrews to a three-legged ſtand, 
having a ball and ſocket, or joint, at the top, by 
means of which, when the legs are fixed on the 

round, the table is inclined in any direction. 

To the table belongs, 

1. A frame of wood, made to fit round its edges, 
and to be taken off, for the convenience of putting a 
ſheet of paper upon the table. The one fide of this 
frame is uſually divided into equal parts, for drawin 
ines acroſs the table, parallel or perpendicular to the 
hides; and the other {fide of the frame is divided into 
260 degrees from a center which is in the middle of 
the table ; by means of which the table 1s to be uſed 
aa theodolite, &c. a 

2, A needle and compaſs ſcrewed into the fide o 


the table, to point out the directions, and to be a 


check upon the ſights. 


3. An index, which is a braſs two-foot ſcale, with 


either a {mall teleſcope, or open ſights erected per- 
pendicularly upon the ends. Theſe fights, and one 
edge of the index are in the ſame plane, and that 
edge 1s called the fiducial edge of the index. 

Before you uſe this inſtrument, take a ſheet of paper 
which will cover it, and wet it to make it expand; 
then ſpread it flat upon the table, preſſing down the 
ſtame upon the edges, to ſtretch it and keep it fixed 
there; and when the paper is become dry, it will by 
contracting again, ſtretch itſelf ſmooth and flat from 
any cramps or unevenneſs. U pon this paper is to be 
drawn the plan or form of the thing meaſured. 

In uſing this inſtrument, begin at any part of the 
ground you think the moſt proper, and make a point 
upon a convenient part of the paper or table, to repre- 
lent that point of the ground; then fix in that point 

Ohne 
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one leg of the compaſſes, or a fine ſteel pin, and apply 
to it the fiducial edge of the index, moving it round 
till through the ſights you perceive ſome remarkable 
object, as the corner of a field, &c, and from the 
ſtation point draw a line with the point of the com- 
paſſes along the fiducial edge of the index; then ſet 
another object or corner, and draw its line; do the 
ſame by another, and ſo on till as many objects are ſet 
as may be thought neceſſary. Then, meaſure from 
your ſtation towards as many of the objects as may be 
neceſſary, and no more, taking the requiſite offsets to 
corners or crooks in the hedges, &c, and lay the 
meaſures down upon their reſpective lines upon the 
table. Then, at any convenient place, meaſured to, 
fix the table in the ſame poſition, and ſet the objects 
which appear from thence, &c, as before; and thus 
continue till your work is finiſhed, meaſuring ſuch 
lines as are neceſſary, and determining as many as you 
can by interſecting lines of direction drawn from diffe- 
rent ſtations. 

And in theſe operations obſerve the following par- 
ticular cautions and directions. 

1. Let the lines upon which you make ſtations be 
directed towards objects as far diſtant as poſſible; and 
when you have ſet any ſuch object, go round the table 
and look through the ſights from the other end of the 
index, to ſee if any other remarkable object lie directly 
oppoſite; if there be not ſuch an one, endeavour to 
find another forward object, ſuch as ſhall have a re- 
markable backward oppoſite one, and make uſe of i 
rather than the other; becauſe the back object will be 
of uſe in fixing the table in the original poſition either 
when you have meaſured too near to the forward ob- 
ject, or when it may be hid from your fight at an) 
neceſſary ſtation by intervening hedges, &c. 

2. Let the faid lines upon which the ſtations are 


taken, be purſued as far as you conveniently can ; - 
that 


1 m_—_ 
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that will be the means of preſerving more accuracy in 
the work. 

2. At each ſtation it will be neceſſary to prove the 
truth of it; that is, whether the table be ſtraight in 
the line towards the object, and alſo whether the diſ- 
tance be rightly meaſured and laid down on the paper. 
To know it the table be ſet down ſtraight in the 
line; lay the index upon the table in any manner, and 
move the table about till through the ſights you 
perceive either the fore or back object; then, without 
moving the table, go round it and look through the 
fohts by the other end of the index, to ſee if the other 
object can be perceived; if it be, the table is in the 
line; if not, it muſt be ſhifted to one tide, according 
to your judgment, till through the ſights both objects 
can be ſeen. —The aforeſaid operation only informs 
you if the ſtation be ſtraight in the line; but to know 
if it be in the right part of the line, that is, if the 
diſtance has been rightly laid down; fix the table in 
the original poſition, by laying the index along the 
ſtation line, and turning the table about till the fore 
and back objects appear through the ſights, and then 
allo will the needle point at the ſame degree as at 
firſt; then lay the index over the ſtation point and any 
other point on the paper repreſenting an object which 
can be ſeen from the ſtation; and if the ſaid object 
appear ſtraight through the ſights, the ſtation may be 
depended on as right; if not, the diſtance ſhould be 
examined and corrected till the object can be ſo ſeen. 
And for this very uſeful purpoſe, it is adviſable to 
have ſome high object or two, which can be ſeen from 
the moſt part of the ground, accurately laid down 
on the paper from the beginning of the ſurvey, to 
ſerve continually as proof objects. | 

When, from any ſtation, the fore and back objects 
cannot both be ſeen, the agreement of the needle with 
one of them may be depended on for placing the table 

7 | ſtraight 
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ſtraight on the line, and for fixing it in the original 
polition. 


Of ſhifting the Paper on the Plain Table. 


When one paper is full, and you have occaſion for 
more; draw a line in any manner through the fartheſt 
point of the laſt ſtation line, to which the work can he 
conveniently laid down ; then take the ſheet off the 
table, and fix another on, drawing a line upon it, ina 
part the moſt convenient for the reſt of the work ; then 
fold or cut the old theet by the line drawn on it, apply 
the edge to the line on the new ſheet, and, as they lie 
in that poſition, continue the laſt ſtation line upon the 
new paper, placing upon it the reſt of the meaſure, 
beginning at where the old ſheet left off. And ſo on 
from ſheet to ſheet. | | 

When the work is done, and you would faſten all the 
ſheets together into one piece, or rough plan, the 
aforeſaid lines are to be accurately joined together, as 
when the lines were transferred from the old ſheets to 
the new ones. 

But it is to be noted, that if the ſaid joining lines, 
upon the old and new ſheet, have not the ſaine inclina- 
tion to the fide of the table, the needle will not point to 
the original degree when the table is rectified; and if 
the ncedle be required to reſpect ſtill the ſame degree 
of the compaſs, the eaſieſt way of drawing the lines in 
the ſame poſition, is to draw them both parallel to 
the ſame ſides of the table, by means of the equal 
diviſions marked on the other two ſides. 


3. OF THE THEODOLIT . 


The theodolite is a brazen circular ring, divided in- 
to 360 degrees, and having an index with fights, or à 
teleſcope, placed upon the center, about which the in- 
dex is moveable; alſo a compaſs fixed to the center, 


to point out courſes and check the ſights ; the whole 
4 | „ being 


* ' 
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being fixed by the center upon a ſtand of a con- 
renicnt height for ule. 5 | 

In uſing this inſtrument, an exact account, or field- 
hook, of all meaſures and things neceſſary to be re- 
marked in the plan, muſt be kept, from which to make 

aut the plan upon your return home from the ground. 

Begin at ſuch part of the ground, and meaſure in 
ſuch directions, as you judge moſt convenient; taking 
angles or directions to objects, and meaſuring ſuch 
diſtances as appear neceſſary, under the tame reftric- 
tions as in the uſe of the plain table. And it is ſafeſt 
to fix the theodolite in the original poſition at every 
ſation by means of fore and back objects, and the 
compaſs, exactly as in uſing the plain table; regiſtering 
the number of degrees cut off by the index when 
directed to each object; and, at any ſtation, placing 
the index at the ſame degree as when the direction 
towards that ſtation was taken from the laſt preceding 
one, to fix the theodolite there in the original poſition, 
after the fame manner as the plain table is fixed in the 
original poſition, by laying its index along the line of 
the laſt direction. | 

The beſt method of laying down the aforeſaid lines 
of direction, is to deſcribe a pretty large circle, quarter 
i, and lay upon it the ſeveral numbers of degrees cut 
off by the index in each direction; then, by means of 
a parallel ruler, draw, from ſtation to ſtation, lines 
parallel to lines drawn from the center to the reſpec- 
tire points in the circumference. 


4. OF: THE CROSH 


The croſs conſiſts of two pair of fights ſet at right 
angles to each other, upon a ſtaff having a ſharp point 
at the bottom to ſtick in the ground. | 

The croſs is very uſeful to meaſure ſmall and 
crooked pieces of ground. The method is to meaſure 
a baſe or chief line, uſually in the longeſt direction of 

14 the 
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the piece from corner to corner; and while meaſurin 

it, finding the places where perpendiculars would fa] 
upon this line from the ſeveral corners and bends in 
the boundary of the piece, with the croſs, by fixing it, 
by trials, upon ſuch parts of the line as that through 
one pair of the ſights both ends of the line may appear, 
and through the other pair you can perceive the cor- 
reſponding bends or corners; and then meaſufing the 
lengths of the ſaid perpendiculars. 


REMARK $ 


Beſides the fore-mentioned inſtruments, which are 
molt commonly uſed, there are ſome others; as the 
circumferentor, which reſembles the theodolite in 
ſhape and uſe ; and the ſemi-circle, for taking angles, 
&c. But of all the inſtruments for meaſuring, the 
plain table is certainly the beſt ; not only becauſe it 
may be uſed as a theodolite or ſemi- circle, by turning 
uppermoſt that fide of the frame which has the 360 
degrees upon it; but becauſe it is, in its own proper 
uſe, by much the eaſieſt, ſafeſt, and moſt accurate for 
the purpoſe ; for by planning every part immediately 
upon the ſpot, as ſoon as meaſured, there 1s not only 


ſaved a great deal of writing in the field-book, but 


every thing can alſo be planned more caſily and ac- 
curately while it is in view, than it can be afterwards 
from a field-book, in which many little things muſt be 
either neglected or miſtaken ; and beſides, the oppor- 


tunities which the plain table afford of correcting your 


work, or proving if it be right, at every ſtation, are 
ſuch advantages as can never be balanced by any other 
method. But although the plain table be the moſt 
generally uſeful inſtrument, it is not always ſo; there 
being many caſes in which ſometimes one inſtrument 
is the propereſt, and ſometimes another; nor 15 that 
ſurveyor maſter of his buſineſs who cannot in any caſe 
diſtinguiſn which is the fitteſt inſtrument or anche 
a a 


E 
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and uſe it accordingly: nay, ſometimes no inſtrument 
at all, but barely the chain itſelf, is the beſt method, 
particularly in regular open fields lying together ; and 
even when you are ufing the plain table, it is often of 
advantage to meaſure ſuch large open parts with the 
chain only, and from thoſe meaſures lay them down 
upon the table. 8 

The perambulator is uſed for meaſuring roads, and 
other great diſtances on level ground, and by the ſides 
of rivers. It has a wheel of 84 feet, or half a pole, in 
circumference, upon which the machine turns; and 
the diſtance meaſured is pointed out by an index, 
which is moved round by clock worx. 

Levels, with teleſcopic or other ſights, are uſed to 
find the level between place and place, or how much 
ene place is higher or lower than another. 

An offset - ſtaff is a very uſeful and neceſſary inſtru- 
ment, for meaſuring the offsets and other ſhort diſ- 
tances. It is 10 links in length, being divided and 
marked at each of the 10 links. | 

Ten {mall arrows, or rods of iron or wood, are uſed 
to mark the end of every chain length, in meaſuring 


lines. And ſometimes pickets, or ſtaves with flags, 


are ſet up as marks or objects of direction. 

Various ſcales are alſo uſed in protracting and mea- 
ſuring on the plan or paper; ſuch as plane ſcales, line 
of chords, protractor, compatles, reducing ſcales, pa- 
rallel and perpendicular rulers, &c. Of plane ſcales, 
there ſhould be ſeveral ſizes, as a chain in 1 inch, a 
chain in 2 of an inch, a chain in + an inch, &c. And 
of theſe, the beſt for uſe, are thoſe that are laid on the 
very edges of the ivory ſcale, to prick off diſtances by, 
without compaſles. | 


THE FIELD BOOK, 


In ſurveying with the plain table, a field-book is not 
uſed, as every thing is drawn on the table immediately 
L 12 when 


* 
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when it is meaſured. But in ſurveying with the theo- 
dolice, or any other inſtrument, ſome ſort of a field. 
book muſt be uſed, to write down 1n 1t a regiſter or 
account of all that is done and occurs relative to the 
ſurvey in hand. 

This book every one contrives and rules as he 
thinks fitteſt for himſelf. The following is a ſpecimen 
of a form very generally uſed. It is ruled into; 
columns : the middle, or principal column, 1s tor the 
ſtations, angles, bearings, diſtances meaſured; &c; 
and thoſe on the right. and left are for the offsets on 
the right and left, which are ſet againſt their corre- 
ſponding diſtances in the middle column ; as alto for 
ſuch remarks as may occur, and be proper to note in 
drawing the plan, &c. 

Here © 11S the firſt ſtation, where the angle or bear- 
ing is 105 25”. On the left, ar 73 links in the diſtance 
or principal line, 1s an offset of 92; and at 610 an 
offset of 24 to a croſs hedge. On the right, at o, or 
the beginning, an offset 25 to the corner of the field; 
at 248 Brown's boundary hedge commences ; at 610 
an offset 35 ; and at 954, the end of the firſt line, the 
o © denotes its terminating in the hedge. And fo on 
for the other ſtations. 

Draw a line under the work, at the end of every 
ſtation line, to prevent confuſion, 


Form 
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Form of the Field-book. 
* | Stations, 
Offsets and Remarks | Bearings, |Offsets and Remarks 
on the left. and on the right, 
Diſtances. 
Ol 
00 25 corner "= 
92 73 | nf 
248 Brown's hedge i; 
croſs a hedge 24 610 3s | 
© 4 954 O00 mY 
0 
O02 „ 
53'10 | a 
00 oo nn 
houſe corner 51 25 21 | | | 
| 120 29 a tree 1 
34 | 734 4 4 flie i. 
= 
67 20 
61 35 
a brook 30 248” - ; 
639 16 a ſpring 
foot path 16 810 . 
croſs hedge 18 973 20 a pond 


But in ſmaller ſurveys and meaſurements, a very 
good way of ſetting down the work, is, to draw, by 
the eye on a piece of paper, a figure reſembling that 

| 113 which 
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which is to be meaſured ; and ſo write the dimen. 
ſions, as they are found, againſt the correſponding 
parts of the figure. And this method may be prac- 
tiſed to a conſiderable extent, even in the larger ſur. 
veys. | 


EMAP TER 11. 
= = 
PRACTICE OF SURVEYING. 


HIS part contains the ſeveral works proper to 
be done in the field, or the ways of meaſuring 
by all the inſtruments, and in all ſituations, 


PROBLEM TI. 


To Meaſure a Line or Diſtance. 


To meaſure a line on the ground with the chain : 
Having provided a chain, with 10 ſmall arrows, or 
rods, to ftick one into the ground, as a mark, at the 
end of every chain; two perſons take hold of the 
chain, one at each end of it, and all the 10 arrows 
are taken by one of them, who is to go foremoſt, and 
is called the leader; the other being called the fol- 
lower, for diſtinction's ſake. 

A picket, or ſtation ſtaff, being ſet up in the direc- 
tion of the line to be meaſured, if there do not ap- 
pear ſome marks naturally in that direction; the fol- 
lower ſtands at the beginning of the line, holding 
the ring at the end of the chain in his hand, while the 


leader drags forward the chain by the other end of - 
| ti 
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till it is ſtretched ſtraight, and laid or held level, and 
the leader directed, by the follower waving his hand, 
to the right or left, till the follower fee him exactly in 
4 line with the mark or direction to be meaſured to; 
there both of them ſtretching the chain ſtraight, and 
ſtooping and holding it level, the leader having the 
head of one of his arrows in the ſame hand by which 
he holds the end of the chain, let him there ſtick one 
of them down with it while he holds the chain 
ſtretched. This done, he leaves the arrow in the 
ground, as a mark for the follower to come to, and 
advances another chain forward, being directed 
in his poſition by the follower ſtanding at the arrow, 
as before; as alſo by himſelf now, and at every 
ſucceeding chain's length, by moving himſelf from 
ide to fide, till he brings the follower and the back 
mark into a line. Having then ſtretched the chain, 
and ſtuck down an arrow, as before, the follower takes 
up his arrow, and they advance again 1n the ſame 
manner another chain-length. And thus they proceed 
till all the 10 arrows are employed, and are in the hands 
of the follower ; and the leader, without an arrow, 1s 
arrived at the end of the 11th chain-length. The 
follower then ſends or brings the 10 arrows to the 
leader, who puts one of them down at the end of his 
chain, and advances with the chain as before. And 
thus the arrows are changed from the one to the other 
at every 10 chains length, till the whole line is 
iniſhed ; when the number of changes of the arrows 
ſhews the number of tens, to which the follower adds 
the arrows he holds in his hand, and the number of 
links of another chain over to the mark or end of the 
line. So if there have been 3 changes of the arrows, 
and the follower hold 6 arrows, and the end of the 
line cut off 45 links more, the whole length of the 
line is ſet down in links thus 3645. | 
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PROBLEM Il. 


To take Angles and Bearings. 


Let B and c be two objects, or c 
two pickets ſet up perpendicular; . 
and let it be required to take their . 
bearings, or the angle formed 2 | 
between them at any ſtation a. A 1 


* 


1. With the Plain Table. 


The table being covered with a paper, and fixed on 
its ſtand ; plant it at the ſtation A, and fix a fine pin, 

r a point of the compadſſes, in a proper part of the 
paper, to repreſent the point A: Cloſe by the fide of 
this pin lay the fiducial edge of the index, and turn it 
about, ſtill touching the pin, till one object ; can be 
ſeen through the f ohts : : then by the auch al edge of 
the index draw a line. In the very ſame mannerdray 
another line in the direction of the other object e. 


And it 1s done. X | 


2. With the Theodelite, Sc. 


Direct the fixed fights along one of the lines, as as, 
by turning the inſtrument about till you ſee the mark 
B through theſe fights; and there ſcrew the inſtru- 
ment faſt. Then turn the moveable index about 
till, through its ſights, you ſee the other mark c. 
Then the degrees cut by the index, upon the 
graduated limb or ring of the inſtrument, ſhews the 
quantity of the angle. | 


3. With the Magnetic Needle and Compass. 


Turn the inſtrument, or compaſs, fo, that the nortk 
end of the needle point to the flower-de-Juce. Then 


direct the fights to one mark, as B, and note the degrees 
| cut 
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cut by the needle. Then direct the ſights to the other 
mark c, and note again the degrees cut by the needle. 
Then their ſum or difference, as the caſe is, will give 
the quantity of the angle BAC. 


4. By Meaſurement with the Chain, &c. 


Meaſure one chain length, or any other length, 
along both directions, as to b and c. Then meaſure 
the diſtance be, and it rs done. This is eaſily trans- 


terred to paper, by making a triangle à be with theſe 


three lengths, and then meaſuring the angle A as in 


Practical Geometry, prob. x1. 
PROBLEM III. 


To Meaſure the Offsets. 


Ahiklmn being a crooked hedge, or river, &c. 
From a meaſure in a ſtraight direction along the fide 
of it to 3. And in meaſuring along this line As 
obſerve when you are directly oppoſite any bends or 
corners of the hedge, as at c d, e, &c; and from thence 
meaſure the perpendicular offsets c, h, di, &c, with the 
oftset-ſtaff, if they are not very large, otherwiſe with 
the chain itſelf ; and the work is done. And the 
regiſter, or field-book, may be as follows : 


Offs. left. Bale line AB. 


0 FD 
ch 62 | 48 AC 
di 84 ns ad 


tl 98 „ at -. 


gm 57 034 Ag 
| 785 AB 


Note, When the offsets are not very large, their 
places 
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places c, d, e, &c, on the baſe line, can be very well 
determined by the eye, eſpecially when aſſiſted by lay. 
ing down the offset-ſtaff in a croſs or perpendicular 
direction. But when theſe perpendiculars are ve 
large, find their poſitions by the croſs, or by the in- 
ſtrument which you happen to be uſing, in this man- 
ner: As you meaſure along AB, when you come about 
c, where you judge a perpendicular will ſtand, plant 
your inſtrument in the line, and turn the index till 
the marks a and B can be ſeen through both the 
ſights, — both backward and forward ; then look 
along the croſs fights, or the croſs line on the index; 
and if it point directly to the corner or bend h, the 
_- of c is right. Otherwiſe, move the inſtrument 

ackward or forward on the line AB, till the croſs line 
points ſtraight to h. This being found, ſet down the 
diſtance meaſured from a to c ; then meaſure the 
offset c h, and ſet it down oppoſite the former, and 
on the left hand fide. 

Then proceed forward in the line AB, till you ar- 
rive oppofite another corner, and determine the place 
d of the perpendicular as before. And fo on through- 
out the whole length. 


PROBLEM IV. 
To Survey a Triangular Field ABC. 
: 1. By the Chain. 


AP 794 


2 
A 
AB 1321 i 
pe 826 Fs : 
A ” 


Having ſet up marks at the corners, which is to be 


done in all caſes where there are not marks naturally ; 
meaſure 


eit 
pri 
eit 


bu 


E 


„* 


e 
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meaſure with the chain from a to r, where a perpendi- 
cular would fall from the angle c, and ſet up a mark 
at y, noting down the diſtance ay. Then complete 
the diſtance AB by meaſuring from v to B. Havin 
ſet down this meaſure, return to p, and meaſure the 
perpendicular pc. And thus, having the baſe and 
perpendicular, the area from them is eaſily found. 
Or having the place p of the perpendicular, the 
angle is eaſily conſtructed. 

Or, meaſure all the three ſides with the chain, and 
note them down. From which the content 1s eaſily 
found, or the figure conſtructed. 


2. By taking one or more of the Angles. 


Meaſure two ſides AB, Ac, and the angle a between 
them, Or meaſure one fide as, and the two adjacent 
angles a and 3. From either of theſe ways the figure 
b eaſily planned; then by meaſuring the perpen- 
dicular o on the plan, and multiplying it by half 

A, you have the content. 


PROBLEM v. 
To meaſure a Four-fided Field. 
1. By the Cham. 


| 


AE 214 [210 DE 
AF 302 300 BF A 
AC 592 | 


Meaſure along either of the diagonals, as Ac; and 
ether the two perpendiculars DE, BF, as in the laſt 
problem; or elſe the ſides AB, Bc, cd, Da. From 
eitder of which the figure may be planned and com- 
puted as before directed. 


Other- 
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Otherwiſe by the Chain. 


AP re 0 9 
AQ 745 | 595 QP "a N 
AB 110 | 5 


Meaſure on the longeſt ſide, the diſtances ay, ag, 
AB; and the perpendiculars pc, . 


2. By takisg one or more of the Angles. 


Meaſure the diagonal ac (ice the firſt fig. above), 
and the angles AB, CAD, Ach, AcD.—Or mcalure 
the four tides, and any one of the angles as BAD. 


Thus Or thus 

AC 591 AB 490 

CAB 320 | BC 394 

CAD 41 15 | CD 410 

ACB 72 25 DA 462 
ACD 54 40 | BAD 7835 


PROBLEM VI. 


To Survey any Field by the Chain only. 


. Having ſet up marks at the corners, where neceſſaty, 
of the propoſed field ABC DEF. Walk over the 
ground, and conſider how it can beſt be divided into 
triangles and trapeziums; and meaſure them lepa- 
rately as in the laſt two problems. And in this way 
it will be proper to divide it into as few ſeparate 
triangles, and as many trapeziums as may be, by 
drawing diagonals from corner to corner; and ſo as 
that all the perpendiculars may fall within the figure, 
Thus, the following figure is divided into the two 
trapeziums ABCG, GDEF, and the triangle Gb. Then, 


in the firit, beginning at a, meaſure the diagonal a 
an 
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and the two perpendiculars m, Bn. Then the baſe 
oc, and the perpendicular pq. Laſtly the diagonal 
or, and the two perpendiculars pk, 06. All which 
meaſures write againſt the correſponding parts of a 
rough figure drawn to reſemble the figure to be ſur- 
reyed, or ſet them down in any other form you chooſe. 


am 135 | 130 mo Ef B 
An 410 | 180 NB | 
AC 550 


230 q 
c 440 | 


Fo 2006 | 120 06G 
FP 289 | 80 PE 
FD 520 


Or thus. 


Meaſure all the ſides AB, Bc, cD, DE, EF, FG, and 
64; and the diagonals ac, CG, GD, DF. 


Otherwiſe. 


Many pieces of land may be very well ſurveyed, 
by meaſuring any baſe line, either within or without 
them, together with the perpendiculars let fall upon 
it from every corner of them. For they are by thoſe 
means divided into ſeveral triangles and trapezoids, 
all whoſe parallel fides are perpendicular to the baſe 
line; and the ſum of theſe triangles and trapeziums 
will be equal to the figure propoſed if the baſe line fall 
within it; if not, the ſum of the parts which are with- 
out being taken from the ſum of the whole which are 
both within and without, will leave the area of the 
figure propoſed. 

In pieces that are not very large, it will be ſuffi- 
Ciently exact to find the points, in the baſe line, _ 
tne 
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the ſeveral perpendiculars will fall, by means of the 
croſs, and from thence meaſuring to the corners for 
the lengths of the perpendiculars.—And it will be 
moſt convenient to draw the line ſo as that all the per- 
pendiculars may fall within the figure. | 
Thus, 1n the following figure, beginning at a, and 
meaſuring along the line ac the diſtances and per. 
pendiculars, on the right and left, are as below. 


ab 3is | 350 bs 
AC 440 70 cc 
ad 585 | 320 dp 
Ae 610] 50 CE 
af 990 | 470 tft 
AG 1020 ] O 


PROBLEM VII, 
To Survey any Field with the Plain Table. 


1. From one Station. 


Plant the table at any an- 
gle, as c, from whence all 
the other angles, or marks 
ſer up, can be ſeen; and turn 
the table about till the needle 
point to the flower-de-luce ; 
and there ſcrew it faſt. Make | 
a point for c on the paper on A 5 
the table, and lay the edge of 
the index to c, turning it about c till through the 
fights you ſee the mark p; and by the edge of the 
index draw a dry or obſcure line: then meaſure the 
diſtance ep, and lay that diſtance down on the line 


ep. Then turn the index about the point o, till ” 
128 mar 


1 wc 
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mark E be ſeen through the fights, by which draw a 
line, and meaſure the diſtance to x, laying it on the 
line from c to E. In like manner determine the 
ofitions of ca and cs, by turning the fights ſuc- 
ceſſively to A and B; and lay the lengths of thoſe 
lines down. Then connect the points with the 
boundaries of the field, by drawing the black lines 
cb, DE, EA, AB, Be. 


2. From a Station within the Field, 


When all the other parts can- 
not be ſeen from one angle, 
chooſe ſome place o within; or 
even without, if more conveni- 
ent, from whence the other parts 
can be ſeen. Plant the table at 
o, then fix it with the needle 
north, and mark the point o on 
it. Apply the index ſucceſſively to o, turning it 
round with the fights to each angle A, B, c, b, E, 
drawing dry lines to them by the edge of the index, 
then meaſuring the diſtances oA, os, &c, and lay- 
ing them down upon thoſe lines. Laſtly draw the 
boundaries AB, BC, CD, DE, EA. 


3. By going round the Figure. 


When the figure is a wood or water, or from ſome 
other obſtruction you cannot meaſure lines acroſs it; 
begin at any point A, and meaſure round it, either 
within or without the figure, and draw the directions 
of all the ſides thus: Plant the table at A, turn it with 
the needle to the north or flower- de- luce, fix it and 
mark the point a. Apply the index to A, turning it 
till you can ſee the point E, there draw a line; and 


then the point B, and there draw a line: then meaſure 
theſe lines, and lay them down from A to E and B. 


1 Next 
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Next move the table to z, lay the index along the 


line AB, and turn the table about till you can ſee che 
mark a, and ſcrew faſt the table; in which poſition 
alſo the needle will again point to the flower-de-luce, 
as it will do indeed at every ſtation when the table is 
in the right poſition. Here turn the index about x 
till through the fights you ſee the mark c; there draw 
a line, meaſure Bc, and lay the diſtance upon that 
line after you have ſet down the table at o. Turn it 
then again into its proper. poſition, and in like manner 
find the next line cv. And fo on quite round by x 
to A again. Then the proof of the work will be the 
Joining at A: for if the work is all right, the laſt 
direction EA on the ground, will paſs exactly through 
the point A on the paper; and the meaſured diſtance 
will alſo reach exactly to a. If theſe do not coincide, 
or neatly fo, ſome error has been committed, and the 
work muſt be examined over again. 


PROBLEM VIII. 
To Survey a Field with the Theodilite, &c. 


I. From one Point or Station. 


When all the angles can be ſeen from one point, as 
the angle E (firſt fig. to laſt prob.) place the inſtru- 
ment at E, and turn it about till, through the fixed 
ſights, you ſee the mark B, and there fix it. Then 
turn the moveable index about till the mark a 1s teen 
through the ſights, and note the degrees cut on che in- 
ſtrument. Next turn the index ſucceſſively to E and 
D, noting the degrees cut off at each; which gives all 
the angles 3ca, BCE, geb. Laſtly, meaſure the lines 
CB, CA, CE, CD; and enter the meaſures in a field- 
book, or rather againſt the correſponding parts of a 


rough figure drawn by gueſs to reſemble the field. 
= No 2. From 


yy GCL Q of „ +. 


Sect. 1. SURVEYING, 529 


2. From a Point within or without, 


Plan the inſtrument at o, (laſt fig.) and turn it about 
till the fixed fights point to any object, as a; and there 
{crew it faſt. Then turn the moveable index round 
till the ſights point ſucceſſively to the other points E, 
ib, ©, Þþ _ the degrees cut off at each of them; 
which gives all the angles round the point o. Laſtly, 
meaſure the diſtances oa, os, oc, op, OE, noting 
them down as before, and the work is done. 


3. By going round the Field. 


By meaſuring round, either 
within or without the field, 
proceed thus. Having ſet up 
marks at B, c, &c, near the 
corners as uſual, plant the in- 
ſtrument at any point A, and 
turn it till the fixed index be 
in the direction as, and there . | 
ſcrew it faſt : then turn the moveable index to the 


direction Ar; and the degrees cut off will be the 


angle a, Meaſure the line as, and plant the inſtru- 
ment at B, and there in the ſame manner obſerve the 
angle a. Then meaſure Bc, and obſerve che angle 
e. Then meaſure the diſtance cb, and take the angle 
b. Then meaſure pE, and take the angle B. Then 
meaſure Er, and take the angle r. And laſtly mea- 
lure the diſtance A. 

To prove the work; add all the inward angles 
A,B, ©, &c, together, and when the work is right, 
their ſum will be equal to twice as many right angles 
as the figure has ſides, wanting 4 right angles. And 
when there is an angle, as r, that bends inwards, and 
you meaſure the external angle, which is leſs than two 
nght argles, ſubtract it from 4 right angles, or 360 

| Mm degrees, 
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degrees, to give the internal ang greater than a 
ſemicircle or 180 degrees, 


Otherw iſe. 


3 of obſerving the internal angles, you may 
take the external angles, formed without the figure by 
producing the ſides further out. And in this caſe, 
when the work is right, their ſum altogether will be 
equal to 360 degrees, But when one of them, as r, 
runs inv ards, ſubtract it from the ſum of the reſt, to 
leave 360 degrees. 


PROBLEM IX. 


To Survey a Field with Crooked Hedges, &c. 


With any of the inſtruments meaſure the lengths 
and poſitions of imaginary lines running as near the 
lides of the field as you can; and in going along 
them meaſure the offsets in the manner before taught; 
and you will have the plan on the paper in uſing the 
plain table, drawing the crooked hedges through the 
ends of the offsets; but in ſurveying with the theodo- 
lite, or other inſtrument, {et down the meaſures pro- 
perly in a field-book, or memorandum-book, and 
plan them after returning from the field, by laying 
down all the lines and angles. 
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So, in ſurveying the piece ABcDE, ſet up marks 
a, b, c, d, dividing it into as few fides as may be. 
Then begin at any ſtation a, and meaſure the lines ab, 
be, cd, da, and take their poſitions, or the angles a, 
b, c, d; and in going along the lines meaſure all the 
offsets, as at m, n, o, p, &c, along every ſtation line. 

And this is done either within the field, or without, 
as may be moſt convenient. When there are obſtruc- 
tons within, as wood, water, hills, &c; then meaſure 
without, as in the figure here below. 


PROBLEM X. 


To Survey a Field or any other Thing, by Two Stations. 


This is performed by chooſing two ſtations, from 
whence all the marks and objects can be feen, then 
meaſuring the diſtance between the ſtations, and at 
each ſtation taking the angles formed by every object, 
from the ſtation line or diſtance. 

The two ſtations may be taken either within the 
bounds, or in one of the ſides, or in the direction of 


two of the objects, or quite at a diſtance, and without 


the hounds of the objects, or part to be ſurveyed. 

In this manner, not only grounds may be ſurveyed, 
without even entering them, but a map may be taken 
of the principal parts of a country, or the chief places 

x ma of 
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of a town, or any part of a river or coaſt ſurveyed, or 
any other inacceſſible objects; by taking two ſtations, 
on two towers, or two hills, or ſuch like. 


When the plain table is uſed ; plant it at one ſtation 
m, draw a line m n on it, along which lay the edge 
of the index, and turn the table about till the fights 
point directly to the other ſtation; and there ſcrew it 
faſt. Then turn the ſights round m ſucceſſively to all 
the objects azc, &c, drawing a dry line by the edge 
of the index at each, as ma, mn, mc, &c. Then 
meaſure the diſtance to the other ſtation, there plant 
the table, and lay that diſtance down on the ſtation 
line from m ton. Next lay the index by the line 
nm, and turn the table about till the fights point to 
the other ſtation m, and there ſcrew it faſt. Then 
direct the fights ſucceſſively to all the objects a, B, c, 
&c, as before, drawing lines each time, as nA, nz, 
nc, &c; and their interſection with the former lines 
will give the places of all the objects, or corners, 
e, . : 

When the theodolite, or any other inſtrument for 
taking angles, is uſed; proceed in the fame way, 
meaſtiring the ſtation diſtance mn, planting the in- 
ſtrument jirft at one ſtation, and then at _— 

| then 
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then placing the fixed ſights in the direction mn, and 
directing the moveable fights to every object, noting 
the degrees cut off at each time. Then, cheſe obſer- 
rations being planned, the interſections of the lines 
will give the objects as before. 

When all the objects, to be ſurveyed, cannot be 
ſeen from two ſtations ; then three ſtations may be 
uſed, or four, or as many as is neceſſary; meaſuring 
always the diſtance from one ſtation to another; ; 
placing the inſtrument in the fame poſition at every 
ſtation, by means deſcrihed before; and from each 
ſtation obſerving or ſetting every object thar can be 
ſeen from it, by taking its direction or angular poſi- 
tion, till every object be determined by the interſection 
of two or more lines of direction, the more the better. 
And thus may very extenſive ſurveys be taken, as of 
urge commons, rivers, coaſts, countries, hilly grounds, 


and ſuch like. 
PROBLEM XI. 


To Survey a Large Eſtate. 


If the eſtate be very large, and contain a great num- 
ber of fields, 1t cannot well be done by ſury eying all 
the fields fingly, and then putting them together ; nor 
can it be done by taking all the angles and boundaries 
that incloſe it. For in theſe caſes, any {ſmall errors 
will be ſo multiplied, as to render it very much diſ- 
torted. 

1. Walk over the eſtate two or three times, in order 
to get a perfect idea of it, and till you can carry the 
map of it tolerably in your head. And to help your 
memory, draw an eye draught of it on paper, or at 
leaſt, of the principal parts of it, to guide you. 

2. Chooſe two or more eminent places in the eſtate, 
for your ſtations, from whence you can fee all the 
principal parts of it ; and let theſe ſtations be as far 

Mm 3 diſtant 


i 
— 


8 


4 SURVEYING. [ Part 5, 
diſtant from one another as poſhble ; as the fewer 
ſtations you have to command the whole, the more 
exact vour work will be: and they will be fitter for 
vour purpoſe, if thele ſtation lines be in or near the 
boundaries of the ground, and efpecially if two lines 
or more proceed trom one ſtation. 

3. Tabe what angles, between the ſtations, you 
think neceſtary, and meaſure the diſtances from ſtation 
to Ration, always in a right line: theſe things muſt be 
done, till you get as many angles and lines as are 
iuf.cient tor determining all your points of ſtation, 
And in meaſuring any of theſe ſtation diſtances, mark 
accurately where theſe lines meet with any hedges, 
ditches, roads, lanes, paths, rivulets, &c, and where 
any remarkable object 1S placed, by meaſuring its 
diſtance from the {tation line, and where a perpen- 
dicular from it cuts that line; and always mind, in 
any of theſe obſervations, that you be in a right line, 
which you will know by taking backſight and fore- 
Get, along your ſtation. line. And thus as you go 

along any main ſtation line, rake offsets to the ends of 
all hedges, and to any pond, houfe, mill, bridge, &c, 
omitting nothing that is remarkable. And all theſe 
things muſt be noted down ; for theſe are your data, 
by which the places of ſuch objects are to be deter- 
mined upon your plan. And be ſure to ſet marks up 
at the inter ſections of all hedges with the ſtation line, 
that you may know where to meaſure from, when you 
come to ſurvey theſe particular fields, which muſt im- 
mediately be done, as ſoon as you have meaſured that 
ſtation line, whilſt they me freſh in memory. By this 
means all your ſtation lines are to be meaſured , and the 
fiation of all places adjoining to them determined, 
which is the firſt grand point to be obtained. It wall 
be proper for you to lay down your work upon paper 
every night, when you go home, that you may ſee 

ho you go on. 
4. As 
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4. As to the inner parts of the eſtate, they muſt be 
determined in like manner, by new ſation lines : for, 
after the main ſtations are determined, and every thing 

adjoining to them, then the eſtate mult be ſubdiy ided 

into two or three parts by new {tation lines; taking 
inner ſtations at proper places, where you can have 
the beſt view. Meaſure thele {tation lines as you did 
the firſt, and all their interſections with hedges, and 
all offsets to ſuch objects as appear. Then you may 
proceed to ſurvey the adjoining fields, by taking the 
angles that the ſides make with the {tation line, at the 
interſections, and meaſuring the diſtances to each 
corner, from the interſections. For every ſtation line 
will be a baſis to all the future operations; the ſitua- 
tion of all parts being entirely dependant upon them; 
and therefore they ſhould be taken as long as poſſible; 
and it is beſt for them to run along ſome of the hedges 
or boundaries of one or more fields, or to pals through 
ſome of their angles. All things being determined 
for theſe ſtations, you muſt take more inner ſtations, 
and continue to divide and ſubdivide till at laſt you 
come to fingle fields; repeating the ſame work for 
the inner ſtations, as for the outer ones, till all be 
done : and cloſe the work as often as you can, and 
in as few lines as poſſible. And that you may chooſe 
ſtations the moſt conveniently, ſo as to cauſe the leaſt 
labour, let the ſtation lines run as far as you can 
along ſome hedges, and through as many corners of 
the fields, and other remarkable points, as you can. 
And take notice how one field lies by another; that 
you may not miſplace them in the draught. 

5. An eſtate may be lo ſituated, that the whole can- 
not be ſurveyed. together; becauſe one part of the 
eſtate cannot be ſeen from another. In this caſe, you 
may divide it into three or four parts, and ſurvey the 
parts ſeparately, as if they were lands belonging to 
different perſons ; ; and at laſt join them together. 

m4 6. As 
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6. As it is neceſſary to protarct or lay down your 
work as you proceed in it, you mult have a ſcale of a 


due length to do it by. To get ſuch a ſcale, you muſt 


meaſure the whole length of the eſtate in chains; then 
you muſt conſider how many inches long the map is 
to be; and from thele you will know how many 


chains you muſt have in an inch; then make your 


ſcale, or chooſe one already made, accordingly. 

7. The trees in every hedge row mult be placed in 
their proper ſituation, which is ſoon done by the plain 
table; but may be done by the eye without an inſtru- 
ment; and being thus taken by gueſs, in a rough 
draught, they will be exact enough, being only to 
look at; except it be ſuch as are at any remarkable 
places, as at the ends of hedges, at ſtiles, gates, &c, 
and theſe muſt be meaſured. But all this need not 
be done till the draught is finiſned. And obſerve in 
all the hedges, what ſide the gutter or ditch is on, and 
to whom the fences belong. 

8. When you have long ſtations, you ought to have 
a good inſtrument to take angles with; and the plain 
table may very properly be made uſe of, to take the 
ſeveral ſmall internal parts, and ſuch as cannot be 
taken from the main ſtations, as it is a very quick 
and ready inſtrument. | 


PROBLEM XII. 


To Stirvey a County, or Large Tra# of Land. 


1. Chooſe two, three, or four eminent places for 
ftations ; ſuch as the tops of high hills or mountains, 
towers, or church ſtecples, which may be ſeen from 
one another ; and from which moſt of the towns, and 
other places of note, may alſo be ſeen. And let them 
be as far diſtant from one another as poſſible. Upon 


theſe places raiſe beacons, or long poles, with flags of 


different 
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different colours flying at them; fo as to be viſible 
from all the other ſtations. 

2. At all the places, which you would ſet down in 
the map, plant long poles with flags at them of ſeve- 
ral colours, to diſtinguiſh the places from one another; 
fixing them upon the tops of church ſteeples, or the 
tops of houſes, or in the centres of leſſer towns. 

But you need not have theſe marks at many places 
at once, as ſuppoſe half a {core at a time. For when 
the angies haye been taken, at the two ſtations, to all 
theſe places, the marks may be moved to new ones; 
and ſo ſucceſſively to all the places you want. Theſe 


marks then being ſet up at a convenient number of 


places, and ſuch as may be ſeen from both ſtations ; 
go to one of theſe ſtations, and with an inſtrument to 
take angles, ſtanding at that ſtation, take all the angles 
between the other ſtation, and each of theſe marks, 
obſerving which 1s blue, which red, &c, and which 
hand they lie on; and ſet all down with their colours. 
Then go to the other ſtation, and take all the angles 
between the firſt ſtation, and each of the former marks, 
and ſet them down with the others, each againſt his 
fellow with the ſame colour. You may, if you can, 
alſo take the angles at ſome third ſtation, which may 
ſerve to prove the work, if the three lines interſect in 
that point, where any mark ſtands. The marks muſt 
ſtand till the obſervations are finiſhed at both ſtations ; 
and then they muſt be taken down, and ſet up at freſh 
places. And the fame operations mult be performed, 
at both ſtations, for theſe freſh places; and the like 
tor others. Your inſtrument for taking angles muſt 
be an exceeding good one, made on purpoſe with 
teleſcopic ſights; and of three, four, or five feet 
radius. A circumferentor is reckoned a good inſtru- 


ment for this purpoſe. 


3. And though it is not abſolutely neceſſary to 
meaſure any diſtance, becauſe any ſtationary line being 
I aid 
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laid down from any ſcale, all the other lines will be 
=, hangs = yet it is better to meaſure ſome of 
the lines to aſcertain the diſtances of places in miles; 
and to know how many geometrical miles there are in 
any length ; and from thence to make a ſcale to mea- 
ſure any diſtance in miles. In meaſuring any diſtance, 
it will not be exact enough to go along the high roads; 
by reaſon of their turnings and windings, and hardly 
ever lying 1n a right line between the ſtations, which 
muſt cauſe infinite reductions, and create endleſs 
trouble to make it a right line; for which reaſon it 
can never be exact. But a better way 1s to meaſure 
in a right line with a chain, between ſtation and ſta- 
tion, over hills and dales or level fields, and all 
obſtacles. Only in caſe of water, woods, towns, 
rocks, banks, &c, where onecannot paſs, ſuch parts 
df the line muſt be meaſured by the methods of 
inacceſſible diſtances; and beſides, allowing for aſcents 
and deſcents, when we meet with them. And a good 
compats that ſhews the bearing of the two ſtations, 
will always direct you to go ſtraight, when you do not 
fee the two ſtations ; and in your progreſs, if you can 
go ſtraight, you may take offsets to any remarkable 
places, likewiſe note the interſection of your ſtation- 
ary line with all roads, rivers, &c. 

4. And from all your ſtations, and in your whole 
_ progreſs, be very particular in obſerving ſea coaſts, 
river mouths, towns, caſtles, houſes, churches, wind- 
mills, watermills, trees, rocks, ſands, roads, bridges, 
fords, ferries, woods, hills, mountains, rills, brooks, 
parks, beacons, fluices, floodgates, locks, &c ; and in 
general all things that are remarkable. 

5. After you have done with your firſt and man 
ſtation lines, which command the whole county; you 
muſt then take inner ſtations, at ſome places already 
determined ; which will divide the whole into ſeveral 


partitions: and from theſe ſtations you muſt determine 


3 the 
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the places of as many of the remaining towns as you 


can. And if any remain in that part, you muſt take 
more ſtations, at ſome places already determined; 
from which you may determine the reſt. And thus 
we mult go through all the parts of the county, 
taking ſtation after ſtation, till we have determined all 
we want. And in general the ſtation diſtances muſt 
always paſs through ſuch remarkable points as have 
been determined before, by the former ſtations. | 

6. Laſtly, the poſition of the ſtation line you mea- 
ſure, or the point of the compals it lies on, mult be 
determined by aſtronomical obſervation. Hang up a 


thread and plummet in the ſun, over tome part of the 


ſtation line, and obſerve when the ſhadow runs along 
that line, and at that moment take the ſun's altitude; 
then having his declination, and the latitude, the 
uimuth will be found by {pherical trigonometry: 
And the azimuth is the angle the ſtation line makes 
with the meridian ; and therefore a meridian may 
afily be drawn through the map. Or a meridian may 
be drawn through it by hanging up two threads in a 
line with the pole ſtar, when he is Juſt north, which may 
be known from aſtronomical tables. Or thus ; obſerve 
the ſtar Alioth, or that in the rump of the great bear, 
being that next the ſquare ; or elſe Caſſiopeia's hip; 
| ſay, obſerve by a line and plummet when either of 
theſe ſtars and the pole ſtar come into a perpendicu- 
lar; and at that time they are due north. Therefore 
wo perpendicular lines being fixed at that moment, 


towards theſe two ſtars, wall = the poſition of che 
meridian. 


PROBLEM XIII. 


To Survey a Town or City. 


This may be done with any of the inſtruments for 
taking angles, but belt of all with che pliun _ 
where 


* 
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where every minute part is drawn while in fight. It 
is proper alſo to have a chain of 50 feet long, divided 
into 50 links, and an offser-ſtaff of 10 feet long. 

Begin at the meeting of two or more of the princi- 
pal ſtreets, through which you can have the longeſt 
proſpects, to get the longeſt ſtation lines. There 
having fixed the inſtrument, draw lines of direction 
along thoſe ſtreets, uſing two men as marks, or poles 
{et in wooden pedeſtals, or perhaps ſome remarkable 
places in the houſes at the turther ends, as windows, 
doors, corners, &c. . Meaſure theſe lines with the 
chain, taking offsets with the ſtaff, at all corners of 
ſtreets, bendings, or windings, and to all remarkable 
things, as churches, markets, halls, colleges, eminent 
houſes, &c. Then remove the inſtrument to another 
ſtation along one of theſe lines ; and there repeat the 
fame proceis as before. And ſo on till the whole is 
finiſhed. 


Thus, fix the inſtrument at a, and draw lines in 
the direction of all the ſtreets meeting there; and mea- 
ſure a3, noting the ſtreet on the left at m. At the 
ſecond ſtation x, draw the directions of the ſtreets 
meeting there; meaſure from B; to e, noting the 
places of the ſtreets at n and o as you paſs by them. 


At the zd tation c take the direction of all the ſtreets 
meeting 


22 A 
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meeting there, and meaſure cd. At Þ do the ſame, 
and meaſure DE, noting the place of the croſs ſtreets 
at p. And in this manner go through all the prin- 
cipal ſtreets. This done, proceed to the ſmaller and 


intermediate ſtreets; and laſtly to the lanes, alleys, 


courts, yards,” and every part that it may be thought 
proper to repreſent. 


CHATTER Ih 
Of Planning, Caſting-up, and Dividing. 
PROBLEM I, 


To Lay down the Plan of any Survey. 


a rough plan of it already on the paper which 


core red the table. But if the ſurvey was with any 


other inſtrument, a plan of it is to be drawn from the 
meaſures that were taken in the ſurvey, and firſt of 
al a rough plan upon paper. 

To do this, you mult have a ſet of proper inſtru- 
ments, for laying down both lines and angles, &c ; as 
ſcales of various ſizes, the more of them, and the more 
accurate, the better; ſcales of chords, protractors, per- 
pendicular and parallel rulers, &c. Diagonal ſcales are 
beſt for the lines, becauſe they extend to three figures, 
or chains and links, which are hundredth parts of 
chains. But in uſing the diagonal ſcale, a pair of com- 


paſſes muſt be employed to take off the lengths of the 


principal lines very accurately. But a ſcale with a 
thin edge divided, is much readier for laying down the 
perpendicular offsets to crooked hedges, and for mark- 
ing che places of thoſe offsets upon the ſtation line; 
which is done at only one application of the edge = 

| tne 


| 
. 
| 
1 
i 
i 


F the ſurvey was taken with a plain table, you have 
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the ſcale to that line, and then pricking off all at 
once the diſtances along it. Angles are to be laid 
down either with a good ſcale of chords, which is 
perhaps the moſt accurate way; or with a large pro- 
tractor, which is much readier when many angles are 
to be laid down at one point, as they are pricked off 
all at once round the edge of the protractor. 
Very particular directions tor laying down all ſorts 
of figures cannot be neceſſary in this place, to any 
perſon who has learned practical geometry, and the 
conſtruction of figures, and the uſe of his inſtruments, 
It may therefore be ſufficient to obſerve, that all lines 
and angles mult be laid down on the plan in the ſame 
order in which they were meafured in the field, and 
in which they are written in the field-book ; laying 
down firſt the angles for the poſition of lines, then the 
lengths of the lines, with the places of the offsets, and 
then the lengths of the offsets themſelves, all with 
dry or obſcure lines; then a black line drawn through 
the extremities of all the offsets, will be the hedge or 
bounding line of the field, &c. After the principal 
bounds and lines are laid Gow n, and made to fit or 
cloſe properly, proceed next to the ſmaller objects, 
till you have entered every thing that ought to appeal 
in the plan, as houſes, brooks, trees, hills, gates, 
ſtiles, roads, lanes, mills, bridges, woodlands, &c, 
&c. 
The north ſide of a map or plan is commonly 
placed uppermoſt, and a meridian ſomewhere drawn, 
with the compaſs or flower-de-luce pointing north. 
Alfo, in a vacant part, a ſcale of equal parts or chains 
muſt be drawn, and the title of the map in con- 
{picuous characters, and embelliſhed with a compart- 
ment. All hills muſt be ſhadowed, to diſtinguiſh 
them in the map. Colour the hedges with different 
colours; repeat hilly grounds by broken hills and 
valleys; ; draw ſingle dotted lines for foot- yu bl: 
Ouble 
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double ones for horſe or carriage roads. Write the 
name of each field and remarkable place within it, 


and, if you choole, its content in acres, roods, and 


rches. | 

In a very large eſtate, or a county, draw vertical 
and horizontal lines through the map, denoting the 
ſpaces between them by letters, placed at the top, and 
bottom, and ſides, for readily finding any field or 
other object, mentioned in a table. 

In mapping counties, and eſtates that have uneven 
grounds of hills and valleys, reduce all oblique lines, 
meaſured up hill and down hill, to horizontal ſtraight 
lines, if that was not done during the ſurvey, before 
they were entered in the field-book, by making a pro- 
per allowance to ſhorten them. For which purpoſe 
there is commonly a ſmall table engraven on ſome of 
the inſtruments for ſurveying. 


PROBLEM. II. 


To Caſt up the Contents of Fields. 


1. Compute the contents of the figures, whether 
tnangles, or trapeziums, &c, by the proper rules for 
the ſeveral figures laid down in meaſuring ; multiply- 
ing the lengths by the breadths, both in links; the 
product is acres after you have cut off five figures on 
the right, for decimals; then bring theſe decimals to 
roods and perches, by multiplying firſt by 4, and 
then by 40. An example of which is given in the 
deſcription of the chain, page 508. | 

2, In ſmall and ſeparate pieces, it is uſual to caſt 
up their gontents from the meaſures of the lines taken 
* them, without making a correct plan of 

em. 


Thus, 
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Thus, in the triangle in prob. 1v, page 522, where 
we had ap =794,and AB = 1321 
326 
7926 
2642 
10568 
2) 1091146 


$5*45573 arp 
4 Anſ. 32 1 33 nearly 


1822092 
40 
3291680 


Or the firſt example to prob. v, page 523, thus: 
AE 214 [210 ED 
AF 362 306 FB 
AC 592 


516 ſum of perp. 
592 AC 


1032 
4644 
2580 


. 305472 acer p 


Or 
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AP 110 352 PC 


ut, p. 521, where 


4 745 595 0 
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217175 20 
601345=2PCDQ, 
38720=2APC 
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Or the 2d example to the ſame prob. v, thus: 


2) 8:57240=dou, the whole 


11448 Anſ. 11 


AB 1110 
Pc 352 PC 352 .QD 595 
AP 110 QP 595 QB 30; 
2apc 38720 ſum 947 2975 
1 635 3570 
„ 
2841 
5682 
2PCDQ 601345 
42862 
4 
40 
57920 


3. In pieces bounded by very crooked and wind- 
ing hedges, meaſured by offsets, all the parts between 
the offsets are moſt accurately meaſured ſeparately as 
ſmall trapezoids. Thus, for the example to prob. 


AC 45 
Ad 220 


Ae 340 
Af 510 
Ag 634 
AB 785 


62 ch 
84 di 
70 K 
98 fl 


37 
91 BN 


Nn | Then 
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2790 
25550 
18480 
28 560 
17980 
22348 


2) 115708 7 
57854 Content © 2 12 
4 


231416 
40 


1256640 


4. Sometimes ſuch pieces as that above, are com- 
puted by finding a mean breadth, by dividing the 
ſum of the offsets by the number of them, accounting 
that for one of them where the boundary meets the 
ſtation line, as at a; then multiply the length as by 
that mean breadth, 


Thus: 
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Thus: — 
00 785 AB. 
62 66 mean breadth 
he 4710 8 


70 4710 Content © 2 2 by this method, 


” IE which is 10 perches too little. 

91 + ; 
7) 462 207240 And this method is always errone- 
66 40 ous, except when the offsets ſtand 
—_— equal diſtances from one an- 

9 other. 


5. But in larger pieces, and whole eſtates, conſiſting 
o many fields, it is the common practice to make a 
rough plan of the whole, and from it compute the 
contents quite independent of the meaſures of the lines 
and angles that were taken in ſurveying. For then 
new lines are drawn in the fields in the plan, fo as to 
divide them into trapeziums and triangles, the baſes 
and perpendiculars of which are meaſured on the plan 
by means of the ſcale from which it was drawn, and 
o multiplied together for the contents. In this way 
the work is very expeditiouſly done, and ſufficiently 
correct; for ſuch dimenſions are taken, as afford the 
moſt eaſy method of calculation; and, among a num- 
ber of parts, thus taken and applied to a ſcale, it is 
likely that ſome of the parts will be taken a ſmall 
matter too little, and others too great; ſo that they 
will, upon the whole, in all probability, very nearly 
balance one another. After all the fields, and par- 
ticular parts, are thus computed ſeparately, and added 
all together into one ſum, calculate the whole eſtate 
independent of the fields, by dividing 1t into large 


and arbitrary triangles and trapeziums, and add theſe 
N n 2 alſo 


4 
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alſo together. Then if this ſum be equal to the 
former, or nearly ſo, the work is right; but if the 
ſums have any conſiderable difference, it is wrong, 
and they mult be examined, and recomputed, til 
they nearly agree. | 

A ſpecimen of dividing into one triangle, or one 
trapezium, which will do tor moſt ſingle fields, may 
be ſeen in the examples to the laſt problem ; and 
a ſpecimen of dividing a large tract into ſeveral ſuch 
trapeziums and triangles, in prob. vi of chapter 11 df 
Surveying, page 524, where a. piece is ſo divided, 
and its dimenſions taken and ſet down; and again at 
prob. v1 of Menſuration of Surfaces, where the con- 
tents of the tame piece are computed. 

6. But the chief ſecret in caſting up, conſiſts in 
finding the contents of pieges bounded by curved, or 
very irregular lines, or in Feducing ſuch crooked ſides 
of fields or boundaries to ſtraight lines, that ſhall in. 
cloſe the ſame or equal area with thoſe crooked fides, 
and fo obtain the area of the curved figure by means 
of the right-lined one, which will commonly be a 
trapezium. Now this reducing the crooked tides to 
ſtraight ones, is very eaſily and accurately performed 
thus: Apply the ſtraight edge of a thin, clear piece 
of lanthorn-horn to the crooked line, which 1s to be 
reduced, in ſuch a manner, that the ſmall parts cut 
off from the crooked figure by it, may be equal to 
thoſe which are taken in: which equality of the parts 
included and excluded, you will preſently be able to 
judge of very nicely by a little practice: then with a 
pencil draw a line by the ſtraight edge of the horn. 
Do the ſame by the other fides of the field or figure. 
So ſhall you have a ftraight ſided figure equal to the 
curved one; the content of which, being computed 
as before directed, will be the content of the curved] 
figure propoſed. | 

Or, inſtead of the ſtraight edge of the horn, a pon 

E Ss : all 
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hair may be applied acroſs the crooked ſides in the 
ſme manner; and the eaſieſt way of uſing the hair, 
js to ſtring a ſmall ſlender bow with it, either of wire, 
or cane, or whale-bone, or ſuch like flender ſpringy 
matter; for, the bow keeping it always ſtretched, it 
can be eaſily and neatly applied with one hand, while 
the other 1s at liberty to make two marks by the fide 
of it, to draw the ſtraight line by. 


E X AMP L E. 


Thus, let it be required to find the contents of the 
ame figure as in prob. 1x of the laſt chapter, page 
530, to a ſcale of 4 chains to an inch. 


6 ä ment? 
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Draw the four dotted ſtraight lines AB, Bc, op, DA, 
cutting off equal quantities on both ſides of them, 
which they do as near as the eye can judge: ſo is the 
crooked figure reduced to an equivalent right-lined 
n. one of four ſides apcv. Then draw the diagonal BD, 
ce. WW which by applying a proper ſcale to it, meaſures 1256. 
he Alſo the perpendicular, or neareſt diſtance, from A to 
e "this diagonal, meaſures 456; and the diſtance of 0 


ed from it, is 428, | | 


Nn3 Then 
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Then 456 
| 428 


— — 


884 
1256 


5024 
10048 
10048 

2) 11:10304. 

555152 

4 


220608 
40 


ac ro p 
8.24320 Content 5 2 8 


And thus the content of the trapezium, and conſe. 
quently of the irregular figure, to which it is equal, 
eaſily found to be 5 acres, 2 roods, 8 perches. 


PROBLEM III. 


To Transfer a Plan to another Paper, &c. 


After the rough plan is completed, and a fair one is 
wanted ; this may be done, either on paper or vellum, 
by any of the following methods, 


FIRST METHOD, 


Lay the rough plan upon the clean paper, and keep 
them always preſſed flat and cloſe together, by weights | 
laid upon them. Then, with the point of a fine pin 
or pricker, prick through all the corners of the plan to 


pe copied. Take them aſunder, and connect the 
pricked 
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pricked points on the clean paper, with lines; and it 


15 done. This method 1s only to be practiſed in plans 


of ſuch figures as are ſmall and tolerably regular, or 
bounded by right lines. 


SECOND METHOD. 


Rub the back of the rough plan over with black 
lead powder; and lay the ſaid black part upon the 
clean paper, upon which the plan is to be copied, and 
in the proper poſition. Then with the blunt point of 
ſome hard ſubſtance, as braſs, or ſuch like, trace over 
the lines of the whole plan; preſſing the tracer ſo 
much as that the black lead under the lines may be 
transferred to the clean paper; after which take off 
the rough plan, and trace over the leaden marks with 
common ink, or with Indian ink, &c.— Or, inſtead of 
blacking the rough plan, you may keep conſtantly a 
blacked paper to lay between the plans. 


THEIERD METH 


Another way of copying plans, 1s by means of 
ſquares. This is performed by dividing both ends 
and ſides of the plan, which is to be copied, into any 
convenient number of equal parts, and connecting 
the correſponding points of diviſion with lines; which 
will divide the plan into a number of ſmall ſquares. 
Then divide the paper, upon which the plan is to be 
copied, into the ſame number of ſquares, each equal 
to the former when the plan 1s to be copied of the 
lame ſize, but greater or leſs than the others, in the 
proportion in which the plan 1s to be increaſed or 
diminiſhed, when of a different ſize. Laſtly, copy 
into the clean ſquares, the parts contained in the cor- 
reſponding ſquares, of the old plan; and you will 
have the copy either of the ſame ſize, or greater or 


leſs in any proportion. 
Nn4 FOURTH 
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FOURTH METHOD. 


A fourth way is by the inſtrument called a 
pentagraph, which allo copies the plan in any ſize 
required, 


FIFTH METHOD. 


But the neateſt method of any is this, Procure a 
copying frame or glaſs, made in this manner; namely, 
a large ſquare of the beſt window glaſs, ſet in a broad 
frame of wood, which can be raifed up to any angle, 
when the lower fide of it reſts on a table. Set this 
frame up to any angle before you, facing a ſtrong 
light; fix the old plan and clean paper together with 
ſeveral pins quite around, to keep them together, the 
clean paper being laid uppermoſt, and upon the face 
of the plain to be copied. Lay them, with the back 
of the old plan, upon the glaſs, namely, that part 
which you intend to begin at to copy firſt; and, by 
means of the light ſhining through the papers, you 
will very diſtinctly perceive every line of the plan 
through the clean paper. In this ſtate then trace all 
the lines on the paper with a pencil. Having draw: 
that part which covers the glaſs, flide another part 
over the glaſs, and copy it in the ſame manner. 
And then another part. And ſo on till the whole 
be copied. 

Then, take them aſunder, and trace all the pencil- 
lines over with a fine pen and Indian ink, or with 
common ink. *» 

And thus you may copy the fineſt plan, without 
injuring it in the leaſt. | | 

When the lines, &c, are copied upon the clean 
paper or vellum, the next buſineſs is to write ſuch 
names, remarks, or explanations as may be judged 
neceſſary; laying down the ſcale for taking the lengths 
of any parts, a flower-de-luce to point out the direc- 

tion, 
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tion, and the proper title ornamented with a compart- 
ment; and illuſtrating or colouring every part in ſuch 
manner as ſhall ſeem moit natural, ſuch as ſhading - 
rivers or brooks with crooked lines, drawing the 
repreſentations of trees, buſhes, hills, woods, hedges, 
houſes, gates, roads, &c, in their proper places; 
running a fingle dotted line for a foot path, and a 
double one for a carriage road ; and either repreſent- 
ing the baſes or the elevations of buildings, &c. 


PROBLEM iv. 


To change a Figure from One Scale to Another. 


From one angle 
à draw lines Ac, 
AD, AE, &C, to all 
the other angles of 
the figure given ; 
then augment or 
diminiſh - one fide 
AB till Ab be to AB 
in the given propor- 
tion of the ſcales; and by means of a parallel ruler, 
draw bc parallel to ze and meeting Ac in c, and in the 
lame manner cd parallel to p, de parallel to px, ef 
parallel to ET; fo thall abcdefa be the figure required. 


CHAPTER V. 


Of the Diviſion of Lands. 


| In the divifion of commons, after the whole is 
| ſurveyed and caſt up, and the proper quantities to be 
| allowed for roads, &c, deducted, divide the net 
quantity remaining among the ſeveral proprictors, by 
| the rule of Fellowſhip, in proportion to the real 
value 
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value of their eſtates, and you will thereby obtain 
their proportional quantities of the land. But as this 
diviſion ſuppoſes the land, which is to be divided, 
to be all of an equal goodneſs, you muſt obſerve 
that if the part in which any one's ſhare is to be 
marked off, be better or worſe than the general 
mean quality of the land, then you muſt diminiſh 
or augment the quantity of his thare in the fame 
proportion ©, 


PROBLEM 0, 


It is required to divide any given quantity of ground, 
or its. value, into any given number of parts, and in pro- 
portion as any given numbers. 


Divide the given piece, or its value, as in the rule 
of Fellowſhip, by dividing the whole content or value 
by the ſum of the numbers expreſſing the proportions 
of the {ſeveral ſhares, and multiplying the quotient 
ſeverally by the ſaid proportional numbers for the re- 
ſpective ſhares required, when the land is all of the 
ſame quality. But if che ſhares be of different qualities, 


* Or, which comes to the ſame thing, divide the ground among 
the claimants in the direct ratio of the value of their claims, and 
the inverſe ratio of the quality of the ground allotted to cach; 
that is in proportion to the om ariſing from the diviſion of 

the value of each perſon's eſtate, by the number which expreſſes 
the quality of the ground in his ſhare, 

But theſe regular methods cannot always be put in practice; 
ſo that, in the diviſion of commons, the uſual way is, to meaſure 
ſeparately all the land that is of different values, and add into two 
ſums the contents and the values; then, by the firſt part of the 
following problem 1, the value of every, claimant's ſhare is com- 
puted, by dividing the whole value among them in proportion to 
their eſtates ; and, laſtly, by the 2d problem, a quantity is laid 
out for each perſon, that ſhall be of the value of his ſhare before 
tound, | 


2 then 
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then divide the numbers expreſſing the proportions 
or values of the ſhares, by the numbers which ex- 
preſs the qualities of the land in each ſhare ; and uſe 
the quotients inſtead of the former proportional num- 


bers. | 
LXAMFLE'L 


If the total value of a common be 2500 pounds, it 
is required to determine the values of the ſhares of 
the three claimants A, B, c, whole eſtates are of theſe 
values 10000, and 1 5000, and 25000 pounds. | 

The eſtates being in proportion as the numbers 
2, 3, 5, Whoſe ſum is 10, we ſhall have 2500 10 

= 250; which being ſeverally multiplied by 2, 3, 5, 
the products 500, 750, 1250, are the values of the 
ſhares required. | 

| EXAMPLE II. 


It is required to divide 300 acres of land among 
4, B, c, D, E, r, G, and h, whole claims upon it are 
reſpectively in proportion as the numbers 1, 2, 3, 5, 
6, 10, 15, 20. 


The ſum of theſe proportional numbers is 64, by 
which dividing zoo, the quotient is 4a 2r 3op, which 
being multiplied by each of the numbers 1, 2, 3, 5, 
xc, we obtain for the ſeveral ſhares as below: 


ae. . 

ATT 4 2 30 
9 1 20 
E222 14 O 10 
D= 23 I 30 
n= 27 2 oo 
F240 2 20 
$2 70 I 10 
n= 92 3 o 
0 00 


Sum = 300 


E X- 


* 

4 

Ll 
N | 
4 
1 
i - 
. 
F 
£360 
p 8 
J 
Ul * 
N 
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SXAMPLE_IIT. 


It is required to divide 780 acres among A, x, and 
c, whole eſtates are 1000, 3000, and 4000 pounds 4 
year; the ground in their ſhares being worth 5, 8 
and 10 thillings the acre reſpectively. 

Here their claims are as 1, 3, 4; and the qualities 
of their land areas 5, 8, 10; therefore their quantities 
muſt be as , 4, 3, or, by reduction, as 8, 15, 16, 
Now the ſum of theſe numbers. is 39; by which 
dividing the 780 acres, the quotient is 20; which 
being multiplied ſeverally by the three numbers 8, 
35, 16, the three products are 160, 300, 320, far the 
ſhares of A, B, c, reſpectively. 


b 


PROBLEM II, 


To Cut off. from a Plan a Given Number of eres, Oc, ly 
a Line drawn from Any Point in the Side of i it, 


Let a be the given point in the annexed plan, from 
which a line is to be drawn cutting off ſuppoſe Fac. 
fr. Ir. 

Draw An cutting off the 

rt ABC as near as can be 
zudged equal to the . 
tity propoied ; and let the 
true quantity of ABc, when 
calculated, be only 4ac. 
zr. 20p. which is leſs than 
Fac. zr. 14D. the {true 
quantity, by o ac. zr. 34p. 
or 71250 ſquare links. 
Then meaſure AB, which 
ſuppole = 1234 links, 
and divide 71250, by 617 
the half of it, and the quotient 115 links will be the 


altitude of the tr iangle to be added, and whoſe bale 
is 


Ms} a 


ON 


is AB, Therefore if upon the center ns, with the 
radius 115, an arc be deſcribed; and a line be drawn 
parallel to AB, touching the arc, and cutting BD in 
pH; and if ap bc drawn, it will be the line cutting 
off che required quantity ADCA. 

Norte. If the firſt piece had been too much, then 
p muſt have been ſet below g. 

In this manner the ſeveral ſhares of commons, to be 
divided, may be laid down upon the plan, and trans- 
ferred from thence to the ground itſelt. 

Alſo for the greater eaſe and perfection in this 
buſineſs, the following problems may be added. 


PROBLEM 1II. 


From an Angle in a Given Triangle, to draw Lines to 
the Oppoſite Side, dividing the Triangle into any 
Number of Parts, which ſhall be in any 
aſſigned Proportion to each other, 


Divide the baſe into the ſame number of parts, 
and in the ſame proportion, by problem i; then from 
the ſeveral points of diviſion draw lines to the pro- 


poſed angle, and they will divide the triangle as 
required *. 


EXAMPLE. 


Let the triangle anc, of 20 acres, be divided into 
hve parts, which ſhall be in proportion to the numbers 


1, 2, 3, 5, 9; the lines of divition to be drawn from 
A to CB, whole length is 1600 links. 


ET 


* DEMONSTRATION». 

For the ſeveral parts are triangles of the ſame altitude, and 
which therefore are as their baſes, which baſes are taken in the 
aligned proporticn, 

Here 
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Here 1 +2 ＋ 3 +5+9 4 
= 20, and 1600 20 = 80; G. 
which being multiplied by each | 
of the proportional numbers, we 
have 80, 160, 240, 400, and 720. 

Therefore I make ca = 80, 4b = Ca4 ec JR 
160, bc = 240, cd = 400, and dg = 720; then by 


drawing the lines Aa, ab, ac, ad, the triangle is 


divided as required. 


PROBLEM IV. 


From Any Point in one Side of a Given Triangle, ty 
draw Lines to the other Two Sides, dividing the 
Triangle into Any Number of Parts which 
ſhall be in Any Aſſigned Ratio. 


From the given point 18 
D, draw DB to the angle 
oppoſite the ſide ac in 
which the point 1s taken; 
then divide the ſame fide _ 1 
Ac into as many parts X E FD G C 
AE, EF, FG, GC, and in the ſame proportion with the 
required parts of the triangle, like as was done in the 
laſt problem; and from the points of diviſion draw 
lines EK, FI, GH, parallel to the line Bo, and meet- 
ing the other ſides of the triangle in k, 1, H; laſtly, 
draw KD, 1D, HD, ſo ſhall Ap k, K DI, 1D, HB, HDC 
be the parts required *, | 
The example to this will be done exactly as the 


laſt, 


<4 Fg / 


— 


* DEMONSTRATION. 

The triangles apx, KD1, 1B, being of the ſame height, are as 
their baſes Ak, K1, 1B; Which, by means of the parallels Ek, FI, 
DB, are as AE, EF, FD; in like manner, the triangles cou, HDB 
are to each other as co, GD: but the two triangles IDB, BDE, 
having the ſame baſe Bp, are to each other as the diſtances of 1 
and x from BD, or as FH to ÞG ; conſequently the parts PAK, DEI, 
DIBH, DHC arc to each other as AE, Er, FG, GC, 

| A COQOTL- 


In Fas.) — a. — 


as S Ss we w we 
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A 


COLLECTION or QUESTIONS 


CHAPTER V. 


QUESTION I. 


EQUIRED the area and plot of a figure from 
the following field- book. 

Note, That a cipher in the place of a perpendi- 

cular, denotes that there the baſe line touches an 

angular point. So here the ciphers for the firſt and 

laſt perpendiculars, ſnew that the baſe line begins and 

ends at an angle. Alſo x denotes right, and L left. 


Field-Book. 

Bale line| perpendicular . v 6 
= 0 | — 
19 42 R £4 
80 n FA 
184 235 R + i P | 
307 184 L Fo iS 
479 220 L | —— = 

| 556 LOS | | | 

_bg7 E 6 Anſ. 1ac. zr. 8908p. 


Arne 


Beginning at the weſtmoſt ſtation A, of a large tract of 
land, and going round towards the north, ſuppoſe the 
lengths of the lines and the angles formed by them and 
we meridians, to be taken thus: aB = 1 550 links, and 

Its 
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its direction x, 353? x, that is, 3 5 from the north 
towards the eaſt; then proceeding to the 2d ſtation 
B, I find the direction of Bc to be N E, 723?, and 
its length = 1870 links. In the fame manner I find 
all the other ſides and their directions as expreſſed in 
order 1n the 2d and 3d columns of the following table; 
the iſt column containing only the number and mark 
of each ſtation. 
Required the plan and content of this piece. 


[Stations] Angles Sides | 

| rt. 4 [NE 35 [1550 as 

| 2. B [NE 722 | 1870 Bc 

| 3. c [SE 70+ [1870 co. 

1 4: D [SW 53 1245 DE | 

| 5. = [SE 83z [24108 | Aniver 

e. » [SW 31: 150 re [1454 17. 39*5776ps 
7. G [OW 623 | 2260 Cc 
8. HNW 735 [2730 8 

| 9. 1 [NW 174, | 1456 1a | 


TC — "rm DS EIN —— b * — br OS. —_— 
Nolte, A line is wanted to be drawn along the bottom of the 
figure, through the points a:/bcuedy ff. 
| 8 QU E 5- 


n 
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QUESTION III. 


In a pentangular field, beginning with the ſouth 
ile, and meaſuring round towards the eaſt firſt, the 
iſt or ſouth ſide was = 2735 links, the 2d = 3115, 
the zd = 2370, the 4th = 2925, and the 5th = 
1220 ; alſo the diagonal from the iſt angle to the 3d 
was 3800, and that from the 3d to the ↄth was 4010: 
Required the figure and area. 


1 Pp 
Anſwer 117 2 39*1408 


QUESTION i. 


In going round a five-fided field anc, the ſides 
and angles were thus: The fide ap = 1940 links, 
and the angle B 110 3o'; the fide Be = 1555, and 
the angle c 117* 45; the fide cy = 2125, and the 
angle p91 20'; and the ſide PE = 2741 : Required 
the figure and the content. | 


| be --£ 
Anſwer 66 2 24 


* | Oo QUES. 
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SUMSTION . 


In a field I took two ſtations p and Q, at the 
diſtance of lo chains from each other: 


= ſera=2120} 5 (rep 10 40 
S © jars = 49710 9 oe = 18 30 
* ire 12 e 42 00 
Ir 8 67 oz 

0 2 29 GG es / 2 
E 2 pes = 6425 |= 137 00 
Eilert 16 POR = 08 $3 


Required the figure and area. 


W— 
== 7. pP be- 3 by / 
Anfwer 50 3 393136 NI. 
* 


rien vt. 


From a ſtation within a field of five ſides J mea- 
ſured the diſtances to the ſeveral corners, beginning 
with that on the weſt, and meaſuring round towards 
the north, viz. 1ſt diſtance 7345 links, the 2d = 
5980, the 3d = 6495, the 4th = 6015, and the 5th 
= 7050; allo the angles formed by theſe diſtances in 
the tame order were 714, 553, 494%, and 812, degrees. 
What 1s the area ? Anſ. 97gac. 2r. 35˙921p. 


QUESTION VI. 


From a place o, near the middle of a field ArcpEr N 
from which I could ſee all the angles, I meaſured 
the diſtances to the ſeveral corners, and obſerved the 


quantities of the angles formed at o by thoſe diſ- 
tances, as below. 


2 | Diſtances 


TA ALS 
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Diſtances Angles 
oA = 4315 links A0B = 60 300 
06s = 2082 BOC = 47 40 
eV 2501 | con 45 - £2 
ob⁰ = 5010 | Don 3 57 10 
OE = 4618 EOF. = 04 15 
OF = 3606 | roa = 80 35 
What is the area? Anſ. 41 zac. fr. 173 224p. 


QUESTION VIII. 


Having made choice of a ſtation within a piece of 
land, I meaſured from thence the ſeveral bearings 
and diſtances of the corners as below: Required the 
area, 


| Bearings f Diſtances 
iſt | NE ä 3540 
2d NE 4785 
3d Nw bw 3915 
: 4th swbs 4125 
, Sh: -. SSE7*E 2030 
a oth E bs 3 E | 2945 
Anſ. 319ac. 3r. 1*193P. 
1 ; 
n 
. . oth RA NR I GNNtet; neat, 
) 
SECTION Il. 
7 | 
d | 
IE OF CASK GAUGING, 
* 


1 meaning of the word Gauging 1s reſtricted 
1 to the meaſuring of caſks, and other things 
os alling under the cognizance of the officers of the 
/ 0 0 2 exciſe; 
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exciſe ; and it has received its name from a gauge or 
rod uted by the practitioners of the art. 
The bufineſs being performed, or the calculations 
made, commonly by means of the inſtruments, called 
the gauging, or diagonal rod, and the ſliding rule or 
gauging rule, it will be neceflary to treat of thele 
inſtr: uments, which 1 ſhall do as below. 


CRAPTER 1. 


The Deſcription and Uſe of the Sliding Rule. 


This is a ſquare rule, having conſequently four 
ſides or faces, three of which are furniſhed with 
ſliding pieces running in grooves. The lines upon 
them are moſths y logarnhmic ones, or diſtances which 
are proportional to the logarithms of the numbers 
placed at the ends of them; which kind of lines 
vere placed upon rules, by Mr. Edmund Cunt er, for 
ex peditiouſſy performing arithmetical operations; in 
which buſineſs he uſed a pair of compaſſes for taking 
the ſeveral logarithmic diſtances : but inſtead of the 
compaties, fiding pieces were added, by Mr. Thomas 
Everard, as being more convenient and certain in 
practice. 

Upon the fiiſt face are three lines, namely, two 
marked A, B, for multiplying and div ding ; - and the 
bird, MD, hos malt depth, becauſe it ſerves to gauge 
malt. The middle one 8 is upon the flider, and 15a 
* of double line, being n narked at both the edges of 

acer, for applyi ing it to both the lines a and- MD. 
Theſe theek lines are al of the ſame radius, or diſtance 
from 1 to 10, each containing twice the length of the 
radius. A and n are placed and rumbered exactly 
alike, each beginning at 1, which may be either 1, Or 
10, or 100, &c, or 1, or *O1, or · oo, &c; but * 
ever it is, the middle r 10, will be 10 times as 


much, 


„ n 
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much, and the laſt diviſion 100 times as much. But 
on the line Mp is oppoſite 215, or more exactly 
2150*4 on the other lines, which number 2150 4 
denotes the cubic inches in a malt buſhel, and its 
diviſions numbered retrograde to thole of A and B. 
Upon theſe two lines are alſo ſeveral other marks and 
letters: thus, on the line A are MB, for malt buſhel, 
at the number 21504; and A for ale, at 282, the 
cubic inches in an ale gallon ; and upon the line s is 
x, for wine, at 23 f, the Cubic inches in a wine gallon ; 
ao gi, for {(quare inſcribed, at +707, the fide of a 
{quare inſcribed in a circle whole diameter is 1 12 
for ſquare equal, at · 886, the fide of a ſquare which is 
equal to the ſame circle; and c for circumference, 
at 31416, the circumference of the ſame circle. 
Upon the ſecond face, or that oppoſite the firſt, are 
a ſider and four lines, marked o, c, p, E, at one end, 
and root, ſquare, root, cube, at the other; the lines c 
and E containing ref pectiv ely the ſquares and cubes of 
the-oppolite numbers on the lines b, o; the radius of 
Dd being double to that of a, , c, and triple to that 


of E: ſo that whatever the firſt 1 on p denotes, the 


firſt on e is the {quare of it, and the firſt on E the cube 
of it,; ſo if p begin with 1, c and E will begin with 

but if v begin with 10, e will begin with 100, 
a E with 1000; and fo on. Upon the line c are 
marked oc at . 0790, for the area of the circle whole 
circumference is 1; and 04 at 78 54 for the area of 
he circle whole diameter is 1. Al, upon the line D 
are wo, for wine gauge, at 17'15; and A0 for ale 
gauge, at 18495; and MR, for malt round, at 52323 
theſe three being the gauge points for round or circu- 
lar meaſure, and are found by dividing the ſquare 
ots of 231, 282, and 2150˙4 by the ſouare root of 
7854. allo MS, far malt {quare, are marked at 46*37, 
the malt gauge point for ſquare meaſure being the 


lquare root of 21 50. 4+ 


003 Upon 


png N 2 — 4 _ 


— 2 
e 
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» 
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Upon the third face are three lines, one upon a ſlider 
marked N; and two on the ſtock, marked ss and st, 


for ſegment ſtanding and legment lying, which garde 


for ullaging ſtanding and lying caſks. 

And upon the fourth, or oppoſite face, are a ſcale 
of inches, and three other ſcales, marked ſpheroid or 
3ſt variety, 2d variety, 3d variety; the ſcale for the 
4th, or conic variety, being on the infide of the flider 
in the third face. The ule of theſe lines is to find 
the mean diameters of caſks. 

Beſides all thoſe lines, there are two others on the 
inſides of the two firit ſliders, being continued from 
the one ſlider to the other. The one of thele is a 
ſcale of inches, from 12+ to 36; and the other is a 
ſcale of ale gallons between the correſponding num- 
bers · 435 and 361; which form a table to ſhew, in 
ale gallons, the contents of all cylinders whoſe diame- 
ters are from 12 to 36 inches, their common altitude 
being 1 inch. 

As the ſliding rule is for performing, very expedi- 
tiouſly, any operations of multiplication, diviſion, and 
extraction of roots, which may be required by any 
precept propoſed in words, &c ; fo the manner of 
making theſe operations will appear in the following 
problems. 


4 en . 


To find the Product of Two Given Numbers, 
S the Sliding Rule. 


RL Ek. To either of the given numbers on à ſet 
I on B, then againſt the other number on 8 1s the pro- 
duct on A. 

EXAMPLE I. Required the product of 12 and 25. 

By placing 1 on B under 12 on A, above 25 on; 
ſtands 300 on A; which is the pꝛoduct required. 


Nork. When the on B has been fer to the one 
factor 


—— — — 1 
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factor on A, if it happen that the other factor on n 
fall beyond the diviſion, on either A or ;, divide it 
by 10, or 100, &c, till the quotient found on B fall 
under ſome diviſion on the line a, and multiply this 
ſaid diviſion by the fame 10, or 100, &c, for the pro- 
duct required. 

EXAMPLE 11. So when 250 is to be multiplied 
by 56 : Having ſet 1 on B to 250 on A, although 56 
be kound on B, it is beyond the end of A; there- 
fore dividing it by 10, 1 find that oppoſite to-the 
quotient 5" 6 on B, is the diviſion 1400 on A; which 
being multiplied by 10, we obtain 14000 for the pro- 
duct required. 

EXAMPLE III. But if 250 were to be multiplied 
by 1120: Having ſet 1 to 250 as before, 1120 is 
beyond the end of k, but being divided by 100, 
oppolite to the quotient 11·˙2 on B I find 2800 on A, 
which being multiplied by 109, we have 289900 for 
the product required. 
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PROBLEM II. 


To find the Quotient of Two Numbers. 


RLE. Set 1 on B to the diviſor on A, then againſt 
the dividend on A, is the quotient on B. 

EXAMPLE I. To divide 300 by 25. Having ſet 
on ; to 25 on A, oppoſite 300 on A | find 12 on B, 
the quotient required. 

Nor. When the dividend falls beyond the erd 
of the ling A, let it be divided by 10, 100, or ſome 
other power of 10 till it fall within the line, and uſe 
the quotient inſtead of it, multiplying the reſult by the 
{ame power of 10 as before.. * 

EXAMPLE II. So if 14000 muſt be divided by 56. 
Having ſet 1 to 56, the dividend cannot be found 
on A till it be divided by 100, the quotient bein ; 140, 
oppoſite to which I find 2:5 on B, which being 

QO4 multi— 
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multiplied by 100 we obtain 250 for the quotient 


required. 


PROBLEM III. 


To work the Rule- of Three on the Sliding Rule: 
having Three Numbers given, to find a Fourth, whe 
ſhall be to the Third as the Second is to the Firſ. 


Rv1.z. Set the firſt term on B, to either the ſecond 
or third on A; then againſt the remaining term on 
B, ſtands the fourth term required on A. 


ExAMPLE. If 8 yards of cloth coſt 24 ſhillings, 
what will 96 yards colt at the ſame rate? 


Having ſet 8 on 8B to 24 on A, oppdſite 96 on 8, 
I find, on a, 288 ſhillings, or 141 8s, which is the 
an{wer. 


PROBLEM lv. 


To Extradt the Square Root by the Sliding Rule. 


Ru LE. The firſt 1 on e ſtanding againſt the firſt 1 
on p, on the ſtock, oppoſite the given number on c is 
its root On D. 


"EXAMPLE. To find the ſide of a ſquare, which 
ſhall be equal to a triangle, or circle, &c, whole area 
is 225; or, to extract the root of 225 5. 


% 


Here oppoſite 225 on c ſtands 15 on b, which is 
the anſwer required, 


PROBLEM V. 


To Extraft the Cube Root by the Sliding Rule. 


RuLs. The line p upon the flide being ſet ſtraight 
with E; find the given number on x, and oppoſite 0 


it will bei its cube root on p. 
Ex Au- 
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EXAMPLE. To find the fide of a cube equal to 


any other ſolid whoſe content is 3375; or to find the 


cube root of 3375. 


Here oppoſite 3375 on E, ſtands 15 on D, which is 
the anſwer required. 


Nor Ek. It is evident that the ſame lines, as are 
uled in theſe two laſt problems, will ſerve to find 
the ſquare or the cube of any given number, by 
taking the given number on the contrary lines, 


PROBLEM VI. 


To find a Mean' Proportional between 
Two Given Numbers. 


RuLE, Set one of the given numbers on e to the 
ke or fame number on b, then againſt the other 
even number on c, is the number required on p. 


ExameLs. To find the fide of a ſquare whoſe 
area ſhall be equal to that of a parallelogram whoſe 
length is 9, and its breadth 4 feet; or, to find a mean 
proportional between 4 and q. 


Having ſet 4 on c to 4 on p, againſt 9 on c ſtands 
Con p, which is the number ſought. 


PROBLEM VII. 


To find a Number which ſhall be to a Given Number, 
in a given Duplicate Proportion; or baving given 
Three Numbers, to find a Fourth, which ſball 
be to the T, bird, as the Square of the 
Second is to the Square of the Firſt. 


RuLE. Set the third number on e to the firſt on 
D, then againſt the ſecond on b, will be found, on c, 
dne fourth required. 

EXAMM- 
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EXAMPLE. If che area of a parallelogram, or any 
other figure, be 120; it is required to find the area 
of a ſimilar figure, their like dimenſions or ſides being 
as 2 to 3. 


Similar figures being as the ſquares of theic like 
dimenſions, by ſetting 120 on c to 2 on p, againſt 3 
on p, ſtands 270 on c, for the number ſought. 


PROBLEM VIII, 


To find a Number which ſhall be to a Given Number, 
in a given Subduplicate Proportion ; or having 
given Three Numbers, to find a Fourth, 
which ſhall be to the Third, as 
the Root of the Second is to 
the Root of the Firſt, 


RvuLE. Set the firſt number on c to the third on 
D, then againſt the lecond on c, will be found the 
fourth on p. 


EXAuPTE. The ſide of a regular figure is 2, and 
its area 120 it 15 required to find the fide of a ſimilar 
figure whole area is 270. 


The roots of the areas of ſimilar figures being as 
their ſides, we muſt find a number which ſhall be 
to 2, as the root of 270, is to the root of 120. There— 
fore, having ſet 120 on c to 2 on p, againſt 270 
on c, will "be found 3 on d, which is the number 
ſought. 

PROBLEM IX. 


To jind a Number in a given Triplicate Proportion lo a 
Number given; or, having Three Numbers given, 
to find a Fourth, which ſhall be to the 
Third, as the Cube of the Second, 
zs to the Cube of the Firſt. 


RULE. Set the firſt number on the ſlide D, mo 
Cnr 


0 
d 
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third number on E, then againſt the ſecond on p, is 
the fourth required on E. 


EXAMPLE. If a caſk, whoſe length is 40 inches, 
contain 100 gallons, what will be the content of a 
ſimilar caſk whoſe length is 36 inches? 


Similar ſolids being as the cubes of their like ſides, 
the content required mult be to 100 gallons, as 363 
is to 40%, Therefore ſetting 40 on Þ to 100 on E, 
againſt 36 on p, will be found 729 gallons on x, 
which is the content required. 


PROBLEM X. 


70 find a Number in a given Subtriplicate Proportion to à 
Given Number; or, having Three Numbers given, to 
find a Fourth, which ſhall be to the Third, as 
the Cube Root of the Second, is to 
the Cube Root of the Firſt. 


Rur Et. Set the third number on p, to the firſt on 


x, then againſt the ſecond on E, will ſtand the fourth 
on b. 


EXAMPTIE. What is the length of a caſk whoſe 
content is 72˙9 gallons, ſuppoſing the length of a 
limilar caſk to be 40 inches, and its content 100 
gallons? 


Since the dimenſions of ſimilar ſolids are as the 
cube roots of their contents, we muſt find a number 
which ſhall be to 40, as the cube root of 7279 is to the 


cube root of 100. Therefore, having ſet 40 on D to 


100 on R, againſt 72-9 on E, will be found 36 on p, 
which is the length required. | 


P R O- 
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PROBLEM XI, 


The Length and Breadth of a Paralle logram being given, 
to find its Area in Malt Buſbels by the Line M b. 


RuLE. Sct either of the given dimenſions on s, to 
the other on MD, then againſt 1 on A, is the required 
area on B. 


Ex AM PLE. How many malt buſhels can be con. 
tained on every inch of the depth of a ciſtern, whoſe 
length is 180, and breadth 72 inches? 


By ſetting 72 on B, to 180 on MD, againſt 1-on a, 
will appear nearly 6 buſhels on B, which is the 
quantity required. 


PROBLEM XII. 


To find, by the Line mv, the Malt Buſbels which may 
be ccutained in a Couch, Floor, or Ciſtern, whoſe 
len gib, breadth, and depth are given. 


RvLx. Set one of the dimenſions on B to ano- 
ther on MD, then againſt the third on a, will appear 
the content on B. 


ExAMPL®z. Required the number of buſhels in 


the ciſtern whoſe length is 230, breadth 58-2, and 


depth 5'4 inches. 


Having ſet 230, on B to 54 on u, againſt 5 8-2 
on A, find 33* 6 bulhels on B, which is the content 
nearly. 


The uſe of the other parts or marks on the rule 
will appear in the examples tarther on. 


CHAPTER I. 
Of the Gauging or Diagonal Rod. 


The diagonal rod is a ſquare rule having four ſides 
5 or 


f 


% 


Es woos ru p< + „ 
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or faces, being generally four feet long, and folding 
together by means of joints. | 

Ir rakes its name from its uſe in meaſuring the 
diagonals of caſks, and computing the contents "from 
the ſaid diagonal only. Where it may be noted, 
that by the diagonal of a caſk, is meant the line from 
the bung to the interſection of the head with the 
ſlave oppofite to it, and is commonly the longeſt 
ine that can be drawn from the middle of the bung to 
any part v ithin the caſl. 

And, accordingly, upon one face of the rule is 
i ſcale of inches for taking the meaſure of the dia- 
oonal ; to which is adapted the areas, in ale gallons, 
of circles to the corre{ponding, diameters, like the 
lines on the under ſides of the three flides in the 
fiding rule. 5 

Upon the oppoſite race are two ſcales of ale and 
wine gallons, expreſſing the contents of caſks having 
the correſponding diagonals; ; and theſe are the lines 
which chiefiy conſtitute the difference between this 
inſtrument and the fliding rule; for all the other lines 
upon it are the ſame with thoſe on that inſtrument, 
and are to be uſed in the ſame manner. 


E X AM T I K. 


Let it be required to find the content of a caſk 
thoſe diagonal meaſures 34-4 inches, which agrees 
with the caſł in the following chapter, whole head and 
bung diameters are 32 and 24, and length, 40 inches; 
for if to the ſquare of 20, halt the length, be added 
the ſquare of 28, half the ſum of the dia: meters, the 
{quare root of the ſam will be 34-4 nearly. 


Now to this diagonal 34+ 4, correſponds, upon 
the rule, the content 90 ale or 111 wine gallons ; 
which differs from all the contents, in the next chap- 


ter, obtained by conſidering the caſk as belonging 


LO 
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to each of the four propoſed varieties; being indeed 
a kind of medium among them all, and falling in 
between the ſecond and third variety; and ſo anſwi er- 
ing to the moſt common form of caſks. 


8 


rr . 


Of Caſts conſidered as divided inte ſeveral Varieties, 


According to the cuſtom of moſt writers on this 


ſubject, I ſhall diſtinguiſh caiks into four forms or 


varieties, VIZ. 
1. The middle fruſtum of a ſpheroid, 
2. The middle fruſtum of a parabolic ſpindle, 


3. The two equal fruſtums of a paraboloid, 
4. The two equal truſtums of a cone. 


I omit here the middle fruſtums of circular, elliptic, 
and hyperbolic {pindles, on account of the difficulty 
of their rules, which renders them unfit for the 
purpoſe of practical gauging. And indeed tome of 
the above four forms are of very little real uſe; for 
very few, if any, caſks are to be met with which 
will hold ſo much as the firſt form, or ſo little as 
the third or fourth; ſo that the ſecond is the molt 


generally, if not the only uſeful one, of the four 
varieties. 


Note, 282 cubic inches make one ale gallon, 
231 — — wine gallon, 
2150˙42 — — a malt buſhel. 


It is alſo to be noted that the dimenſions are ſup- 
poſed to be inches, in the following rules. 


Ro- 


ü 
; 
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FROBLEM To 


To find the Content of a Caſk of the Firſt 
or Spheroidal Variety. 


To the ſquare of the head diameter add double 
the ſquare of the bung diameter, and multiply the ſum 
by the length of the caſk. Then let the product be 
mult. by -00094, or divided by 1077 tor ale gallons, 
or mult. by · oo 114, or divided by 882 for wine gallons 


BY THE SLIDING RULE. 


Set the length on e to $2+82, for ale, or to 29-7, for 
wine, ON D, and on Þ find the bung and head diame- 
ters, noting the numbers oppoſite to them on c, then 
it the latter of theſe two numbers be added to the 


double of the former, the ſum will be the meaſure in 


gallons. 
© 


EXAMPLE. 
Required the content of a ſpheroidal caſk, whoſe - 


bung and head diameters are 32 and 24, and length 
40 inches. 


By 


— 


3 


———_—_—— 


*. For, by prod. 12 ſect. 5 part 3 3, the content in inches is 
(23* + 8) KL, which being divided by 282 and 231, becomes 


23,2 + [5 ho 
—— * 1 or (2 8") X ooo 928371 in the one caſe, 


2 . 
and 8 Xx Lor (28* + n*) x 013333 in the other; 
23 


being the bung and u the head diameter, and L the length of the 
Le ad in working by the fliding rule, it need only be re- 
marked that 3282 and 24*7 are the roots of 1077*157 and 882˙355. 
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By the Pen. Here (2 x 32* + 24*) X 40 „ 

ooo ? f 97:44 ale I en- the content 
ber al — | 118-9; wine required, 

By the Sliding Rule. Having ſet 40 on c to 32:92 
on D, againit 32 and 24 on p, ſtand 38 and 21:1, as 
near as can be judged, on c; then 2 X 38 + 21'3 
= 76 + 21:3 = 97:3 ale gallons. 

And having ſet 40 on c to 29*7 on p, againſt 32 
and 24 on p, ſtand 46:5 and 26:1 on c; then 2 x 
465 + 26˙1 = 93 + 26'1 = 119'1 wine gallons, 


PROBLEM II. 


To find the Content of a Caſh of the Second 
b Parabolic Spindle form. 


To the ſquare of the head diameter, add double 
that of the bung diameter, and from the tum take + 
or Fe of the ſquare of the difference of the laid 
diameters; then multiply the remainder by the 
length, and the product multiplied or divided by the 
lame numbers as in the rule to the laſt problem, will 
give the content. 


n= THE SLIDING- RULE. 


As in the laſt problem, ſet the length on c to 
32*82 or 29*7 on p, and on p find both the bung and 
head diameters, and allo their difference, taking out 
the three numbers oppoſite to them on © ; then if to 
twice the firſt be added the ſecond, an! , of the 


— 


" 


* For, by prob. 18 ſe. 6 part 3, the content in inches is 
88*+4en +75 u* L 1 108 +4BU+;4* 20 +217 
TTT 
l \ 5 Ts 

= Tu Xx (28* T= — 2 x (3 — )), and 32 will give the 
fame numbers as in the laſt problem. 


third 


„„ 
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third be taken from the ſum, the remainder will be 
the content. 


E X AMP L E-. 
Required the content of a caſk of the ſecond 


variety, whoſe bung and head diameters are 32 and 
24, and length 40 inches. 


LR — 2 SR " 2} 
2 les. = ol : — , — | 
| E Ky 3 8 may + WE <= — = 
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By the Pen. Here (2 & 32* + 24 = 4 X 8*) X 40 X 

oy þ 96-49 ale } gallons, the content 
be 1 15 I7*79 wine required. 

By the Sliding Rule. Having ſet 40 on c to 32:82 
on p, againſt 32, 24, and 8 on p, ſtand 38, 21:3, 
and 2*4 ; then 2 X 38 + 21'3 — 4 X 244 = 76 + 
21'3 — og = 96:4 ale gallons, 

And having ſet 40 on c to 29˙% on p, againſt 32, 
24, and 8 on p, ſtand 46*5, 26-1, and 29; then 
2X 46'5 + 2611 — + K 2'9 = 93 + 261 — 1*2 


21179 wine gallons. | 
| PROBLEM III. 


To find the Content of a Caſk of the Third © 
or Paraboloidal Variety. 


To the ſquare of the bung diameter add the ſquare 
of the head diameter, and multiply the ſum by the 
) length; then if the product be 


R mult, { *0014 ] or div. { 88 * 0 ale 
by . by 588 vine 
e product or quotient will be the content required. 
P p BY 
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BY THE SLIDING RULE. 


Set the length on e to 12 by {ono for ale J 


for wine 
then find the bung and wa. diameters on D, noting 
the two oppoſite numbers on , whole ſum will be 
the content required *. 


EXAMPLE. 


Required the content of a caſk of the third variety, 
whoſe bung and head diameters are 32 and 24, and 
length 40 inches. 


By the Pen. Here (32 + 24) X 40 X 
LY or . ale { gallons, the content, 

0017 1088 wine : 

By the Sliding Rule. Having ſet 40 on c to 26' 
on p, againſt 32 and 24 on p, ſtand 57 3 and 32; 
whoſe ſum is 89-3 3 ale gallons. 

And having ſet 40 on c to 24'25 on p, anal; 32 
and 24 on p, ſtand 698 and 3g: „ whoſe ſum i 
108·9 wine gallons. ; 


% 


PROBLEM lV. 


To find the Content of a Caſk of the Fourth 
or Conical Variety, 


To three times the ſquare of the ſum of the di- 


— 


For, by prob. 12 ſect. 6 part 3, * content in inches is 
2 + n* 


X Ln; and = 0139255 and 


2 * 282 5 108 
7 I 
$3 231 88*233 

Alſo the numbers 26˙8 and 24˙25 are the roots of the number 
718-105 and 588˙233. 


= *0017, 


4 ameters, 
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meters, add the ſquare of the difference of the di- 
meters; then if the ſum be 


nult. eng or og 4308 85 + 


we 


by 000284 3529 wine 
he product or quotient A be = content required. 


S IQ 


BE THE SLIDING RULE, 


Set the length on c to F 65 5.47 fo 1 ale | on 


wine 

„ Wo, and on p find the ſum Ln the difference of the 

d lameters, noting their oppoſite numbers on c; then 
the ſecond be added to three times the firſt, the ſum 
vill be the content *. 


'ER AMPLE. 


3 the content of a caſk of the fourth variety, 
„dose bung and head diameters are 32 and 24, and 
length 40 inches. 


— — — 


— 


_ 1 EVERY 
* 3 * 

2 1 

— — 1s 6 ge 


By the Pen. Here (3 X 56* + 7) X 40 X 
08s — 913 3 5 gallons, the content. 
000284 107*348 wine 

By the Sliding Rule. Having ſet 40 on c to 65:64 
on p, againſt 56 and 8 on p, ſtand 29˙1 and o· 6; then 
JX A291 + o0'6 = 87:3 + Oo = 87'9 ale gallons. 


— 


, * 9 
* — <a 
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*F For, by prob. 8 ſect. 1 part 3, the content in inches is 
— WW + + vt : 
$ 1s i oe ak x (8 +n)* + (3 — n)*]; 


here 


7 
— — ht a 
12 X 282 2 628 wn 231 


—_ *00028333- Alſo 65˙64 and 59'41 are the roots of 
bers Wl 3*9'42 
az numbers 4308-628 and 3529'42. 
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And, having ſet 40 on c to 59*41 on D, againſt 6 
and 8 on p, ſtand 35-6 and 0:7; then 3 Xx 356 4 
o*'7 = 107:5 wine gallons. 


CHAPTER IV. | 
Of Gauging Caſts by their Mean Diameters. 


PROBLEM HI. 


To find the Mean Diameter of a Caſk of Any of the Four 
Varieties, having Given the Bung and Head Diameters, 


*Divide the head diameter by the bung diameter, 
and find the quotient 1n the firft column of the tolloy- 
ing table, marked Qu. Then if the bung diameter 
be multiplied by the number upon the fame line with 
it, and in the column anſwering to the proper variety, 
the product will be the true mean diameter, or the 
diameter of a cylinder of the ſame content with the 
caſł propoſed, cutting off four figures tor decimals. 


1 


* The Inveſtigation of the numbers of this table. 


By the 3d part it appears that if the bung diameter be repre- 
ſented by 1, and the head diameter by , then the content tor the 
ift, 2d, 3d, and 4th varieties will be reſpectively IA drawn into 

2 +hh ] but the content muſt ſ f* + hh 
i alſo be equal to 12 F 


3 
8 } „% | drawn into the ſquare 81425733 
2 — » | of the mean diameter; vV 2 —. 


EI and conſequently the a 
ET. ad mean 3 or LE . 
5 multiplier in the table, * 
14.2422 . | will be reſpectively "V4 e 
3 ſ equal to 3 


Then by writing, in theſe forms, the ſeveral values of 5, viz. 
50, 51, *52, &c, there will reſult the correſponding numbers of 
the table, : x 


55 8760 86058070785 
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EXAMPLE. 


he Suppoſing the diameters to be Fo and 24, it is re- 
quired to find the mean diameter for each variety. 


Dividing 24 by 32 we obtain 75, which being 
bound in the column of quotients, oppoſite thereto 
tand the numbers 


[49242 | which being each [ 29 5744 for the correſ- 


9196 ! multiplied by 32, J 294272 | ponding mean 
8838 ff produce reſpec- } 28·28 16 { diameters re- 
iT, 8780, J tively 28-0960 } quired. 


5 of 
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BY THE SLIDING RULE, 


Find the difference between the bung and head 
diameters upon the fourth face of the rule, or inſide 
of the tlurd ſlider, and oppoſite thereto is, for each 
variety, a number to be added to the head diameter, 
for che mean diameter required. 


So in the above example, againſt 8, the difference 
of the diameters, are found the ben 


5˙ 50 which be- [3 29:60) for the reſpective mean 
5*10 | ing added | 29:10 | diameters : all of which 

456 to 24, there 285% | are too great except the 
4 12 j reſult | 28-12 | 2d, which is too little. 


So that this method does not give the true mean 
diameter, 


PROBLEM II. 


To find the Content of a Caſk by the Mean Diameter 
on the Sliding Rule. 


Set the length on c to the * gauge point, 18-95 for 


ale, or 17*15 *or wine, on D; then againſt the mean 
diameter on p, is the content on e. 


EXAMPLE, 


If the bung diameter be 32, the head 24; and the 
length 40 inches. 


Having found the mean diameters as in the laſt 
problem, and ſet 40 on c to 18: ps ne p, 
| againſt 


282 


* The above gauge 18 are found thus, viz. * 785398 


= 18: 955 and / — 


= = = 17˙15. 


CY 


* 
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4 [29%57 1 % (974 119*5] on c, as near as 
22943 2 96*'5| , 1118-0|can be judged ; 
50 28·28 = 8911088 [which agree near- 
"+28-10} © | 88-0} 107*3 jly with the con- 


tents determined 1n the preceding chapter. 


CHAPTER V. 


Of the Gauging of all Caſks in general by means of Four 
Dimenſions, viz. the Length, the Bung and Head 
Diameters, and the Diameter taken in the 


Middle between the Bung and Head. 


GENERAL PROBLEM. 
To find the Content of Any Caſk in Ale or Wine Gallons, 
by Four Dimenſions. 


Add into one ſum, the ſquare of the bung dia- 
meter, the ſquare of the head diameter, and the ſquare 


of 


1 ä 


* This rule is taken from prob. 3 ſect. 1 part 4; the num- 


. *785398 | 785398 
r *00057 being = 57 231 very nearly, and — 


*0004641844 = *00047 nearly = o, more nearly. 
And with regard to the operation by the ſliding rule, it may be 


obſerved that 42 is = N = = and 464 = af = 
The above rule, by the En 3 ſect. 1 part 4, was proved 
to be accurately true, not only for all the four different varieties 
of xy", ae alto for all caſks and ſolids generated from any conic 
ſection whatever; and although the caſk be not preciſely in the 
torm of any ſuch curve, the rule will give the content very near 
the truth; ſo that whatever be the form of the caſk, we may in all 
caſes be pretty ſure of the content to within of a gallon, or 
perhaps leſs, ſuppoſing the dimenſions to be truly taken, 80 
that more perfect than this, both with reſpect to truth and expe- 
dition, nothing can be expected, or indeed wiſhed for, in gauging : 
3 TY which 
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of double the middle diameter, and multiply that ſum 
by the length of the caſk ; then the product 
mult, No αrᷓ { for ale J will give the 
by *00054 | for wine ſ content. 


BY THE SLIDING RULE, 


46'4 for ale 
42*0 for wine 
and find both the bung, head and middle diameters 


On 


Set the length on c to on p; 


— — 


which makes me hope that one day this method will come into 
general uſe with the practitioners in the exciſe ; and till then,! 
am full; perſuaded that much of their practice muſt be mere 
gueſs work. The pretended difficulty of taking the middle diame- 
ter may perhaps deter ſome from uſing this method; but there 
cannot le any real difficulty in taking this diameter, except when 
a wooden hoop may happen to be at the part where the diame- 
ter ought tobe taken; but that will very rarely happen, 

To tind the fourth dimen- 
fi.- or diameter in the mid- 
dle between the bung and 
head; upon one tide of a 
ſquare rule et be drawn a 
1c..lc of quarter inches, num- 
bered both ways from no- 
thing; and let the middle or 
o diviſion be applied to the 
bung or middle of the caſk, 
as in the margin, parallel or 
nearly parallel to the axe, 
and in the direction of the 
ſtaff; then whatever number 
of inches are in the whole 
length of the caſk, it is e vi- 
dent that, from the nature of 
the ſcale, the ſame diviſion, 
or number of quarter inches, will be oppoſite to the part where 
the middle diameter muſt be taken, which here ſuppoſe to be 10 
and at 10, on each part of the rule, meaſure the diſtance r 5; then 
if the ſum of 75 and 75 be taken from the bung diameter, there 
will remain the required middle diameter, excepting the allow- 


ance for the thickneſs of the ſtaff, which muſt be ſubtracted. 1 
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Let the length of a caik be 40 inches, the bung 
diameter 32, the head 24, and middle diameter 302 
inches 


G AU G18. 
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on D, noting the three numbers againſt them on c ; 
then the ſum of the firſt and ſecond with 4 times the 
third will be the content required. 


r ˙ Jo EE «4 


aligned to them by that form; 


The following collection of caſks happened in real practice; 
and their dimenſions were caretully taken; but their contents 
were computed by a ſliding rule, and fo may not all be preciſely 


From hence it appears that a ſpheroidal caſk is a mere 
imaginary thing, the contents of real caſks being leſs than is 
as indeed they ought, from the 
nature of the curves; tor a ſpheroidal caſk would be leaſt curved 
in the middle, and the moſt at the ends; whereas a real caſk is 
the leaſt curved at the ends, if it be any thing curved there at 
all; and indeed there 1 is reaſon to think it is not, as will appear 
in chap. 7. 


Caſts gauged by four dimenſions. 


F 


bus Head Nu] Len [Head Bung|Mia. Ale 

iam. di mb| gth diam diam. diam. [gallons 
23˙2 0 [|[19]48*8|24*2]32*1]29*4[114*8] 5*5 
2 22*2 1 ſl2oſg1'2[23*3]31*0[28*2[111*3] 5˙8 
330˙8023˙2 1 ||[21]49*3]23*S[z32*6[29*5|1 170] 651 
4132*2124*5; 3 [22]48*c[28*2[33*8|31*4[137*3] 6˙1 
; 24*7 8 [123]45*2[206*6]33*2]30*s|1 1 5*6þ 6˙5 
61z2* 5[23*8 9 [24]51*6]36-6]41-6]39*6]2 23-3] 6˙7 
| 5134 3]26* 3/1 9 |[25]44*2[28*1]36*4[33* 31134*6| 6˙8 
$134*5|26*4 0 2657003 2*7[42*c[39* 1236-6] 6˙8 
; 26*3132*2 27[51*c133*1]38*1]36*7[181*0| 80 
26*1 *r ||28]51*5]33*3]40*0[37*2[197*c| 8-7 
34˙40 2 29]54*<[34*8]44*8[41*51253*5] 8˙8 
'o[2b*3j33*0 's [39]59*<134*3140* 5137*71197*6| 9*4 
"227% 8 [131[49*0[29*5]36*0[33*0|[148*1] 9˙4 
0 5˙3 3 ||32[51*0[33*5|39*2[36*4[159*6] 9˙7 
30˙7 7 3365 3˙439˙ 8037 98 
6124; 7 1134155*5130*6]40*6|37*0[207*2]10*2 
6124˙2 9 ||135145*6|28-0[34*6[32*4|134*8| 1250 
18146" 125” 7 5 |[30}55'0 35*8[48*c[43*2|282*2[ 178 


— 


— 
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inches nearly = Vol, which is taken upon the 
fuppoſition that the caſk is ſpheroidal. 


Then (32* + 24. + 4 X 912) Xx 40 X ooo 
= 97:44 ale gallons ; or multiplied by 00053, gives 
118-95 wine gallons, for the content, the ſame as at 
prob. 1 chap 3. | 

By the Sliding Rule. Having ſer 40 on c to 46:4 
on D, againſt 32, 24, and 3o*'2 on p, ſtand 19, 1o's, 
and 17 on c; then 19 + 10'5 + 4 X17 = 97:50, 
alc gallons. „ 


And, having ſet 40 on c to 42 on d, againſt 32, 
24, and 302 on v, ſtand 23-2, 13, and 20 on c; 


then 23'2 + 13 + 4 * 20 = 119 wine gallons, for 


tha content as before, nearly. 


CHAPTER . 


A New, Eaſy, and Expeditious Method of computing the 
Content of a Caſe from Three Dimenſions only, of 
Whatever Variety it may be, 


*In the column of diameters, or middle column, 
| in 


— 


* The method of gauging here propoſed, is no other than the 
rule for one form of ſolids, corrected ſo as to make it agree, in 
content, with the moſt common or general form of caſks : and, for 
the more expedition, the ſquares of all diameters, within certain 
limits, are divided by the proper conſtant diviſor, and the quo- 
tients arranged in the table oppoſite to their correſponding dia- 
meters ; that in practice nothing more may be required than to 
multiply theſe quotients by any aſſigned length of a caſk, for the 
content in gallons, 

Now it hath been found that wine hogſheads generally contain 
about a gallon and a quarter leſs than the content aſſigned to 
them by the rule for ſpheroidal caſks; to correct the rule for 

that 


* 3 * 


1 
) 
y 
t 
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in the following table, find the bung and head dia- 


meters, taking out the number on the left of the head 


diameter, and the number on the right of the bung 
diameter ; then the ſum of thoſe two numbers mul- 
tiplied by the length of the caſk will give the con- 


tent 


— 


„ 


that form of caſks, then, we muſt increaſe the diviſor 882.35 5 in 
the proportion of 614 to 63 ; by which proportion we obtain goo, 


very nearly, to be uſed inſtead of 882355, and then the rule will 
H? + 2B* . 
become A for the content in gallons. 


Then as the leaſt diameter of a wine hogſhead is about 19 
inches, and the greateſt bung of a pipe about 35, to all diameters, 


in inches and tenths, within thote limits, I have computed the 
2 


H 2B* , 3 
and —, and diſpoſed them in the 
0 goo 


columns titled head and bung areas; which it is evident need only 
be taken out of the table, for any example of bung and head 
diameters, and multiply their ſum by the length for the content. 
So that we have here a general and eaſy rule by which any per- 
ſon, in half a minute, may compute the content of any catk whoſe 
bung and head diameters, and length are given, and that generally 
nearer to the truth than by any rule now commonly uſed. 

I ſhall here inſert the method by which I made this table; for 
although I have as above explained the principle upon which the 
table is founded, viz. that the numbers in it conſiſt of every dia- 
meter ſquared, and then divided by goo, I did not find the num- 
bers in that manner, but by the following method in perhaps a 
tenth part of the time required by the former, 


Since the 1ſt, zd, 3d, &c, numbers are 


012 2 0 8 
* 3 3 — 


values of the quantities 


%o 900 900 goo © 

rr 

goo 900 r 

e EM 

. 
&c, 


it is evident that the differences of the terms form an arithmetical 
: 02 . 
(cries, whoſe common difference — or 00002, and therefore by 


writing 
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tent in wine gallons. And the wine gallons being 
multiplied by 77, and the product divided by 94, the 
quotient will be the ale gallons ; or multiply by g an 
divide hy 11 for ale gallons, becauſe 212 = 77 = 2. 
very nearly. 


— — 


writing down a column of differences, and to the Fx; * 
firſt — adding the firſt difference, to obtain the 9 _ 
| ſecond term: then to the ſecond term adding the 42 5 een 
ſecond difference, for the third term; and fo on | 427 40530 
as appears in the margin; the terms will evidently 430 IOW 
be found in a very expeditious manner: alſo by | 432 2 
doubling theſe head areas, we obtain the corre- 434 ot 6 
ſponding bung areas. In the above computa- | 436 "Y 
tions the laſt figures, having a point above them, 438 4 2 
are infinite repetends. . — 7 nb 
Farther, it is evident that in this method, the gauge point will 
be 30 or „oo, which is to be uſed, in the 1ule for ſpheroidal 
caſks, inſtead of 29*7, and the correct content will be obtained. 
E Xs 


| Head 


area 
— — 


4954 
4096 
4139 

4183 

4226 
4270 


4314 


*4350 


4400 
'4444 
4489 


4534 


4579 
40²4 


4669 
4715 
*4701 
4807 
4853 
490⁰ 
4947 
4094 
F041 


Diam 
eter 


19˙¹ 
19˙2 
19'3 
194 
19˙5 
190 
197 
19˙8 
19˙9 
20˙*0 
20˙1 
20˙2 
20˙3 
20˙4 
20˙5 
20*0 
20.7 
20˙8 
20˙9 
21*0 
21*'1 
21*2 


21˙3 


— 


1 


— —— 


Bung 


area 


*8107 
8192 
8278 
8364 
8450 
8537 
8624 
8712 
8800 
8889 
8978 
9068 
9158 
9248 
9339 
9430 
9522 
9014 
9707 
9800 
9894 
9988 
0082 


Head 
aread 


6015 
6669 
6724 
6779 
6834 
6889 
6944 
7000 
7056 
7112 
7168 
7225 
7282 
7339 
7396 
7453 
751¹ 
759 
7027 
7685 
7744 
7803 26: 
7862 


Diam 
— 
24˙4 
24˙5 
24˙0 
24˙7 
24˙8 


Bung 
area 


13339 
13448 
13558 
13608 
13778 
13888 
1*4000 
1*4112 
14224 
14337 


814450 


4564 
14678 
14792 
14907 
15022 
15138 
1 5254 
5837 
15488 
15006 
5724 


y* 17323 


Head 


area 


9801 
9867 
9933 
I*000C 
10067 
10134 
150201 
10268 
1.0330 
10404 
10472 
1.0540 
1*0609 
1+0607d 
10747 
1.0810 
1.088 5 
9955 
11025 
151095 
11165 
11236 
1130 


eter 


2981 
29%9]1 
30*0|2 
30*1|2 
30*2|2 
30˙312 
30˙412 
30*5|2 
30*6] 2 
20*7| 2 


31912 


or Bung 


area 


9734 
9867 
0000 
0134 
0268 
*0402 
'0537 
0772 
0808 
0944 
30*8] 2* 


1081 


1218 


1356 


2 
2 
31112 
2 
2 


1494 


1632 
1771 
31˙4 2 
31•52˙ 
31*0]2* 
317127 
318] 2+ 


1910 
2050 
2190 
2231 
2472 


2614 


5088 
5130 
5184 
5232 
5280 
5329 
5378 
5427 
5470 
5525 
5575 
5025 
5675 
5725 
5770 
5827 
5878 
5985 
5980 
6032 

6084 
6136 
6288 
6241 
'0294 
6347 
6400 
6453 
6507 
6061 


22750 
22898 
23041 
23184 
23328 
2347 
23617 
23762 
23908 
24054 
24200 
24347 
2*4494 
24642 
24790 
24939 
6125088 
2*5238 | 
2*5388 
2*5538 
2*5b89 
25840 
259 
26144 
20297 
2*0450 
2+06604 
*-|2:0758 | 
2+6912 | 
2*5067 | 


1*1378 
151449. 
11520 
11592 
1664 
1*+17:0]32% 
1*+1808 
1*1831 
11954 
1˙2027 
12100 
12173 
12247 
12321. 
12395 
12469 
12544 
12619 
12694 

12769 
1284434 
12920 
12990 
13072 
13148 
13225 
13302 
13379 
1345634˙8 
1*3533134*0 


1*5042 
1*5961 
1*5080 
27*0]1*6200 
16320 
1*0441 
16662 
16684 
16806 
16928 
17051 
17174 
17298 
17422 
17547 
17672 
17798 
17924 
1*8050 
1*8177 
1*8304 
1*8432 
1*8500 
1*868g 
1*8818 
1*8948 
19078 
19208 
19339 
190470 


21˙4 
21* JG 
21·61 
21*%7 
21˙8 
21˙9 
22˙0 
22˙1 
22*2 
22*3 
22˙4 
22*6 
226 
22˙7 
22% 
22˙9 
23˙0 
371 
37 
23˙3 
23'4 
2375 
23˙0 
23'7 
23˙8 
23˙9 
24˙0 


10177 
0272 
10368 
10464 
1059618160 
10658 [8220 
10756 
108545 
10952 
11051 
1*1150f}*d525 
1*1250 
1*1350}* 
11451 
1155215 
11054 0•8836 
117565 
11858 ˙ 
119610 
12064 
1*2168|}* 
12272 
2371] 
1*2482}}* 
1*2588 
12694 
128090 
24*111*2907 ||* 
24*2[1*3014|]* | 
24*311*31221*97351{290 


*7921 
*7980 
8040 
8 100 
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EXAMPLE. 


Required the content of a caſk whoſe length is 
40 inches, and bung and head diameters 32 and 24 
inches, 


To the right of 32, the 
bung diameter, 1s 
and to the left of 24, the : 
head diameter, is j 6400 the head —_— 
the ſum 29156 _. 
multplied by 40 the length 


| 2:2756 the bung area; 


produces 116-624 wine gallons 
for the content required, 


To work by the ſliding rule, we may proceed as 


in prob. 1 chap. 3, uſing 30 as the gauge point in- 
ſtead of 29*7 ; thus, having ſet 40 on c to 30 on b, 


againſt 


A ſtill farther improvement is to be made of this method, 
by transferring the table to ſcales upon a rod, or the inſide of a 
Brahan's rule, inſtead of the two uſeleſs diagonal ſcales, a ſcale 
of inches and tenths correſponding to the ſcale of areas, A part 
of ſuch a ſcale 1s repreſented below. 


3 * 


* * 


JI | SUDANESE 16 
1:3 
; ls 
J 


nr ene” 


_—_— | 
— 20% e e 4 *. 


1 
1 
ee e WH MES r 


1 oo 7 


And for the making of fach a ſcale I ſhall here ſubjoin a table 
of diameters computed from aſſumed equi-different areas, which 
is much fitter for this purpoſe than the foregoing table of areas, 
which was computed from aſſumed equi-diffterent diameters. 
This table of diameters was computed by Mr. As. Crocker, 
then of IIminſter, but now of Frome, Somerſet/hire, and who alſo 
communicated the ſubſtance of this chapter, together with the 
eollection of caſks at the end of the laſt, 

Table 


Sect. 


againſt 32 and 24 on Þ, ſtand 45˙6 and 25˙5 on c; 
then a X 450 + 255 = 913 25'5 = 116'7 
wine gallons the content nearly as before. 

And for the content in ale ons. we have 


2. | 


GAUGTH-NS 


116-6 X + = 954 


$9T 


CH AP- 


A Table of Diameters for Making Scales. 


Head Diam- Bung Head I Diam-{Bung]|Head) Diam- Pung ſſ Head Diam- *; q 
[ara eter [area {| area | eter | area area] eter | area area eter of N 
3001643 C0 58022851686 27*82,1*72|[1*14]32*03 1 
3116˙70 62 59 23˙041˙18 8727 98,1*74\1*15132*17|2* 1.4 
*32|16*97] *64]| *60[23*24/1*20|| +88, 28*14/1*76\1-16132*3112* && 
33117244 *06|] *61]23*43j1*22 80 28˙30ʃ1˙78 117324502 4. 
341750 *68]] *62[23*02|1*24 -go'28: 45 i- 60 11803255902 115 
*35117*76]| 70 +63[23*81]1*26{\] 9128610182 •19032˙73 LY 
300180 72 +64]24*00/1*28]] *92!25* 780 1*34]]1-20]3 2*86|2* 4 
3718266 74 6524180130 93/28: 93 1*86{|1-21]33*00 1 
388185500 76 662437132 9429 0g 1 88j11*22[33*14| £4 
*39118*73] 78 7450/134959 ˙24 1901 •23033˙27 2 123 
4018.97.89 684.747.396.401 921.243. 100 
419,210.82 6924.923897. 194028833. 54/2" 15 
421944] 84 70025 ˙ 10140 *98,29*70, 1:96j|1+26]33*07 Bf 
*43|119*67] *86ſ] *71]25*28;1*42]| -99;29*85|1*98{[1-27]33*81 Wh 
*44|19*90 88 *72|25*4511*44\|1*+00}30*00{2*00![1*28[33*94[2* 87 
*45|20*12 *gol| *73,25*0311*40![1-+01]30*15}24021}1+29134*07]2* 420 
4620·3 592 74 25˙8ʃ 1*48|[1-02j30*30[204||1+30[34*20|2* by. 
*47|20*57] *94]] 75, 25*98[r* 50[1103130*45]2*06|[1+31134*3302" $4 
*48|20*79] *g6] +76 26* 1511 5201104[30*bo[2-08[1+32134*47]2* 15 
*49]21*00] 9877 20-331 5411051300742" roſf1-33[34-60Þ2:* * 
*c0[21*21]1*00| 78 26*50[1* 56|[1-06]30*88]2*1 2|1:34[34*73}2* 7 
*51[21*42|1*02}| *79 26*67]1*58|107[31-032* 14}1*3 5/34" 86[2* 10 
*52|/21*6311*04]] +80 26˙8 41601 080311802161. 36034˙9802 1 
*53121*84|1-06]] 812700162 ˙·091ʃ31˙32 2•1801·3735˙11 LY 
*564|22*05|1*08]| *82 27'17{1* -64] 1510031472201 ·3803 5˙2 502 154 
5522•25[ 1083 27 3318" 66 1*11[31*61]2*22][1* 3913 5˙37 1 
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712 206144 *85 27: 661 70 1*13j31*g0l2*26|[ 1*41135*02 * 


Now as to the method of forming this table; 


| ſince any 
area 1s equal to the ſquare of its diameter divided by oo, the dia- 
meter muſt be equal to the root of the product of 990 drawn into 


the 
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CHAPTER VII. 
A new and very exact Method of Computing the Content 
of a Caſk of any Form from Three Dimenſions only, 


*Add into one. ſum 39 times the ſquare of the 
bung diameter, 25 times the ſquare of the head dia- 
| meter, 


— — 


the area; ſo that there will belong 8 
to the firſt area · 30, the diam. ,/*30 x goo or 4/20 & ο = A; 
5 the 2d area 31, the diam. ,/31 X SAT = VR; 
to the 3d area +32, the diam. 32 X =,/B +9 = e, &e. 
Hence it is evident that the ſueceſſive products, out of which 
the ſquare root is to be extracted, will be obtained by the continual 
addition of 9; and then extracting the roots, by means of the 
table of logarithms, will give the teveral diameters required. 
* But if you have a table of ſquare roots by you, ſuch as that at 
the end of my Mathematical Miſcellauy, ſinee the root of 9 is 3, the 
moſt expeditious method of making the table, is to take the ſquare 
roots of 30, 31, 32, &c, out of the table of roots, and then mul- 
tiply them by 3 for the ſeveral correſponding diameters. 


* This rule I have made out from a method of inveſtigating 
the contents of caſks, which was hinted by Mi. Janes Daviv- 
so, Teacher of the Mathematics at Dundce, in North Britain; the 
invention of which take as below. 

It appearing reaſonable that, in determining a proper rule for 
computing the contents of caſks, we ought to have regard to the 
general methods which are uſed by coopers in conſtructing them; 
application was therefore made to ſeveral ingenious workmen in 
that way, from whoſe account 1t appeared that, ordinarily, the 
fides or edges of each ſtave of a caſk, for about 1 of its 
length next each end, are made tapering in a ſtraight line, and 
that for the middle third part they were curved, or made con- 
ves, to form the bulge or middle of the caſk. 

From this plain account then, we are naturally led to conſider 
one-third of a caſk, at each end, as the ſruſtum ot a cone ; and the 
middle part is moſt properly conſidered as in the form of a para- 
bolic curve, for theſe reaſons; viz. fſt, that, on account of the 
ſhortneſs of this curved part, it may be conſidered but as a ſmall 
part near the vertex of the curve; 2d, that all curves near the 
vertex differ inſenſibly from the parabola ; and 3d, that its rules 

are 
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meter, and 26 times the product of the diameters ; 
multiply the ſum by the length, and the product by 
*00034 ; then the laſt product divided by g will give 
the wine gallons, and divided by 11 will give the ale 
gallons. 

E X- 


Py —_— 
— — 
— 


are moſt eaſily adapted to practical uſes. Me ſhall therefore 
ſuppoſe the middle third part of a caſk to be the middle fruſtum of 
a parabolic ſolndle, and the ends as two fruſtums of a cone, and 
inveſtigate its contents upon thoſe principles in the following 
manner. 


bolic part; then pro- — 
duce AB and pe to | 
wect in E, and draw 
the lines as are evident 
by the figure. Putthe 


length Ab of the caſk | 

= L, the bung diamc- 1 | 2 

ter EG = B, and the Le * | 

head diameter AH = H. un G 

Then fince as has the 

ſame direction as EB at 5, ABE will be a tangent to the parabola 

rr, and therefore FI = jE1; but BI = yak, and hence by 

fimilar triangles EI = JEK; conſequently FI = JEL = AEK 
B — 


Let AB and cp be E 
the two right-lined Bt =.C 
parts, and Bc the para- A 1 

| 


H * 
- fo that the common diameter BL = FG — 
10 | 


— 44+1k 


; which call e. 


Now, by the common rules for parabolic ſpindles and conic fru- 

3p* + 4Bc + 3c? 1 Lu 32831 ＋ 445. ＋ 3H? 
8 HH 5 25 545 

„Ln for the parabolic, or middle part; : 


2 2 ; » 2. 28 2 
1 +cu+4u — 2608 + ous + 2208 
3 3 25 X45 
the two ends; and the ſum of theſe two give (488 82 + 324 Bu + 


2 
0 [x 1125 


content in inches; being = 785398. And the quantity 
„ 785398 


ſtums, we obtain 


L : 
= (39 B* + 26ru +2547) X 0 nearly; for the 
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EXAMPLE 


Required the content of a caſk whoſe length is 40, 
bung diameter 32, and head diameter 24 inches, 


Here (39 & 32* +26 X 32 * 24 + 25 X 24*) X 
40 X *00034 = 1010'5; which being divided by g 
and by 11, we obtain 112:3 wine gallons, or 91˙9 
ale gallons, for the content required. Agreein 
nearly with the content found by the Diagonal Rod 


in page 575- 
CHAPTER VIII. 


Of the Ullage of Caſes. 


The ullage of a caſł is now generally underſtood to 
be either the empty part, or the part filled, of a caſk 
which is not quite full. 

In 


r 8 —_— 


D being divided by 231 gives — 


1 the multiplier for 


wine gallons; and ſince 231 is to 282 as 9 to 11 very nearly, 
00034 


will be the multiplier for ale gallons, as in the rule. 


And thus we have an eaſy and expeditious rule, which has 
not only the property of agreeing with the content, as computed 
from the method by four dimenſions, when thoſe dimenfions 
are actually taken; but alſo agrees well with the real contents of 
caiks; as hath been proved by ſeveral caſks which have actually 
been filled with a true gallon meaſure, after their coutents have 
been compured by this method, 

To ſhew its agreement with the four-dimenſion method, take 
any one of the examples out of the collection at the end of chap- 
ter 8, as for inſtance No. 14, whoſe content by that method is 
113*1 gallons; and by this method it will be found to come out 
nearly 112. Again, if we take any other, as ſuppoſe the laſt, 
whoſe content was 282˙2, it will come out by this method 283˙2. 
So that in theſe two inſtances, taken at random, although the 
contents be very large, they agree to within a gallon ; the one me- 
thod excecding in the former caſe, and the other in the latter. 
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In this buſineſs, caſks are conſidered as in two 
poſitions, viz. with their axes either parallel or per- 


pendicular to the horizon, that is, either lying along, 


or ſtanding upright upon one end. The ullage of a 
caſk, either ſtanding or lying, may be determined for 
any particular variety, by the preceding parts of this 
work ; but the rules thence obtained are too com- 
plex for ordinary practice, efpecially for a lying catk ; 
I ſhall not, therefore, introduce thoſe rules into this 
place, but ſhall content myſelf with ſetting down 
ſuch approximations as have been found to agree 
beſt with expedition and accuracy ; together with the 
univerſal method by three diameters, which is not 
only ſufficiently eaſy, but alſo the moſt accurate for 
this purpoſe, | 


PROBLEM 1. 


To find the Ullage of a Standing and Lying Coſt by the 
Lines ss and sL on the Sliding Rule. 


By ſome of the preceding chapters, find the whole 
content of the caſk. 
Then ſet the length on & to 100 on ss for a ſeg. ſtand- 


ing; or ſet the bung diameter on N to 1000nN SL for a ſeg. 


lying; then againſt the wet or dry inches on N, is a 


number to be reſerved. Then ſet 100 on 3 to the re- 
ſerved number on a ; and againſt the whole content on 
B, will be found the ullage on A. And this ullage will 
be either the empty part, or the part filled, according 
as the dry or wet inches were uſed, in finding the re- 
ſerved number. 


EXAMPLE I. 


Required the ullage of a ſtanding caſk, whoſe 
length is 40, bung diameter 32, head diameter 24, 
wet inches 10, and conſequently the dry inches 30. 


Qq 2 | By 


” 
— Co. 


** 


' 
27 
1 * 
$ o 
We | 
. 8 \ 
om : 
0 
1 
D 
S 2.4 
” 
» 
ot 
1 I! 
. N 5 
a "a + 
7 
4418) 
* 
1 0 
: - 
{ 
+. : 
Pans | 
EF RIS 
* WW \ [7 
a5 2 
1 
„ 
= 
* 2 
= * 
: 1 
i 
6 |. . 


2 
' Ty . 
4 
1 
j 1 ; 
. 'T% 
— % * „ 
YEW 
+iT + 
4 
4 * 19 
4 WW | 
* k » th 
f TY. 
. * 4. 
N 
LEY, 
s ERS" 
8! 
* x 
0 | 
N 
* 
a 


396 eins. [ Patt 5. 


By tlie laſt chapter, the content was nearly 92 ale 
gallons: Hence, having ſet 4o on N to 100 on ss, 
and againſt 10 on x found 2 3 on ss; then ſet 100 
on B to 23 on A, and againft 92 on B is found 21-2 
ale gallons on A, for the quantity remaining in the 
caſk. 
If che dry inches zo be uſed, the reſerved ſegment 
will be found to be 76:7 ; and then the corretpond- 
ing ullage is 70:2, for the gallons drawn off. 


And the ſum of theſe two parts is 91˙4 gallons, 


which is about half a gallon lels than the whole con- 
tent; which error would be inconſiderable if it were 
to be divided between the two parts; but inſtead of 
that, commonly the one part is too little, and the 
other too great, by which it happens that the error in 
each part moſtly exceeds that of their ſum. 


Let the dimenſions and content be the ſame in tlie 


caſe of the lying caſk, alſo the wet inches 8, and con- 
lequently the dry inches 24. 


Having ſet 32 on & to 100 on sI, againſt 8 and 
24 on F, are the relerved ſegments 17˙8 and 82:5 on 
51. Then havi ing ſet 100 on B to 92 on A, againſt 

178 and 82:5 on ;, are 16˙4 and 76 on 4; which 
are the parts filled and empty reſpectively, and whoſe 
fum is 92*4, near half a gallon too much. 


a os mp o@© gm. tn _ 


1 
i 


Js. 


Sect. 2.] GAUGIN G. 597 


PROBLEM II. 
To find the Ullage of a Standing Caſk by the Pen. 


„ 


Add all together the ſquare of the diameter at the 
ſurface of the liquor, the ſquare of the diameter of 
the neareſt end, and the ſquare of double the diameter 
taken in the middle between the other two; then 


multiply the ſum by the length between the ſurface 


and neareſt end, and the product again by · oo? for 
ale gallons, or by · oo 5 for wine gallons, in the leſs 
part of the caſk, whether empty or filled. 


EXAMPLE. 


Taking the above diameters 24, 27, and 29 inches, 
and the wet inches 10; we ſhall have (24* + 54* + 29*) 
X 10 X *0004%4 = 4333 X *0047 = 20:2 gallons for 


the ullage required. 


. 


As the ſquare of the length of the caſk, is to the 
ſquare of the difference between the ſaid length and 
wet or dry inches, viz. the leſs of them; ſo is the 


difference between the bung and hend diameters, to 


2 number, which being taken from the bung diame- 
ter, will leave the diameter of a cylinder of the fame 


Qq 3 length 


— 


* The diameters at the ſurface of the liquor, and in the mid- 
dle between it and the neareſt head, will eaſily be obtained, by 
ſuſpending a plummet by a rule laid over the middle of the head, 
ſo as juſt to touch the bulge of the caſk, and then meaſuring the 
diſtance of the ſtring from the fide of the caſk at the ſurface of 
the liquor and in the middle between it and the neareſt head ; for 
then the doubles of theſe meaſures taken from the bung diameter, 
will leave the ſaid diameters required. . 
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GAUGING. Part 5. 


length with, and nearly equal to the part filled or 
empty, Viz. the leſs of them *. 


EXAMPLE. 


Taking the ſame example as in problem 1, we have 
as 40“: (40 — 10)* :: 32 —24: 44; and 32 — 42 
= 27. the mean diameter. 

Then 27:5* Xx 10 X 0024 = 21 ale gallons is the 


ullage required. | 


Note. The number -0027851 or 0027 nearly, is the 
785398 &c 
282 


conſtant multiplier 


PROBLEM III. 
To find the Ullage of a Lying Caſk by the Pen. 


Divide the wet inches by the bung diameter ; find 
the quotient in the firſt column of the table of cir- 
cular ſegments, at the end of the book, and take 
out the ſegment oppoſite to it; then multiply this 
ſegment by the whole content of the caſk, and 
the product again by 14 for the ullage nearly. 

E X- 


— 


* This rule is founded on the reaſonable ſuppoſition, that for 
a ſmall part of caſk, the diameter in the middle may be conſidered 
as a mean diameter; which is ſtrictly true when the caſk is para- 
boloidal, and very near the truth when parabolic- ſpindular; but 
the ſaid middle diameter, as given in the rule, is computed from 
the latter forn,, becauſe the rule is thereby rendered not only 
eaſier, but generally more exact. | 
Thus, by the property of the parabola, L*: (L—1)*::B — H: 
— | 
L* 
the bung, h the head, and u the mean diameter; alſo 1. is the 
length ot the caſk, and 1 the wet or dry inches, 


B—H ; 
* (L— 1), and B — x (L—1)* = M; where B15 


1 * 


+ Tl:is method is evidently nothing elſe than taking the whole 
content, in ſuch proportion to the ullage, as the whole bung circle 
bears to the ſegment of it cut off by the ſurface of the liquor; and 
is nearer to the truth than any other practical rule that I can find. 


— * TY © ]˙˖˙»*st 
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EX ANMPL Bo 


Taking the fame caſk as before, whole length is 40, 
bung diameter 32, head diameter 24 ; and fue 
the wet inches to be 8. 


By chapter 7, the whole content is nearly 92 ale 
gallons. . Then r = £5 = 25; oppoſite to which, 
in the table of areas, is the ſegment · 15354621; hence 
92 X 15354621 X 14 = 18 ale gallons, the ullage 
required, 


SCHOLIUM, 


Having delivered the neceſſary rules for meaſuring 
caſks, &c, I do not ſuppoſe that any thing more of 
the ſubject of gauging is neceſſary to be given in this 
book. For as to ciſterns, couches, &c, tuns, coolers, 
&c, coppers, ſtills, &c, which are firſt ſuppoſed to be 
in the form of ſome of the ſolids in the former parts of 
this work, and then meaſured accordingly, no perſon 
can be at a loſs concerning them, who knows any 
thing of ſuch ſolids in general; and to treat of them 
here, would induce me to a long and tedious repe- 
tition, only for the fake of pointing out the proper 
multipliers or diviſors; which is, 1 think, a rea- 
ſon very inadequate to fo cumberſome : an increaſe 
of my book. 

I ſhall only juſt obſerve, that when tuns, &c, of 
oval baſes are to be gauged ; as thoſe baſes really 
meaſure to more than true ellipſes of the ſame 
length and breadth, they ought to be meaſured by 
the equi-diftant ordinate method, delivered 1 in ſection 
2 of part 4. 

And that when caſks are met with, which have 


different head diameters, they may be deemed in-. 


complete caſks, and their contents conſidered and 


meaſured as the ullage of a caſk, 
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SECTION UI. 


OF THE WORKS OF ARTITICERS. 


E. artificers whoſe works are here to be treated 
ol, are 1 Bricklayers, 2 Carpenters and Joiners, 
3 Glaziers, 4 Mafons, 5 Painters, 6 Pavers, 7 Plaſ. 
terers, $ Plumbers, and 9 Slaters and Tilers. 
Artiſicers compute the contents of their works by 
ſeveral different meaſures. 


As glazing and maſonry by the foot : 
Painting, plaſtering, paving, &c, by the yard of 
9 ſquare feet: 
Flooring, partitioning, roofing, tiling, &c, by the 
{quare, of 100 ſquare tect : 


And brickwork either by the yard of ꝙ ſquare feet, 
or by the perch, or ſquare rod or pole, coniaining 
2724 ſquare feet, or 30 ſquare yards, being the 
{quare of the rod or pole of 164 fed t Or 5 yar ds] long. 


As this number 2722. is a troubleſome number to 
divide by, the + is often omitted in practice, and the 
content in feet divided only by the 272. But as this is 
not exact, it will be both better and eaſier to multiply 
the feet by 4, and then divide. ſucceſſively by 9, It, 
and 11. Alſo to divide ſquare yards by 302, firſt 
multiply them by 4, and then divide twice by 11. 

All works, whether ſuperficial or ſolid, are computed 
by the rules proper to the figure of them, whether it 
be a triangle, or rectangle, a parallelopiped, or any 
other figure. 

For taking meaſures, the moſt common inſtrument 
is what is called the carpenters rule, of which it will be 
neceſſary here to give a deſcription. 


CHAT 
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CHAPTER I 


Of the Common or Carpenters Rule. 


This inſtrument is otherwiſe called the flidine rule; 
and it is much uſed in timber meaſuring and artiſicers 


works, both for taking the dimentions, and caſting up 
the contents. 

The inſtrument conſiſts of two equal pieces, each a 
foot in length, which are connected together by a 
tolding joint. 

Oae hide or face of the rule, 1s divided into inches, 
and half-quarters, or eighths. On the ſame face alſo 
are ſeveral plane ſcales, divided into twelfth parts by 
diagonal lines; which are uſed in planning dimenſions 
that are taken in feet and inches. The edge of the 
rule is commonly divided decimally, or into tenths; 

namely each foot into 10 equal parts, and each of theſe 
into 10 parts again: ſo that by means of this laſt ſcale, 
dimenſions are taken in feet and tenths and hundredths, 
and multiplied as common decimal numbers, which 
15 the beſt way. 

On the one part of the other face are four lines, 
marked A, B, c, D, the two middle ones B and e 
being on a Alder, which runs in a groove made in the 
ſtock. The ſame numbers ſerve for both theſe two 
middle lines, the one being above the numbers, and 
the other below. 

Theſe four lines are logarithmic ones, and the three 
A, B, c, which are all equal to one another, are double 
lines, as they proceed twice over from 1 to 10. The 
other or loweſt line D, is a ſingle one, proceeding 
from 4 to 40 It is alſo called the girt line, from its 
ule in caſting up the contents of trees and timber; 
and upon it are marked W j at 1715, and AG at. 
18 95, the wine and ale Sarge points, to make this in- 
ſtrument ſerve the purpoſe of a gauging rule. 

Upon the other part of this face there 1s a table of 

the 
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the value of a load, or 50 cubit feet, of timber, at all 
prices, from 6 pence to 2 ſhillings a toot. 

When 1 at the beginning of any line 1s accounted 1, 
then the 1 in the middle will be 10, and the 10 at 
the end 100; and when the 1 at the beginning 1s ac- 
counted 10, then 1 in the middle is 100, and the 
10 at theend 1000; and fo on. And all the  Unaller 
diviſions are altered proportionally, 


PROBLEM TI. 


To Multiply Numbers together. 


"VP" the two numbers 24 and 13.—Set 1 on 3 
to 13 on A; then againſt 24 on B ſtands 312 on A, 
which is the required product of che two given num- 
bers 24 and 13. 


Note. In any operations, when a number runs be— 
yond the end of the line, ſeek it on the other radius, 
or other part of the line, that is, take the 1oth part of 
it, or the 100th part of it, &c, and increaſe the reſult. 
proportionally 10 fold, or 100 fold, &c. 

In like manner the product of 35 and 19 is 665, 

and the product of 270 and 54 is 14580. 


PROBLEM II. 


To Divide by the Sliding Rule. 


As ſuppoſe to divide 312 by 24.—Set the diviſor 
24 on B to the dividend 312 on A ; then againſt 1 on B 
ſands 13 the quotient on a. 

Alſo 396 divided by 27 gives 14'6, 
and 741 divided by 42 gives 17'0. 


P R O- 
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PROBLEM III. 


To Square any Number. 


Suppoſe to ſquare 23.—Set 1 on B to 23 on A; 
then againſt 23 on B ſtands 529 on A, which is the 
ſquare of 23. 

Or, by the other two lines, ſet 1 or 100 on c to the 
10 on p, then againſt every number on Þ ſtands its 
ſquare in the line e. So againſt 23 ſtands 529, 

| againſt 20 ſtands 400, 
againſt 30 ſtands goo, 
and ſo on. 

If the given number be hundreds, &c, reckon the 
1 on D for 100, or 1000, &c ; then the correſponding 
on c is 10000, or 1000000, &c, So the ſquare of 
230 is found to be 52900. 


PROBLEM IV. 


To Extract the Square Root. | 


Set 1 or 100, &c, on, C to 1 or 10, &c, on b; then 
againſt every number found on e, ſtands its ſquare root 
on D. | 

So, againſt 529 ſtands its root 23, 

againſt 400 ſtands its root 20, 
againſt goo ſtands its root 30, 
againſt 300 ſtands its root 17:3, 
AS and ſo on, 


PROBLEM V. 


Tofnd a Mean Proportional between two Numbers. 


As ſuppoſe between 29 and 430.—Set the one 
number 29 on c to the fame on p; then againſt the 
other 
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other number 430 on c, ſtands their mean propor- 
tional 111 on p. 


Alſo, the mean 3 29 and 320 is 96˙3, 
and tlie mean between 71 and 274 is 139. 


> 


PROBLEM VI. 


To find u Third Proportional to two Numbers. 


Suppoſe to 21 and 32.—Set the firſt 21 on B̃ to 
the ſecond 32 on A ; then againſt the ſecond 32 on 
B, ſtand 48.8 on a, which is the third proportional 
ſought. 

Allo the 3d proportional to 17 and 29 is 49˙4, 

and the 3d proportional to 73 and 14 is 2:5. 


PROBLEM: VII. 


To find a Fourth Proportional to three Numbers. 
Or, to perform the Rule-of-Three. 


Suppoſe to find a fourth proportional to 12, 28, 
and 114.—5Set the firſt term 12 on 8B to the 2d term 
28 on A; then againſt the third term 114 on B, ſtands 
266 on a, which 1s the 4th proportional ſought. 

Allo the 4th proportional to 6, 14, 29, is 676, 

and the 4th proportional to 27, 20, 73, is 540. 


CHANTER e 


Of toe different Meaſures uſed by different Artificers. 


144 ſquare inches = a ſquare foot, 
9. ſquare feet = a ſquare vard, 
63 ſquare feet = 7 ſquare yards = = a rood, 
100 ſquare feet = a ſquare, 
272 ſquare feet = zo ſquare yards = a rod, 
perch, or {quare pole. 1 
55 10 
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The above denominations are. thoſe by which moſt 
kinds of work are valued ; but ſome particular articles 
are valued by the foot running, or lineal meaſure. 


A Table for changing hundredth Parts of Feet into Inches 
and Parts, and the contrary; by Means of which, 
Dimenſions taken in one of theſe, may be readily 


changed to the other. 
Centeims, or | | 8th pts. 8 
| m—_— Inches | 12th pts. Inches _ Centeſms 
foot = | ters A 
1 0 I 8 17 1 
2 of 3 | O 2 8 
3 O 4 O . 3 
4 0 6 0 4 4 
5 O 7 0 5 5 
6 O 9 O 6 6 
7 O 10 O 7 85 
8 1 0 1 O 3 
9 © 1 1 | 2 ©) 17 
10 I 2 3 0 25 
20 2 5 4 0 33 
is 71 SY 
40 4 10 6 O 50 
+: 6 0 7 O 58 
60 7 2 8 O 67 
70 8 5 9 - 75 
80 9 7 10 O 83 
90 10 10 11 © 92 
112 e EE. 


EXAMEFLE K 


If it be required to change 44 centeſms into inches 
and 12ths——Aganſt 4 and 40 in the firſt column, 


ſtand 
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ſtand reſpectively 6 partz, and 4 in. 10 pts, in the 
ſecond ; then the ſum of theſe two is 5 inches 4 parts, 
the number required. 


EXAMPLE II. 


If it be required to change 5 inches and à or 6 
eighths to centeſms. Againſt 6 eighths and 5 
inches, in the third column, ſtand reſpectively 6 
.and 42 1n the laſt colugan ; the ſum of which is 48 
centeſins. 

The reaſon why 1 have ſet 8ths in the third co- 
lumn, and not 12ths, is that the meaſurers who cal- 
culate by 12ths take the dimenſions in 8ths, and 
change them into .12ths ; becauſe the inches upon 
the rule are divided into 8ths, and not 12ths. 

Note. You may convert centeſms into inches and 
parts, and the contrary, without the table, by the 
following rule, viz. 

Multiply centeſms by 12 for inches, cutting off 
two figures; and multiply theſe two figures by 12 
again for parts, cutting off two figures here alſo. 
And divide 8ths or 12ths, with two cyphers annexed, 
by 8 or by 12 for inches; and divide inches by 12 


for centeſms. 


SAAMPLE I. 


Thus, taking the firſt example above. 
44 centeſms 


12 |. 
Inches 5˙28 That is 44 centeſms = 

12 z inches 3 parts. 
Parts 3:36 


E X- 


* 


| * 
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a * 
AN 


— 


And in the ſecond example above, 
8 | 6-00 


124574 


48 centeſms. 


I ſhall now proceed to the different kinds of works, 
in treating of which ſeparately, I ſhall note the methods 
of meaſuring the ſeveral articles, with the allowances, 
deductions, &c; and then, at the end of the whole, 
illuſtrate them all in the- ſeveral parts of a real 
building, whoſe plan and elevation ſhall be laid 
down, with its ſcale annexed, for comparing the 
dimenſions, &c. 


CHAPTER Nh - 


Of Bricklayers Work. 


Brickwork is eſtimated at the rate of a brick and a 
half thick; and if a wall be. more or leſs than this 
ſtandard thickneſs, it muſt be reduced to it, as follows: 

Multiply the ſuperficial content of the wall by the 
number of half bricks in the thickneſs, and divide the 
product by 3. | | 

The dimenſions of a building are uſually taken by 
meaſuring half round on the outfide, and halt round 
it on the inſide ; the ſum of theſe two gives the com- 
paſs of the wall, to be multiplied by the height for the 
content of the materials. | 

Chimneys are by ſome meaſured as if they were 
ſolid, deducting only the vacuity from the hearth to 
the mantle, on account of the trouble of them. 


And by others they are girt or meaſured round for 
: their 


3 
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their breadth, and the height of the ſtory is their 
height, taking the depth of the jambs for their thick- 
neſs. And in this cate no reduction is made for the 
vacuity from the floor to the mantle-tree, becauſe of 


the gathering of the breaſt and wings, to make room 


_ 
for the hearth in the next ſtory. 


To meature the chimney ſhafts, which appear 
above the building; girt them about with a line for 
the breadth, to multiply by their height. And 
account their ' thickneſs half a brick more than ir 
really is, in conſideration of the plaſtering and 
ſcaffolding. 

All windows, doors, Kc, a are to be deducted out of 
the contents of the walls in which they are placed. 
But this deduction is made only wich regard to mate- 
rials; for the whole meaſure is taken for workmanſhip, 
and that all outſide meaſure too, namely, mealur- 
ing quite round the outſide of the building, being in 
conſideration of the trouble of che returns or angles. 
There are alſo ſome other allowances, ſuch as double 
meaſure for feathered gable ends, &c. 


ET AIMP L ES 


1. How many yards and rods of ſtandard brick- 
work are in a wall, whoſe length or compaſs is 57 feet 
3 inches, and height 24 feet 6 inches; the walls 
being 2+ bricks, or 5 halt bricks, thick? 


Decimals. 


A. mos 
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Decimals, Duodecimals. 
57˙25 375 3 
24˙5 2 8 
28625 _ 
22900 | 114 
11450 7 $6 
1402*625 1403 7 6 
= 5 half bricks thick 5 
3 | 7013125 „ „ 3 $ 
9 [23377087 ſq. feet 9 2337 8 6 
259*745z7 yds 259 6 8 6 
=} 4. 1 
11110389812 111 1036 
11 944528 Ir] 94 3 
rods 8-5866 Anſ. 8r 17yds 6f 8' 6” 


By the Sliding Rule. 


3 B A 
As 1: 24x :: 57% 2. 1403s 
Ex. 2. Required the content of a wall 62 feet 6 


inches long, and 14 feet 8 inches high, and 2+ bricks 
thick. | Anf. 169753 yards. 


Ex. 3. A triangular gable is raiſed 174 feet high, on 
an end wall whoſe length is 24 feet g inches, the thick- 
neſs being 2 bricks : required the reduced content. 

Anf. 3208+ yds: 


Ex. 4. The end wall of a houſe is 28 feet 10 inches 
long, and 55 feet 8 inches high to the eaves; 20 feet 
high is 24 bricks thick, other 20 feet high is 2 bricks 


thick, and the remaining 15 feet 8 inches is 14 brick 
R r thick ; 
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thick; above which is a triangular gable, which riſes 42 
courſes of bricks, of which every 4 courſes make a foot. 
What 1s the whole content in ſtandard meaſure? 

| Anſ. 253626 yards. 


CHAPTER IV, 


Of Maſons Work. 


To maſonry belongs all ſort of ſtone work; and 
the meaſure made uſe of 1s a foot, either ſuperficial or 
Red.  - | 

Walls, columns, blocks of ſtone or marble, &c, are 
meaſured by the cubic foot; and pavements, ſlabs, 
chimney pieces, &c, by the ſuperficial or ſquare foot. 

Cubic or ſolid meaſure is uſed for the materials, and 
{quare meaſure for the workmanſhip. 

In the ſolid meaſure, the true length, breadth, and 
thickneſs, are taken, and multiplied continually toge- 
ther. In the ſuperficial, there muſt be taken the 
length and breadth of every part of the projection, 
which is ſeen without the general upright face of the 
building. 

EXAMPLE S. 


1. Required the ſolid content of a wall, 5 3 feet 6 
inches long, 12 feet 3 inches high, and 2 feet thick. 


Decimals. Duodecimals. 
53'5 | 53 6 
127 . 
642˙0 0 
13'375 13 4 6 
655375 4 ® 
2 | ES. 
1310*750 anſ. 1310 9 © 


— B 


r ( 
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SS A: 5 8 


3 2 $35 „ 135-3. 6 
| 2 OcE e 


Ex. 2. What is the ſolid content of a wall, the 
length being 12 feet 3 inches, height 10 feet 9 inches, 
and 2 feet thick ? | Anf. 521*375 feet. 


Ex. 3. Required the value of a marble ſlab, at 8s 
per foot; the length being 5 feet 7 inches, and breadth 
1 foot 10 inches. Ant £4 1 105% 


Ex. 4. In a chimney-piece, ſuppoſe the 
length of the mantle and flab, each 4f 6in 
breadth of both together - 3 2 
length of each jamb - - 4 4 
breadth of both together +3 2 
Required the ſuperficial content. Anf.'21f 10in. 


CHAPTER V. 


Of Carpenters and Joiners Work. 


To this branch belongs all the wood-work of a 
houſe, ſuch as flooring, partitioning, roofing, &c. 


Note. Large and plain articles are uſually meaſured 
by the ſquare foot or yard, &c ; but inriched mould- 
ings, and ſome other articles, are often eſtimated by 
running or lineal meaſure, and ſome things are rated 
by the piece. | | 

In meaſuring of joiſts, it is to be obſerved, that only 
one of their, dimenſions is the ſame with that of the 
floor; and the other will exceed the length of the 
room by the thickneſs of the wall, and 4 of the ſame, 
becauſe each end is let into the wall about 3 of its 
thickneſs. 1 

R 2 No 


\ 
\ 
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Do deductions are made for hearths, on account of 
the additional trouble and waſte of materials. 

Partitions are meaſured from wall to wall for one 
dimenſion, and from floor to floor, as far as they ex- 
tend, for the other. 

No deduction 1s made for door-ways, on account of 
the trouble of framing them. | 

In meaſuring of joiners work, the ſtring is made to 
ply cloſe to every part of the work over which it paſſes. 

The meaſure of centering for cellars 1s tound by mak- 
ing a ſtring paſs over the ſurface of the arch for the 
breadth, and takingthe lengthof the cellar for the length; 
but in groin-centering, it is uſual to allow double 
meaſure, on account of their extraordinary trouble. 

In recfing, the length of the houſe in the inſide, to- 

ether with + of the thickneſs of one gable, is to be 
conſidered as the length ; and the breadth 1s equal to 
double the length of a ſtring which 1s ſtretched from 
the ridge down the rafter, and along the eaves-board, 
till it meets with the top of the wall. 

For ftair-caſes, take the breadth of all the ſteps, by 
making a line ply cloſe over them, from the top to the 
bottom, and multiply the length of this line by the 
length of a ſtep for the whole area.—By the length of a 
ſtep 15 meant the length of the front and the returns at 
the two ends; and by the breadth 1s to be underſtood 
the girt of its two upper ſurfaces, or the tread and riſer. 

For the baluſtrade, take the whole length of the up- 
per part of the hand- rail, and girt over its end till it 
meet the top of the newel poſt, for the length ; and 
twice the length of the baluſter upon the landing, with 
the girt of the hand-rail, for the breadth. 

For wainſcotting, take the compaſs of the room for 
the length; and the height from the floor to the ceiling, 
making the ſtring ply cloſe into all the mouldings, tor 

me breadth. Out of this muſt be made deductions for 


windows, doors and chimneys, &c: but workmanſhip 
| | | J 
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is counted for the whole, on account of the extraordi- 
nary trouble. 

For doors, it is uſually to allow for their thickneſs, 
by adding it into both the dimenſions of length and 
breadth, and then multiply them together for the area. 
—If the door be pannelled on both ſides, take double 
its meaſure for the workmanſhip; but if one ſide only 
be pannelled, take the area and its half for the work- 
manſhip.—For the ſurrounding architrave, girt it about 
the outermoſt part for its length ; and meaſure over 
it, as far as it can be ſeen when the door is open, for 
the breadth. | 

Findow-ſhutters, baſes, &c, are meaſure ed in the 
ſame manner. 

In the meaſuring of roofing for workmanſhi 7 alone, 
all holes for chimney ſhafts and {ky-lights are generally 
deducted. 

But in meaſuring for work and materials, they com- 
monly meaſure in all {ky-lights, luthern- lights, and 
holes for the chimney ſhafts, on account of their 
trouble and waſte of materials. 


BAAMPL IE 


1. Required the content of a floor 48 fect 6 inches 
long, and 24 feet 3 inches broad. 


Decimals. Duodecimals. 
48˙5 48 6 
247 24 3 
1940 204 © 
979 90 
12'125 10 
1176•˙125 feet - | 1 6 
1176125 ſquares Anſ. 11 76 1 6 


Ex. 2. A floor being 36 feet 3 inches long, and 
16 feet 6 inches broad, how many {quares are in it? 
| Anſ. 51q. 98 feet. 


7 E. 
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Ex. 3. How many ſquares are there in 173 feet 10 
inches in length, and 10 feet 7 inches height, of par- 
titioning? Anſ. 18.3972 ſquares. 

Ex. 4. What coſt the roofing of a houſe at 10s 6d a 
ſquare ; the length, within the walls, being 52 feet 8 
inches, and the breadth 3o feet 6 inches; reckoning 
the roof 2 of the flat? Anl. {rs 12 212. 


Ex. 5. To how much, at 6s per ſquare yard, amounts 
the wainſcotting of a room; the height, taking in the 
cornice and mouldings, being 12 feet 6 inches, and 
the whole compaſs 83 feet 8 inches; alſo the three 
window ſhutters are each 7 feet 8 inches by 3 feet 6 
inches, and the door 7 feet by 3 feet 6 inches; the door 
and ſhutters, being worked on both ſides, are reckoned 
work and half work? _ Anſ. £36 12 23 


CHAPTER VI. 
Of Slaters and Tilers Work. 


In theſe articles, the content of a roof is found by 
multiplying the length of the ridge by the girt over 
from eaves to eaves; making allowance 1n this girt 
for the double row of ſlates at the bottom, or for how 
much one row of lates or tiles is laid over another. 

In angles formed in a roof, running from the ridge 
to the eaves, when the angle bends inwards, it 1s called 
a valley; but when outwards, it is called a hip. And 
in tiling and ſlating, it is common to add the length of 
the valley or hip to the content 1n feet. 

Deductions are ſeldom made for chimney ſhaits or 
ſmall window holes. 


EXAMPLES. 


1. Required the content of a ſlated roof, the length 
being 45 feet g inches, and whole girt 34 feet 3 inches. 
a Decimels, 


. 


% 
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Decimals. Duodecimals. 
4575 45 9 
344 253 
18300 is 205-6 
13725 135 
114375 „ 
9) 1566-9375 feet 91566 11 3 
yds 174˙104 Anſwer 1747 111 30% 


Ex. 2. To how much amounts the tiling of a houſe, 
at 258 6d per ſquare; the length being 43 feet 10 
inches, and the breadth on the flat 27 feet 5 inches, 
allo the eaves projecting 16 inches on each fide ? 


Anſ. £24 9 5% 
CHAPTER VII. 


Of Plaſterers M. ork. 


Plaſterers work is of two kinds, namely, ceiling, 
which is plaſtering upon laths ; and rendering, which 
is plaſtering upon walls: which are meaſured ſepa- 
rately. h 

The contents are eſtimated either by the foot, or 
yard, or ſquare of 100 feet. Inriched mouldings, 
&c, are rated by running or lineal meaſure. ' 

Deductions are to be made for chimneys, doors, 
windows, &c. But the windows are ſeldom deducted, 


as the plaſtered returns at the top and ſides are allowed 


to compenſate for the window opening. 


EXAMPLES 


1. How many yards contains the ceiling, which 1s 
43 feet 3 inches long, and 25 feet 6 inches broad? 


RI 4 Decimals, 


$ 
0 
: 
. x 
i 10 
4 
b, 
1 
=. ry 
- 
1 
: 4 
TD 
: 
We 
i 
E. 
.V 
1 5 
* 0 
N 
1 
p 
: 
5 
' 
: 
: 
. 
[ 


. 
9 
155 
x 
» 
| . 
* 1 
* 
14 
1 
— 
* 
. 
: 
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Decimals. Duodecimals. 
43¹˙²5 43.3 
25% 25- 6 
I 3 
86 50 86 
21625 8 
9) 1102˙875 9) 1102 10 6 


yds 122*54T Anſwer - TS2* 4f Lo! 6” 


— 


2 


Ex. 2. To how much amounts the ceiling of a room, 
at rod per yard; the length being 21 feet 8 inches, 
and the breadth 14 feet 10 inches? Anſ. 1 9 84 


Ex. 3. The length of a room 1s 18 feet 6 inches, 
the breadth 12 feet 3 inches, and height 10 feet 6 
inches; to how much amounts the ceiling and ren- 
dering, the former at 8d and the latter at 3d per yard; 
allowing for the door of 7 feet by 3 feet 8, and a fire 
place of 5; feet ſquare ? Anſ. 8 5 62. 

Ex. 4. Required the quantity of plaſtering in a 
room, the length being 14 feet 5 inches, breadth 13 
feet 2 inches, and height 9g feet 3 inches to the under 
fide of the cornice, which girts 8 inches, and projects 
5 inches from the wall on the upper part next the 
ceiling: deducting only for a door 7 feet by 4. 


Anſ. 537% of 31 of rendering 
18 5 6 of ceiling 
39. ox of cornice. 


CHAPTER VIII. 


Of Painters Work, 


Painters work is computed in ſquare yards. Every 
part 1s meaſured where the colour lies ; and the 
mea» 


{ 
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meaſuring line 1s forced into all the mouldings and 

corners. | 
Windows are done at ſo much a piece. And it is 

uſual to allow double meafure for carved mouldings, 


&c. 
EXAMPLES. 
1. How many yards of painting contains the room 
which 1s 65 feet 6 inches in compaſs, and 12 feet 4 
inches high? 


Decimals. Duezcdecimals. 


65˙5 3 
127 12 4 
786˙̊ 786 O 
2183 10 

9) 80783 . 9) 807 10 


89.788 Anſwer 89 6 10 


Ex. 2. The length of room being 20 feet, its 
breadth 14 feet 6 inches, and height 10 feet 4 inches; 
how many yards of painting are in it, deducting a fire- 
place of 4 feet by 4 feet 4 inches, and two windows each 
6 feet by 3 feet 2 inches ? Anſ. 734 yards. 


Ex. 3. What coſt the painting of a room, at 6d 
per yard; its length being 24 feet 6 inches, its breadth 
16 feet 3 inches, and height 12 feet 9 inches; alſo 
the door is 7 feet by 3 feet 6, and the window ſhutters | 
to two windows each 7 feet 9 by 3 feet 6, but the breaks 
of the windows themſelves are 8 feet 6 inches high, 
and 1 foot 3 inches deep: deducting the fire- place 
of feet by 5 feet 6 ? , An. £{3 3 mn 


CHA P- 
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ern t. 
Of Glaziers Work. 


Glaziers take their dimenſions either in feet, inches, 
and parts, or feet, tenths, and hundredths. And 
compute their work in ſquare feet. 

In taking the length and breadth of a window, 
the croſs bars between the {quares are included. 
Alſo windows of round or oval forms are meaſured 
as ſquare, meaſuring them to their greateſt length 
and breadth, on account of the waſte in cutting the 
glaſs. | 


EXAMPLES, 


1. How many ſquare feet contains the window 
which is 4'25 feet long, and 2:75 feet broad? 


Decimals. Duodecimals. 

275 | 2 9 

42 4 3 

11*00 11 © 
6875 1 
11·6875 Anſwer 1 


2. What will the glazing a triangular ſky-light 
come to at 10d per foot; the baſe being 12 feet 6 
inches, and the perpendicular height 6 feet ꝙ inches? 

ACLs 5 35 

3. There is a houſe with three tier of windows, 
three windows in each tier, their common breadth 3 
feet 11 inches; 


now the height of the firſt tier is 7f fois 
of the ſecond 6 8 


of the third © 5 4 
| Required the expence of glazing at 14d per foot. 
nl. C13 11 102. 
| Ex. 4. 
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Ex. 4. Required the expence of glazing the 
windows of a houſe at 13d a foot; there being three 
ſtories, and three windows in each ſtory; 

the height of the lower tier is 7 gin 
of the middle - - 6 6 
of the upper s 3+ 
and of an oval window over the door 1 10 

The common breadth of all the windows being 3 

feet 9 inches. Anſ. {12 5 6. 


CHATTER K 
Of Pavers Work. 


Pavers work is done by the ſquare yard. And 
the content is found by multiplying the length by 


the breadth. | 
1A 1 1 


1. What coſt the paving a foot-path at 3s 4d 2 


yard ; the length being 35 feet 4 inches, and breadth 
8 feet 3 inches? 


Decimals. Duodecimals. 
35'3 35 4 
+ 3 
232-66 als 4 
8'83 6 0 
9)291'5 9)291', 6 
32˙38 Content 32 3 6 
2818 45 32388 £0: 4-4 
00> 16194 
4dis 1 5398 - 
Pod; 6 O 13 4 
15˙3981 8 
20 
8 7:9620 391 1 
12 6 . 27 
d 115440 Anſwer * 5 7 114 
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Ex. 2. What coſt the paving a court at 3s 2d 
per yard; the length being 27 feet 10 inches, and 


the breadth 14 feet 9 inches? F 


Ex. 3. What will be the expence of paving a 
rectangular court yard, whoſe length is 63 feet, and 
breadth 45 feet; in which there is laid a foot-path 
of 5; feet 3 inches broad, running the whole length, 
with broad ſtones at 3s a yard ; the reſt being paved 
with pebbles, at 2s 6da yard? Anf. 40 5 104. 


CHAPTER XI. 


Of Plumbers Work. 

Plumbers work is commonly done by the pound 
or hundred weight; but I ſhall below inſert a 
method of diſcovering the weight by the meaſute 
of it. | | 

Sheet-lead uſed in roofing, guttering, &c, is 
commonly between 7 and 12 pound weight to the 
{quare foot; but the following table ſhews by in- 
ſpection the particular weight of a ſquare foot for 
each of ſeveral thickneſſes. 


Thick- Id. toa ſq. || Thick-ſlb. to ag. Thb. toa iq || Thick- jb, to a Ig. 
neſs. | foot neſs, | foot neſs foot. neſs. foot. 

[— — — | | 
10 [5*399]} + [7373 ||*15 | 8948], 18 [10610 
11 [6*489 || *13 |7*668 |*16 | 9*438]| *19 11-207] 
| + 6.55414 [8258] + | 9831 +2=43 [11-797 
*12 [7078] 8.4270 to- o28 1 21 [125387 


In this table the thickneſs is ſet down in tenths 
and hundredths, &c, of an inch; and the annexed 


correſpondin 


oo 
O 


numbers are the weights in avoirdu- 


pois pounds, and thouſandth parts of a pound. S0 
the weight of a ſquare foot of 2 or T 
: its 


of an inch 
thick, 


- 
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thick, is 5 pounds and 899 thouſandth parts of a 
pound; and the weight of a ſquare foot to + of an 
inch thickneſs, is 6 pounds and 5+. of a pound. 


Ioov 


Leaden pipe of an inch bore, is commonly 13 or 


14 lb to the yard in length. 


EXAMPLE S. 


1. How much weighs the lead which is 39 feet 6 


inches long, and 3 feet 3 inches broad, at 8 alb to 
the ſquare foot ? 


Decimals, Duodecimals. 
39˙5 39 6 
3 SI 
118˙5 118 6 
9875 9 10 6 
128*375 | 128 4: © 
87 N 
— 1024 
1027 000 64 
64-1875 25 
| 07 
1091'1875 Anſwer 1091-2; lb. 


* 


Ex. 2. What coſt the covering and guttering a 
roof with lead at 188 the cwt ; the length of the roof 
being 43 feet, and breadth or girt over it 32 feet, 
the guttering 57 feet long, and 2 feet wide; the 
former 9*8311b, and the latter 7·37 3 lb to the ſquare 
foot? A. 116 9 
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CHAPTER XII. 


OF VAULTED AND ARCHED ROOFS. 


RCHED roots are either vaults, domes, ſa- 
loons, or groins. 

Vaulted roots are formed by arches ſpringing 
from the oppoſite walls, and meeting in a line at 
the top. | 

Domes are made by arches ſpringing from a cir- | 
cular or polygonal baſe, and meeting in a point at 
the top. 

Saloons are formed by arches connecting the fide 
walls to a flat roof or ceiling in the middle. 

Groins are formed by the interſection of vaults 


with each other. 


Vaulted roofs are commonly of the three follow- 
ing ſorts : 

1. Circular roofs, or thoſe whoſe arch is ſome 
part of the circumference of a circle. 

2. Elliptical or oval roofs, or thoſe whoſe arch 
is an oval, or ſome part of the circumference of an 


ellipſis. 

"Gothic roofs, or thoſe which are . by 
two circular arcs, ſtruck from different centers, and 
meeting in a point directly over the middle of che 
breadth, or ſpan of the arch. 


PROBLEM I. 
'To find the-Surface of a Vaulted Roof, 


Multiply the length of the arch by the length of 
the vault, and the product will be the ſuperficies. 
Note. To find the length of the arch, make a line 


or ſtring ply cloſe to it, quite acroſs from fide to ſide. 
E X A M- 
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EXAMPLES, 


1. Required the ſurface of a vaulted roof, the 
length of the arch being 31'2 feet, and the length 
of the vault 120 feet. | 

31˙2 
120 


Anſ. 3744˙0 ſquare feet. 


Ex. 2. How many ſquare yards are in the vaulted 
roof, whoſe arch is 42*4 feet, and the length of the 


vault 106 feet ? | Anſ. 49937 yds. 


PROBLEM II. 
To find the Content of the Concavity of a Vaulted Roof. 


Multiply the length of the vault by the area of one 
end, that is, by the area of a vertical tranſverſe ſec- 
ton, for the content. 

Norte. When the arch is an oval, multiply the ſpan 
by the height, and the product by +78 54 for the area. 


EXAMPLES 


1. Required the content of the concavity of a ſemi- 
circular vaulted roof, the ſpan or diameter being 30 
feet, and the length of the vault 1 50 feet. 

7854 
goo the ſquare of 30 
2 ) 706-86 | 
353˙43 area of the end 
1 50 the length 


1767150 
35343 
5301450 the anſwer. 
| Ex. 2. 
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Ex. 2. What is the content of the vacuity of an oval 
vault, whoſe ſpan is 30 feet, and height 12 feet; the 


length of the vault being 60 feet? Anf. g. 1696 


Ex. 3. Required the content of the vacuity of a 
gothic vault, whoſe ſpan is 5o feet, the chord of each 
arc 50 feet, and the diſtance of each arc from the 
middle ot theſe chords 15 feet; alſo the length of 

the vault 20. Anf. 429888, 


PROBLEM III. 


To find the Superficies of a Dome, 


Find the area of the baſe, and double it; then ſay, 
as the radius of the baſe, is to the height of the dome, 
fo is the double area of the baſe, to the ſuperficies. 

Nork. For the ſuperficies of a hemiſpherical dome, 
take the double area of the bale only. 


EXAMPLES. 


1. To how much comes the painting of an octa- 
gonal ſpherical dome, at 8d per yard; each fide of 
the baſe being 20 feet? FE 


4828427 tabular area 
400 ſquare of 20 


1931-3708 area of the baſe 
2 


9) 3862-7416 , ſuperficies in feet 
4291934 yards 


13 343375472 
2,0 | 28'6 12d 
£ 14 6 12 anſwer 
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Ex. 2. Required the ſuperficies of a hexagonal 
ſpherical dome, each ſide of the baſe being 10 feet. 
all Anſ. 519*61 52. 
Ex. 3. What is the ſuperficies of a dome with a cir- 
cular baſe, whole circumference is 100 feet, and 
height 20 feet? ; Anf. 2000 feet. 


PROBLEM IV, 


To find the Solid Content of a Dome. 


Multiply the area of the baſe by + of the height. 


CTCYAMPLEY 


I. Required the ſolid content of an octagonal dome, 
each fide of the baſe being 20 feet, and the height 
21 feet. 

4328427 
400 


1931-3708 area of the baſe 
14 3 of the height 


— 


77254832 
19313708 


27039˙1912 anſwer 


— 


Ex. 2. What is the ſolid content of a ſpherical 
dome, the diameter of whoſe circular baſe is 30 feet? 


Anſ. 70686 feet. 


— 


PROBLEM V. 
To find the Superficies of a Saloon. 


Find its breadth by applying a ſtring cloſe to it 
5 Sf acroſs 


- 


| 
1 
1 
1 
1 
1 N 


— —— — 
— 1 
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tcroſs the ſurface. Find alſo its length by meaſuring 
along the middle of it, quite round the room. 
Then multiply theſe two together for the ſurface, 


EXAMPLE, 


The girt acroſs the face of a ſaloon being 5 feet, 
and its mean compaſs about 100 feet, required the 
area or ſuperficies. 


100 
"I 


p oo anſwer. 


PROBLEM VI. 


To find the Solid Content of a Saloon. 


Multiply the area of a tranſverſe ſection by the 
compals taken round the middle part. Subtract this 
product from the whole vacuity of the room, ſuppol- 
ing the walls to go upright all the height to the flat 
ceiling. And the difference will be the anſwer. 


EX AMP LE. 


If the height AB of the ſaloon be 32 feet, the 
chord Ape of its front 4˙5, and the diſtance D of 
its middle part from the arch be 9g inches; required 


the ſolidity, ſuppoſing the mean compaſs to be 50 
feet. 


24˙5 
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43 
3 


2) 4˙5 


2*25 
2*25 
1125 
45⁰ 
450 
50025 
5625 


ARCHED: 1 627 
C ,- 
0*75 DE | 
1 
375 
525 
*5025 
A* 
DE“ 


56250 (2˙37 AE 


4 


162 3) 948 


129 


46] 33 


I 


. — 4 


4*50 
7:06 


AC 


3 = 15 PE 
2*208 area ſeg. ADCEA. 


45 
45 
225 
180 
20'25 
I0'24 
IO'OI 
4 
I*O 
61 


40 


——— — 


5˙0 56 area of triangle ac 
2*298 area ſeg. 
2*758 area of ſection AEC BA 
50 compaſs 
137 900 content of the ſolid part 


8 8 2 | Then 
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Then this taken from the whole upright ſpace, 
will leave the content of the vacuity contained within 
the room. 


PROBLEM VII. 
To ey the Concave Superficies of a Groin. 


To the area of the baſe, add 2 part of ſelf, for 
the ſuperficial content. 


EXAMPLES. 


1. What is the ſuperficial content of the groin 
arch, raiſed on a ſquare baſe of 15 feet on each ſide? 


bs 
15 


7) 225 area of the baſe 
32 its 7th part 


257½ anſwer 


Ex. 2. Required the ſuperficies of a groin arch, 
raiſed on a rectangular baſe, whoſe dimenſions are 
20 feet by 16. Anſ. 3657. 


. Xu VIII. 
To find the Solid Content of a Groin Arch. 


Mulaply the area of the baſe by the height ; from 
the product ſubtract 7. of itſelf, 4 the remainder 
will be the content of the vacuity. f 


E X AN- 
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EXAMPLES. 


1. Required the content of the vacuity within a 
groin arch, ſpringing from the ſides of a ſquare baſe, 
each fide of which is 16 feet. | 


256 area of baſe 
8 height or radius 


204+ s ſubtract 


1843. anſwer 


2, What is the content of the vacuity below an 


oval groin, the fide of its ſquare baſe being 24 feet, 
and its height 8 feet? Ant. 4147+. 


NOTES. 


1. To find the ſolid content of the brick or ſtone 
work, which forms any arch or vault: Multiply the 
area of the baſe by the height, including the work 
over the top of the arch; and from the product ſub- 
tract the content of the vacuity found by the fore- 
going problems; and the remainder will be the con- 
tent of the ſolid materials. 


2. In groin arches however, jt is uſual to take 
the whole as ſolid, without deducting the vacuity, 
on account of the trouble and waſte of materials, 
attending the cutting and fitting them to the arch. 


883 CHA P- 
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J XIII. 


D neee 


AVING gone through the meaſurable parts of 

building, and noted the methods of meaſuring 
tnem, and of computing the contents; I proceed 
now to the general illuſtration of the whole, by al- 
ſigning the dimenſions of a houſe, and from thence 
computing the contents of the ſeveral different kinds 
of works ſuppoſed to be uſed in it; in the per- 
forming of which are ſhewn the methods of ruling 
the book, and entering the dimenſions, with the 
contents; then the method of abſtracting the con- 
tents, and laſtly of forming the bills of expences of 
the work and materials. 

At the end of this chapter is given a plate, con- 
taining the elevation and plans of the ſeveral ſtories 
of the houſe, accurately delineated from a particular 
ſcale, inſerted in the plate; by which the reader 
may, with a pair of compaſſes, meaſure and 
compare the dimenſions of moſt of the articles, 
as he proceeds through them. In this example 
is uſed a houſe of only two ſtories, and two rooms 
on each floor, as thoſe are very ſufficient for ex- 
plaining the ſeveral methods and works here treated 
of. 

The columns of numbers in the billing forms, 
are ſuſficiently explained by the titles at the tops of 
them; excepting the figures 2, 3, &c, in the 
firſt column, and prefixed to the dimenſions; the 
meaning of which figures is, that the contents aril- 
ing from the dimenſions to which they are prefixed, 
are to be multiplied by 2, 3, &c, and then ſet down 
in the column of contents. 


Of 
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Of the Diccixc of the CELLARS. 


Feet In. 


54 © length 
28 © breadth 
8 © depth 


Which threedimenfions, being multiplied continually 
together, produce 12096 cubic feet ; which being 
divided by 27, the cubic feet in a yard, there reſult 
448 cubic yards of digging. 


Thus : 


54 
28 


— 


432 
108 


1512 
8 


27) 12096 (448 


108 


129 
108 


216 
216 


814 75e. 
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The Brick Work. 


: Halt 
_ brick Contents Titles 
Feet Inu. * In. 
. 550 0 The cellar walls 
10 © 
ws | l 8 | 4750 o | Middle walls. of ditto 
þ 
«62 Ds 
5 91 © 48 10 Deduct doors in ditto 
3 
8 Paving the cellars, brick 
17 0 1 on edge 
l I 211 6 | Ditto between the cellars 
| 
24 Oo Groin arches over the two 
8 840 © 
1 | cellars 
24 98 „ Common arch under the 
9 6 paſſage 
5 2 4 211 6 | Deduct vacuity of ditto 
8 | Out walls of the principal 
24 (5 3197 G and attic ſtory 
= ; 7 | 1176 o | Middle walls of ditto 
„ Chimney ſhafts within the 
| 413 0 
6 1 | roof 


Di- 
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Dimen- 
ſions. 
Tees In. 
8 :8 
1 
4 8 
4 8 
41 
6 80 
8 Oo 
4 0 
& 0 
470 
4 80 
4 © 

4 ©| 
8 2 
6 
3: 8 
Far 
3 8 
Eats 
| 4 6 
3 10 
2:10 
$: 0 
4:0 


633 
Product Titles 
| Feet In. Deduct as follows, viz. 
80 10 | Windows in tront 
65 4 | Ditto 
66 [F ral door 
128 End windows 
32 | Ditto 
32 . Ditto blind or falſe 
32 o© | Stair-caſe window 
146 8 | Doors in middle walls 
48 10 | Ditto fa 
40 6 | Recels of chimneys 
29 4 | Ditto 
24 © To 


Ditto 
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To abſtract the foregoing particulars, that is, to 
collect together the contents of the ſame kind, next 
to reduce their ſums to the ſtandard thickneſs of a 
brick and a half, and then, having made the de- 
ductions, to collect the reduced ſums, to obtain the 
- whole in one ſum, I proceed thus: I make only two 
columns for the whole contents, and two for the 
deductions of the ſame thickneſs, viz. one column 
for the one-brick contents, and the other for the 
brick-and-halt contents; and diſpoſe the ſuperior 
denominations in one or both of theſe columns, by 
placing them down more than once; thus, the 
contents of 2 bricks thick, I ſet down twice in the 
onc- brick column; thoſe of 242 bricks, I ſet down 
once in the one-brick column, and once in the brick- 
and-halt column; thoſe of 3 bricks, twice in the 
brick-and-half column; thoſe of $4 bricks, once in 
the brick-and-half, and twice in the one-brick 
column ; and rhoſe of four bricks, twice in the 
brick-and-half, and once in the one-brick column ; 
and fo on, if there were higher denominations ; and, 
laſtly, for the contents of half a brick thick, I take 
the halves of them, and ſet in the one-brick column. 
Then, having added up every column, I reduce 
the ſums of the one-brick thick, to the brick-and- 
half thickneſs; and add this reduced content to the 
brick-and-halt ſums, both in the ſolids and deduc- 
tions; then, laſtly, taking the one ſum from the 


other, tor the whole content of the brick work, as 
tolilows. | 


f Aoſtrad“ 
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Abſtra# of the Brick Work. 


br. thick [1 brick thick deduct 1 br. deduct 
Feet In. Feet In.] Feet In. Feet In. 
| \ 

"L580 © 470 . cf 46 6 48 10 
1550 © 399 6| 48 10 211 6 
470 © 105 9g 80 10 211 6 
470 © 640 cf 05 4 80 10 
840 o 228 0 66. o 65 4 
840 c| 3797 0} 129. © 66 © 
225 of 1176: of $3 © 128 © 
22s of 1176 cf 3» 32 © 
3797 6 146 8 I6 © 
$336: © 8192. 9 40 6 32 
112 0 _ 146 8 
112 90516385 6 24 6 _ ! 
1143730 6x x6 HO. 40 6 
5461 10 — 869 5 29 4 
16835 4 1612 3 26.3 
3 1304 1 
963 1 , 

* 608 
1691%y ds — 
869 5 


Feet 
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Feet In. Feet In. 
2 O thick. of walls | 211 6 vacu, arch. 
4 muluply | 4 half br. thick 
0 3)846 0 
24 6 height of 2 ſtories EEE 
196 © tent of the vacuity 
5 half bricks thick of the com. arch. 
3080 © 


326 8 reduced cont. of the 4 quoins of the houſe 
1612 3 the deductions 


1933 11 ſum 
282 o vacuity of arch under the paſſage, deduct 


991656 11 


184 yards to be added for workmanſhip only. 


So that in the Bill we ſhall have 


" 4 
-1691 yards 4. feet of brick-and-half 
wall, work and materials at þ — — — 
— per yard 


doors and windows, &c, at 


184 yards for workmanſhip, in 
— per yard 


— 


The 
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The MasoNn's. WORK. 


Dimenthons] Contents Titles. 
Fee. In. Feet In. 
4 2 340 2 | Stone baſe 
"a1 8 104 8 | Facia 
6 ? 21 © | Window ſoles 
„ Jambs and head of front door, 
2 4 * plain. | 
{ 3 
3 Col front door 
| 3 © 54 © | Columns to front door 
3 1 Baſe and capitals to ditto (com- 
1 monly taken double meaſure) 
"I » 10 6 | Architrave 
| 0 > 7 11 | Soffit of ditto 
| 95 - 71 rize 
1 2 20 Level cornice 
C | 
"I 
4 8 30 © | Cornice of pediment 
| | 
| | G 
1 1 © | Returns of cima-recta 
2 


Di- 
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Dimenlions Con 6 — 
Feet In. | Feet 1n. 

99 « 98 2 Architraves of low windows 
8 8 6 Fri | 
0 64 1 | Frize of ditto 
| 
l 21 11 | Cornice of ditto 
414 8 1 
2 2 | 138 8 | Architrave of attic windows 
* Cornice to front and ends of 
1 4 the houſe 
2 ö 
109 6 | Blocking courſe to front and 
I IO 2 ends 
: : 34 10 || Steps to front 
| : : 34 © | Ends of ditto 
: . 8 O Ditto 
27 Top of the landing 
| 3 8 98 © Chimney tops of ſtone 
15 51 1 | Baſe and facias of ditto | 


Di- 


3 
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Dimenhons | Contents Titles 
Feet In. | Feet In. 
„„ Poliſhed ſlabs to the chimneys 
2 2 in the low rooms 
3 9 | 13 9 | Back labs to ditto 
i 10 Þ - 
4 2 22 1 | Jambs and mantles to ditto 
| a 
4 + : 26 | © | Coves to ditto 
4 8 Slabs to chimneys 1n the attic 
3 18 8 ſtory 
3 © | 12 10 Back flabs 
1 10 | 
= * a0. s | Jambs and mantles 
O II 
1 C 
” 6 | 24 © | coves 
+ 2 | 16 8 | Slabs 
2. © 
3 ©.| x: © | Back ſlabs 
1 IO 
2 ls 17 2 | Jambs and mantles 
| © 10 
3 © | a1 o | Coves 
x 8 
o | Steps down to the cellar. 
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Abſtract of the Maſonry. 


In making this abſtra&, the articles of the ſame 
price mult be collected together. So in the firſt co- 
lumn, are collected together the baſe, facias, window 
ſoles, jambs and head of door, blocking courſe and 
chimney tops, as being of the ſame value; in the 
2d are collected architraves, frizes, cornices, mould- 
ings about the door, columns, baſes, and capitals; 
and ſo for other things of another value. 


Ba ue, Jene Frome hne fe me Cellar; 
| &c &c OY _ _— &c houſe | e' | 
Feet 1|Feet I|Feet 1|heet I|Feet 1|beet T|Feet 1 
340 2] 54 of 21 8| 34 10022 1250 4| 56 | 
log i 22 of 13 0134 0120; 5$ | 
21 c| 10 6| 26 of 8 of17 2 
63 c 7 11] 18 8] 27 og 8 
1200 C 7 8 12 101193 10 
98 c| 20 9} 24 © 
ex 11 30 of a6 8 | 
878 &| 1 of in © 
mew o at 9 
o wg 7 
21 11 
138 8 
418 8 The Maſon's Bill. 
Feet In. 3 
878 8 Baſe, facias, &c. at — a foot ne 


418 8 Columns, mouldings, &c.at—a foot - - - 
165 7 Chimney ſlabs and coves, at — a foot - - - 
103 10 Steps to front door, at — a foot EY 
59 8 Chim. jambs and mantles, at —a foot - - - 
250 4 Cornice of the houſe, at — a foot - <- = 
56 oO Cellar ſteps, at — a foot in 


„* 
* 
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18 The CAaRPENTERS and Joix ERS Wokk. 
Dimen- Contents Titles by 
fions | | Wo” 
Feet In. Feet In. 
2 15 : 840 of Common joiſt. in the low rooms 
2 6 Framing the upper floors, with 
: = $537 girders, binding & bridging joiſt 
| | Common joiſting of the ſtair- caſe, 
24 * A282 0 allowing the joiſt one foot hold 
ws hs of the wall at each end 
: 180 | Plates over doors and windows, 
15 A running meaſure 
! | ; 
$9 -:3 
| 36 c 133 © Roofing 
| | 
en a Gutter boarding at front and ends 
2. © 
4 = 8 1680 of Ceiling joiſts to both ſtories 
2 x : 385 ©| Stoothed partitions 
| | 
24 © | 
1 7 6 840 of Deal flooring 
2 5 el 822 Ditto upper ſtory 
2] = , 234 Of Ditto in ſtair-caſe 
; | | | 
x * | Di- 
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Dimen- | Contents : Tittes 
Feet In. Feet In.ſ.C0³ 5 N 
11 : - 51 J Ditto in window ways 
EE | 
7 4 - 64 2 Ditto = door way's 
ö 
4 0 Den ſteps to ſtair-caſe, iſt and. 
- 6 969 2d fliglits 
11 E g 6 5 Ends of ditto 
| | 4 
| 
2 . 8 36 Half paces to ditto 
+ Iſtos of Steps of the 3d flight 
E 019 8 eps of the 3d flight 
; e : 5s 3] Ends of ditto 
4 - | s 8] Face of the landing 
„ Saf] 
7] 4 81272 2jSaſhes 
6] 7 S [130 S Ditto 
$817 
1 | 
6 0 250 © Inſide door: caſings, pannelled. 
— | 
i. 4 33 Aale plain 
1 | | 


— 
1 


18 
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he ewe Contents Titles = 
Feet In. Feet In. = 
- od 9 | Frame to front door 

py. 9» 
25 / 29 2 Inſide caſing to ditto, pannelled 
RO BL. * P 
. | 
200 0© | Doors, 6 pannelled 
3 < 
40 o | Front door 
3 8 | 
1 Window ſhutters on the firſt 
* © 224 9 for and ſtair-caſe window 
4 80 o| Ditto to attic windows 
4 © 
p p 63 o] Sofhits to windows, pannelled 
22 8]. Architraves to low windows and 
d 2x1 245 5 {tair-cate window 
” : 28 4| Ditto to front door 
+ he 4 8] Ditto to upper windows 
o 11] ? 
' ? : 210 11| Ditto to all the doors 
1 x 288 0 Plain dados to low rooms 


Tt 2 Di- 


1 
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Dimenſions | Contents | Titles : 2 
Feet In | Feet In. 5 

2 5 g 108 o Baſe and ſur- baſe to ditto 

1 72 ©| Plain plinth to ditto 

= 
—* 4 Baluſtrade in the ſtair-caſe 
8 2 183 9 | baluſtrade in the ſtair- 
* 17 o Baſe moulding to ſtair- caſe 
6 34 o Plain pliath to ditto 
54 Ly Plain backs and elbows to 
n 8 95 attic windows 
Aßſtradt of the Carpenters and Foiners Work. 
3 Ceiling Window {6 pan- Archi- 
Joiſt- joiſts, Floors Stairs * HH ſhutters, Dados, nelled — 
„ *. . Gore we. 
Feet 7] Fect T| Feet T| Feet II Feet II Feet I Beet II Feet I Feet 1 
840 o[1680 of 840 of 66 0272 21250 0| 33 4|200 © 
282 of 385 of 822 6] 6 5 130 29 2 18 9 50 0 
— 234 o| 36 0 224 0288 0 
1122 o. 2065 of 51 41108 0 [402 100 80 0 72 0250 0 
— 64 2] 5 3 63 0 34 © 
* 95 0] 
224 0 2012 3 646 2 
8 = 1 227 4 ——— 541 1 | 
2)3z04 © 


152 O Half of the wind. ſhut, being work & half 
250 O Doors, being double work 
402 © Sum, to be charged for workmanſhip, beſides 


being charged once for work and mate- 
- rials.” 


* hs 


20 12 o Flooring, at — a ſquare = = 


les 
te- 
"bs 
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The Carpenters and Joiners Bill. 
7. - gs | £ £2 


11 22 o Common joiſting, at — a ſquare - 
8 57 6 Framing the upper floors, at—aſq.- - - 
180 o Plates over doors and windows, 

running meaſure, at — a foot j [ 
21 33 o Roofing, at — a ſquare — 
218 o Gutter boarding, at — a foot 
20 65 o Ceiling joiſts and ſtoothed par- 
| titions, at — a ſquare j 


227 4 Steps in the ſtair- caſe, at a foot | 
402 10 Saſhes, at — a foot - +» © 
646 2 Window-ſhutters, ſoffits, & pan- 
nelled door- caſes, at — a foot 
541 1 Plain door-cales, frame to pan | 


door, plain plinths, and plain 

backs and elbows, at — a foot 
250 o Doors, 6 pannelled, at — a foot - - = 
604 4 Architraves, &c at — a foot 
402 o Workmanſhip only in doors and 

window-ſhutters 


L 


Note. All the articles except the laſt are for both 
work and materials. 


The SLATERS WORK. 


The Slater's work will be the lame with the ar- 


ticle of roofing in the carpenter's work, which 1s 
2133 ſquare feet, or 
Sqrs. Feet 


21 33 at — a ſquare 4400 


113 ED 


646 
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[Part 5, 


The PLASTERER'Ss WORK. 


imenſions 
beet Iu. 
0 
2 0 
0 
a Ms 
81 83 © 
$- © 
020 
43 6 
Oo 9 
8 
SO 
4 4 

2 
4 4 
- . 8 
= $ 4 
2 0 


22 
11 


Feet 1n. 
762 © 
166 © 
664 © 
108 o 

32. 7 
MF 

N 
138 8 

10 o 
Es 
186 2 
254 11 


Titles 


— 


Cell. to the low rooms, 3 coats 


Plain cornice to ditto 
Enriched mouldings in ditto, 
running meaſure 
Ceiling 1n the lower part of the 
ſtair-caſe, 3 coats 


Plain cornice in ditto 


Walls in one of the low rooms, 
hard-finiſhing 


Deduct doors from ditto 
Deduct windows 


Deduct part of chimney-piece 


The walls plaſtering of the other 


low rooms, 2 coats, the di- 
menſions and deductions the 
{ame as in the former 


The deductions together 


Walls of the ſtair-caſe, hard- 
finiſhing. 


Di- 
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— — — 


| pi 0g | Coatents | Titles 
| el 17 beet iu. ö | 2 85 
7 ©} ,2 6 Walls of the ſtair-caſe, hard- 
| 7 | finiſhing | 
| 5 8 1 Ditto 
IG WE 
16 © 
34 6 | Ditto 
{ a 4 
| 
117 4 124 3 Ditto 
7 } a 
| Y 9 569 6 Walls of upper part, ditto 
Ws | ; 
= 2 66 $8 | Dedu& front door from ditto 
, 6 © 168 o | Ditto other doors 
"=. was 
| , 4 46 2 Ditto window 
e Wee 
| - 2 39 Ditto attic window 
| 23 x 201 3 Stair-caſe ceiling, 3 coats 
| | | | 
1 l 67 8 Plain cornice to ditto 
e Mee 
| | 


Tt4 
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Dimen- 
ſions 


— 


Contents 


— 


Titles 


beet In. 
0 
14 6; 


Feet In. 
493 © 


246 6 


108 


Ceilings of upper rooms, 3 coats 
Ditto 

Plain cornices 

Ditto 

Partitions, 2 coats on laths 
Ditto walls, 2 coats 

Ditto 

Deduct windows from ditto 
Deduct doors 

Deduct chimney pieces 


Ditto 


| 


The 


—— — — 


— —— — ——— — 


— .. — .. .. . . —ͤ— — — — — — — 
— —̃̃— 
— = — — — 
eee eee 
Eur «ĩ T 


— = * ; —_—_—z 
— i ! 
4 * — 
FR Wy „„. . — 
5 // * 0 - —̃ͤ̃—— = . — — ä —-—ͤ' 
3 * ——— 
2 8 8 = — 
Mila 2 — 
2 8 = 
— Fo! - 
| 1 = : 
— —— tne cnn 
2 ——— 


JAS Lo, WL A 


PV, 
. 
, . 


& 
© 
1 
— 
— 
2. 
— 
— 
— 
8 


(| 
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The Abſtra#t of the Plaſtering. 

Ceiling Rendering Deductions Plain Enrich'dj 
. - Ba | Hard-|2 Coats] Cor-| Mould- 
3 Coats | 2 Coats finiſhing | © Conte finiſh.] Walls | nices| ings 

Feet” Feet 1] Feet I Feet I Piet I|Feet I Feet I 
9) 595 7] 747 o| 747 of 37 60186 21166 of 664 at 
9 254 11] 807 61138 80156 5J/ 32 7 
Y F 22 6| 569 o 10 0/104 of 67 8 
66 1 71 3] ————| 66 8| 36 9108 4 
= — 34 6] 2123 6168 of 13 4] 84 2 
124 3] 495 11] 46 2 — 
50g 6 39 10495 111458 9 
—_— 6 7 mol 2— 
1823 11 506 1 
5060 11 Y HJ ——— 
| 180 7 7 
9) 1317 10] — | 
3-4 4 
146 3 10 
| The Plaſterer's Bill. 
Yds FVI. | s 4 
203 3 9 Celling, 3 coats, at—ayard - = += 
66 1 O Ditto, 2 coats, at — a yard 3 
146 3 10 Plaſtering, hard- finiſhing, at- a yd - 
180 7 7 Ditto, 2 coats, at — a yard — — 
458 9 Plain cornice, at — a foot — 
664 o Enriched mouldings, at —a foot - ' = = 
£ »- a 


\ . 

The annexed plate contains the elevation and 
plans of the houſe to which all the foregoing 
examples belong. 
I ſhall now deliver a ſhort but complete tract on 
Timber Meaſuring, with which, I ſhall conclude 
theſe applications, as propoſed. 


S E C- 
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SECTION IV. 
TIMBER MEASURING. 


PROBLEM I. 


To find the Area or Superficial Feet ina Board or Plank, 


ULTIPLY the length by the mean 
breadth. 


Note. When the board is tapering, add the 
breadths at the two ends together, and take half the 
tum for the mean breadth. 


By the Sliding Rule. 


Set 12 on B to the breadth in inches on a ; then 
againſt the length in feet on B, is the content on A, 
in feet and fractianal parts. 


EXAMPLE $S 


1. What is the value of a plank, whoſe length is 
12 feet 6 inches, and mean breadth 11 inches? | 


By Decimals. By Duodecimals. 
12*5 12 6 
11 I 
12 [137'5 ria Wein {c $S 
1d is | 22246 — 
1s 5d anſ. 1 45d 


„ 7 


BY 
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BY THE SLIDING RULE. 
As 12B : 11A :: 121 B: 112 A. 


That is, as 12 on B3 is to 11 on 4, ſo is 122 on B 
to 112 ON A, 


Ex. 2. Required the content of a board, whoſe 
length is 11 feet 2 inches, and breadth 1 foot 10 
inches. Anſ. 20 5 8% 


Ex. 3. What is the value of a 1 which is 12 
feet 9 inches long, and 1 foot 3 inches broad, at 22d 
a foot ? Anf. 3s 34d. 


Ex. 4. Required the value of 5 oaken planks, at 
3d per * each of them being 17 feet long; and 
their ſeveral breadths are as follows, namely, two of 
13 inches in the middle, one of 14; inches in the 
middle, and the two remaining 'ones, each 18 
inches at the broader end, and 114 at the narrower. 


Au. £1 5 


PROBLEM II. 


To find the Solid Content of Squared or Four-fided 
Timber. 


Multiply the mean breadth by the mean thick- 
neſs, and the product again by the length, and the 
laſt product will give the content, 


BY 
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BY THE SLIDING RULE. 


C D D 0 
As length : 12 or 10: : quarter girt : ſolidity. 


That is, as the length in feet on e, is to 12 on b 
when the quarter girt is in inches, or to 10 on p 
when it is in tenths of feet; ſo is the quarter girt on 
D, to the content on c. | 


Note 1. If the tree taper regularly from the one 
end to the other, either take the mean breadth and 
| thickneſs in the middle, or take the dimenſions at 

the two ends, and half their ſum will be the mean 
dimenſions. | 


2. If the piece do not taper regularly, but is un- 
equally thick in ſome parts and ſmall in others, take 
ſeveral different dimenſions, add them all together, 
and divide their ſum by the number of them, for the 
mean dimenſions. 


3. The quarter girt is a geometrical mean propor- 
tional between the mean breadth and thickneſs, that 
is the ſquare root of their product. Sometimes un- 
ſkilful meaſurers uſe the arithmetical mean inſtead of 
it, that is, half their ſum; but this is always attended 
with error, and the more ſo as the breadth and depth 
differ the more from each other. N 


„ WMPLES 


1. The length of a piece of timber is 18 feet 6 
inches, the breadths at the greater and leſs end 1 foot 
6 inches and 1 foot 3 inches, and the thickneſs at the 
greater and leſs end 1 foot 3 inches and 1 foot: re- 
quired the ſolid content. | 


Decimals. 


Sect. 4. 


Decimals. 
IT 
1*25 


2 )2'75 
1*375 


125 
1˙0 


32325 
1125 
1375 
5625 

7875 
3375 


1125 


1.546875 
18*5 


- 1134315 
12375000 


1546875 
286171875 


Duodecimals. 
WS 
1 
2)2 9 
mean breadth x 4 6 
2 
8 
298 3 
mean depth 5 
mean breadth 1 4 6 
3 © 
1 
6 6 
„ 
length 1 6 
3 
3-2 
content 17 


TIMBER MEASURING. 


BY THE SLIDING RULE: 


B A 


C D 


1: 


$9823: 16214 


12 :: 14'S; 


B A. 


C D 


I :: 223 : 149, quarter girt. 


D C 


223, the mean ſquare. 


28· 6, the content. 


Ex. 2. 
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Ex. 2. What is the content of the piece of timber, 
whoſe length is 24+ feet, and the mean breadth and 
thickneſs each 1:04. feet ? Anſ. 26+ feet. 


Ex. 3 Required the content of a piece of timber, 
whoſe length is 2038 feet, and its ends unequal 
ſquares, the fide of the greater being 19+, and the fide 
of the leſs 97. Anſ. 29 838 feet. 


Ex. 4. Required the content of the piece of tim- 
ber, — length is 27.36 feet; at the greater end 
the breadth 1s 1:78, and thickneſs 1-2 23 ;- and at the 
leſs end the breadth is 1504, and thickneſs o- i. 

Anſ. 41*278 feet. 


PROBLEM III. 
To find the Solidity of Round or Un/quared Timber, 
RULE I, Or COMMON RULE. 


Multiply the ſquare of the quarter girt, or of + 
of the mean circumference, by the length, for the 
.content. 


BY THE SLIDING RULE. 


As the length upon : 12 or 10 upon :: 
quarter girt, in 12ths or 1oths, on.D : content on c. 


Note 1. When the tree 1s tapering, take the 
mean dimenſions as in the former problems, either 
by girting it in the middle for the mean girt, or at 
the two ends, and take half the ſum of the two. 
But when the tree is very irregular, divide it into 
feveral lengths, and find the content of each part 
ſeparately. 


2. This rule, which is commonly uſed, gives the 
anſwer about = leſs than the true quantity in the tree, 
Fo | or 
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or nearly what the quantity would be after the tree is 
hewed ſquare in the uſual way: ſo that it ſeems in- 
tended to make an allowance for the ſquaring of the 
tree. When the true quantity is deſired, uſe the 24 
rule, given below. 


EXAMPLES 


1. A piece of round timber being 9 feet 6 inches 
long, and its mean quarter girt 42 inches; what is 
the content ? 


Decimals, | Duodecimals. 
3˙8 quarter girt 8 
3˙5 3 6 
175 10 6 
105 3 
12˙2 5 8 
9˙5 length 5 8 
6125 3 
11025 | x2 
116˙375 content 116 4 6 


BY THE SLIDING KEETh £e 


© D Dj: 
As 9*5-:-10.:5 3 £20865 
Or 9'g': 12 5:4 4 


Ex. 2. The length of a tree is 24 feet, its girt at 
the thicker end 6 feet, and at the ſmaller end 2 feet; 
required the content. Anſ. 96 feet. 


Ex. 3. What is the content of a tree, whoſe mean 
girt is 3˙15 feet, and length 14 feet 6 inches? 
Anſ. 89929 feet. 


Ex. 4. 


* 
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Ex. 4. Required the content of a tree, whoſe 
length is 174 feet, and which girts in five different 
places as follows, namely, in the firſt place 9:43 feet, 
in the ſecond 7 9, in the third 6*15, in the fourth 
4*74, and 1n the fifth 3*16. Anſ. 42*6075. 


= TL ©. Tho 


Multiply the ſquare of 4 of the mean girt by 
double the length, and the product will be the con- 
tent, very near the truth. | 


BY THE SLIDING RULE. 


As the double length on : 12 or 100n D:: 
3 of the girt, in 12ths or ioths, on D: content on c. 


EXAMPLES 


1. What is the content of a tree, its length being 
9 feet 6 inches, and its mean girt 14 feet? 


Decimals. Duodecimals. 
2˙8 rr 7 
2˙8 | S 9 
224 3 #..* 
56 1 
— 1 8 
7˙84 
3.5 110 8 
7056 9 
784 | : — 
content 148 11 
148*96 | v 7 


* 


— _______ — 


BY 


* 
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Ir THE SLIDING RULE: 
C DM c 


As 19 : 16 2 3&' 5<bjgs: 
Or 19 : 1223 — 
Fx. 2. Required the content of a tree, which is 24 
feet long, and mean girt 8 feet. Anſ. 12288 feet. 
Ex. 3. The length of a tree is 14+ feet, and mean 
girt 3.15 feet, what is the content? Anſw. 1151 feet. 
Ex. 4. The length of a tree is 17+ feet, and 
its mean girt 628; what is the content ? | 
| Anſ. 54*4065 feet. 
Ex. g. Sold an oak tree whoſe girt at the low end was 
94 feet, and its length, to the part where it becomes 
of 2 feet girt, is 274 feet; it hath alſo two boughs, 
the girt at the thicker end of the one is 4-3, and at 
the thicker end of the other 3*94; the length of the 


timber of the former, that 1s to the part where 1t 


becomes of only 2 feet girt, is ꝙ feet; and the length 
of the latter 74 feet; required the price at 2/. 3s. gd; 
a load of 50 feet, allowing of the mean girt for the 
bark of the trunk, and .,*, of the fame in the boughs, 
by both the rules, Anſ. true value {2 18 6. 
falſe value (2 5 95s 
NMote 1. That part of a tree or of the branches, iich 
is leſs than 2 feet in circumference, or 6 inches quar- 
ter girt, is cut off; not being accounted timber, 
NMote 2. A cuſtom has of late been creeping into 
uſe, where the buyers df timber can introduce it, of 
allowing an inch on every foot of quarter girt, for 
bark. This practice, however, is unreaſonable, and 
ought to be diſcouraged. Elm timber is the chief 
kind in which an allowance ought to be made, and it 
will be found on examination, that the common a 
Jowance of one inch on the tree, is abundantly ſuffi- 
cient for an average allowance. ET 
Rote z. Fifty cubic feet of timber make a load; 
and therefore to reduce feet to loads, divide them 


by 50. 
| Cu A CTaBLY 


1 3.8.8 D 75 5 5 7 6 C 75 6 5 7 6 9 5 7 6 9 
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i; 8 8 85 9 2 2100 s 00 000 my OW ooo S 0 not O O %,DEi0 oo 
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— Mo 5 252 219 0 O OO GO 00 A 0 co $0 ho GO 60 60 60 O S0 & 
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* «2 8 8 lo Oo O O e HO O OEMAOOHEODHDOODO HO 
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8 222332 | io wo = 49.000 +2-0M40nnn0000000mthnotvsonf| 
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SCHOLIUM. 


In meaſuring ſquared timber, unſkilful meaſurers 
uſually take + of the circumference, or girt, for the 
ſide of a mean ſquare; which quarter girt therefore 
multiplied by itſelf, and the product multiplied by 
the length, they account the ſolidity, or content : but 
it is really always above the truth. Indeed when the 


breadth and thickneſs are nearly equal, this method 


will give the ſolidity pretty near the truth; but if 
the breadth and thickneſs differ conſiderably from 
each other, the error will be ſo great as that it ought 
not by any means to be neglected. 


Thus, ſuppoſe we take, for an example, a balk 


of 24 feet long, and a foot ſquare throughout; and 
conſequently its ſolidity 24 cubic feet. Now if this 


balk be ſlit exactly in two from end to end, making 
each piece 6 inches broad, and 12 inches thick ; it 1s 
evident that the true ſolidity of each will be 12 feet; 
but by the quarter girt method, they would amount 


to much more; for the falſe quarter girt, being equal 


to halt the ſum of the breadth and thickneſs, in this 


caſe will be 9g inches, the ſquare of which is 81, 


which being divided by 144, and the quotient mul- 


uplied by 24 the length, we obtain 134 feet for the 


ſolidity of each part, and conſequently the two folidi- 
ties together make 27 feet, inſtead of 24. 

Again, ſuppoſe the balk to be ſo cut, as that the 
dreadth of the one piece may be only 4 inches, and 
conſequently that of the other 8 inches. Here the 
true content of the leſs piece will be 8 feet, and that 
of the greater 16 feet. But, proceeding by the other 
method, the quarter girt of the leſs piece will be 8, 
whoſe ſquare 64, multiplied by 24, and the product 
divided by 144, gives 104% feet inſtead of 8. And, 
by the fame method, the content of the greater piece 
will be 164 feet, inſtead of 16. And the ſum of 
both is 27 feet, inſtead of 24. | 

Farther, if the leſs piece be cut only 2 inches 
broad, and conſequently the greater 10 irches ; the 
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true content of the leſs piece would be 4 feet, and 
that of the greater 20. But, by the other method, 
the quarter girt of the leſs piece would be 7 inches, 
whoſe ſquare 49 being divided by 6, gives 8- feet, 
inſtead of 4, for the content. And by the ſame 
method the content of the greater piece would he 
205, inſtead of 20 feet. So that their ſum would 
be 284, inſtead of 24 feet. 

Hence it is evident, that the greater the pro- 
portion is between the breadth and depth, the greater 
will the error be, by uſing the falſe method; that 
the ſum of the two parts, by the ſame method, is 
greater, as the difference of the fame two parts 1s 
greater, and conſequently the ſum is leaſt when the 
two parts are equal to each other, or when the 
balk is cut equally in two; and laſtly, that when 
the ſides of a balk differ not above an inch or two 
from each other, the quarter girt method may then 
be uſed, without inducing an error that will be of 
any material conſequence. 

From the preceding examples it appears that this 
new method, which 1s very near the truth, 1s full 
as ealy in practice as the coramon falte one. Bur 
there are many other reaſons for changing the me- 
thod ; and one in particular, is the preventing, of tlie 
tellers trom playing any tricks with their timber, by 
Cutting trees into different lengths, fo as to make 
them mgature to more than the whole did; for, by 
the falſe method, this may be done in many reſpects, 
as will appear in the three following problems, 
which contain the chief cates of this artifice, but 
which however I do not explain to teach them c 
ule theſe means. 


PROBLEM 


Sect. 4.] TIMBER MEASURING, 561 


PROBLEM IV. 


To find where a Piece of Round Tapering Timber muſt 
be cut, jo that the Two Parts, meaſured ſeparately, 
according to the Common Method of meaſuring, 
ſhall produce a Greater Solidity than 

when cut in any other Part, and 
Greater than the Whole. 


Cut it through exactly in the middle, or at : of 
the length, and the two parts will meaſure to the 
moſt poſſible by the common method. 


EXAMPLE 


Suppoſing a tree to girt 14 feet at the greater 
end, 2 feet at the leſs, and. conſequently 8 feet in 
the middle ; and that the length 1s 32 feet. 


Then, by the common method, the whole tree 
meaſures to only 128 feet; but when cut through 
at the middle, the greater part meaſures to 121, and 
the leſs part to 25 feet; whoſe ſum is 146 feet; 
which exceeds the whole by 18 feet, and 1s the moſt 
that it can be made to meaſure to by cutting it into 
tWo parts. | 


v u 3 PROBLEM 


— 


— "_ 


* DEMONSTRATION. 

Put G = the greateſt girt, g = the leaſt, and x = the pirt at 
the ſection; alſo L = the whole length, and z = the length to 
be cut off the leſs end. 

Then, by-ſimilar figures, L: x:: G=g : x—g, hence x = 
—— +8. But (g+x)*. 24 (G+x)*. (L—2)= a maximum; 
whoſe fluxion being put equal to nothing, and the value of x 
ſubſtituted inſtead of it, there reſults z L. . 9 


CoROLLARX. | 
By thus biſecting the length of a tree, and then each of the 


parts, and ſo on, continually bifecting the lengths of the ſeveral 
parts, the meaſure of the whole will be continually increaſed, 
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- PROBLEM V. 


To find where a Tree ſhould be Cut, ſo that the 
Part next the Greater End may meaſure 


10 the Moſt Poſſible. 


From the greater girt take 3 times the leſs; then, 
as the difference of the girts is to the remainder, ſo 
is 2 of the whole length, to the length from the leſs 
end to be cut off, | - 


Or, cut it where the girt is x of the greateſt girt. 


Note. If the greateſt girt do not exceed 3 times 
the leaſt, the tree cannot be cut as 1s required by 
this problem. For, when the leaſt girt is exactly 
equal to + of the greater, the tree already meaſures to 
the greateſt poſſible ; that is, none can be cut off, 
nor indeed added to it, continuing the ſame taper, 
that the remainder or ſum may meaſure to fo much 
as the whole: And when the leaſt girt exceeds .. of 
the greater, the reſult by the rule ſhews how much in 
length muſt be added, that the reſult may meaſure 
to the moſt poſſible. | 


EXAMPLE, 


a bt a SY R—_— _— 


n 
„— —e— — 


* DEMONSTRATION. 


Uſing the ſame notation as in the laſt demonſtration ; we ſhall 


have here alſo x = . + g, and (G+x)*, (L- * = a 


maximum ; which, treated as before, gives z = EIT * 31. 
, W " 


Aud x = le 22472 = 3 G, by ſubſtituting the above value of z. 


2. E. D 


Sect. 4.] TIMBER MEASURING. 6563 


E X AMF L E. 


Taking here the ſame example as before, we ſhall 
have as 12 :8 : : : 74 = the length to be cut off; 
and conſequently the length of the remaining part 
is 24x ; allo = 45 is the girt at the ſecton. Hence 
the content of the remaining part is 1354+ feet; 
whereas the whole tree, by the ſame method, mea- 
ſures only to 128 feet. 


PROBLEM VI. 


To Cut a Tree /o as that the Part next the Greater 
End may meaſure, by the Common Method, to exactiy 
the ſame Quantity as the Whole meaſures to. 


* Call the ſum of the girts of the two ends s, and 
their difference d. Then multiply d by the ſim of 4 
and 4s, and from the root of the product take the 
difference between d and 25; then, as 24 is to the 
remainder, fo 1s the whole length, to the length to 
be cut off the ſmall end, 


And if s be taken from the ſaid root, half the 
remainder will be the girt at the ſection. 


vu EXAMPLE, 


* DEMONSTRATION. 


Uling ſtill the ſame notation, we ſhall have 5*L = (L-). 


dz 
(G); hence, inſtead of x, ſudſtituting its value — + 2, we 
obtain z.= 786 (e 42144). And hence x = 
1\/(45+4), 8 5 2E. D 


664 TIMBER MEASURING, [Part 5. 
EXAMPLE. 


Uſing ſtill the ſame example, we have s = 16, 
* = 12, and the length L = 323 hence 


NIA J—25+4) = X(v/76X12— 


— Why 151 57 —264 = 13599118 = the length to 
be cut off; and conſequently 18400882 is the length 
of the remaining part. Alſo VCA TC. d - = 
2957 — 8 7099669 is the girt at the ſection. 
Hence the girt in the middle of the greater part 1s 
14+7' 2. 


210 5498 34, whoſe th part is 2637458 


and conſequently the content of the fame part is 
2-637458* * 18:400882 = 128, the very ſame as 
the whole tree meaſures to, notwithſtanding above 4 
part is cut off the length. 


A NEW 


A 


NEW AND ACCURATE 
T A BS 
O F 1 


AREAS of CIRCULAR SEGMENTS, 
FOR. 


EVERY TEN-THOUSANDTH PART 


D Ia MEEK 


n OF 


ö 


| : 


| Verſ | Seg. Verſ. Seg. Verſ.| Seg. 
| | fine area ſine area line area 
; 0001 | 00000133 || 0046 | 00041540 || 0091 | 00115427 
| 0002 | 00000377 {| 0047 | 00042901 |} 0092 00117332 
0003 | 00000693 [| 0048 | 00044277 || 0093 | 00119247 
| 0004 | 00001067 || 0049 | 000456 bb || ocgy 21172 
[ 0005 | 00001490 0050 | 00047070 {| 009g | 00123107 | 
| 000b | 00001959 þ 0051 | 00048487 f oogb | 00125052 | 
4 0007 |} 000024bg }| 0052 | 00049919 || o0g97 | 00127007 
| 0008 | 00003016 | 0053 |-00051364 || 0098 | 00128972 | 
| 000g | 00003599 || 0054 | 00052823 || oogg | 00130947 | 
4 0010 | 00004215 || 0055 | 00054296 | 0100 | 00132932 | 
' 0011 | 00004863 [| 0056 | 00055781 || 0101 | 00134927 
j 2012 | 00005541 || 0057 | 00057281 o | 00136932 
| 0013 | 00006247 || 0058 | 00058793 || 0103 | 00138947 
} 0014 | ooo! — 2 00060318 | 0104 | 00140971 
{ colg | 00007742 || 00bo | 0oobiBgb | orog | 00143005 
{ 0016 | cooo8529 || oobr | 00063407 || 0106 | 00145048 
{ co17 | 00009341 || 0062 | 00064971 | 0107 | 00147101, 
{ 0018 | 00010177 | 0063 | 000665 47 I 0198 | 00149163 | 
0019 | 00011036 o | 000b8135 Þ 0109 | 00151235 
| 0020 | oo0o0r1919 ff oobs, | 00069736 | 0110 | 00153317 ſ 
' 0021 | 00012823 || 0066 | 00071350 || 0111 | 00155407 
| 0022 | 00023749 || 0067 | 00032975 | 0112 | 00157507 | 
| 0023 | 00014097 || 0068 | 00074613 || 01173 | 00159617 
| 2024 0001 5505 || oobg | 00076263 || 0114 | 00161735, | 
j 0025 | 00016654 || 0070 | 00077924 || 0115 | 00163863 
f 0026 | 00017663 || 0071 | 00079597 | 0116 | 00166000 
| 0027 | oo018B6g91 | 0072 | coo8r282 || 0117 | 00168146 
0028 | 00019738 || 0073 | 00082979 || 0118 | 00170301 
| ©029 | 00020805 || 0074 | 00084688 | 0119 | 00172466 
0030 | 00021889 || 0075 | 00086407 || 0120 | 00174639 | 
.} 0031 | 00022992 {| 0076 | 00088139 | Or21 | 00176821 
j 0032 | 00024113 | 0077 | coo8g881 | 0122 | 00179012 | 
{ 0033 | 00025251 || 0078 | 00091635 || 0123 | 00181212 
| 0034 | 00026407 || 0079 | 00093400 0124 | 00183421 | 
0035 | 00027579 || 0080 | 00095176 |} 0125 | 00185639 | 
0036 | 00028769 oo | oo0g6903 | 0126 | 00187865 
10037 00029975 o082 | 00098762 || 0127 | 00190100 
0038 | 00031197 || 0083 | 00100571 0128 | 00192344 
©039 | 00032436 || 0034 | 00102391 || 0129 | 00194597 } 
0040 | 00033690; f| 0085, | 00104221 || 0130 | 00196858 } 
{ 0041 | 00034961 || 0086 | 00106063 || 0131 | 00199128 } 
0042 | 00036247 [ 0087 | 00107915 || 0132 | 00201406 } 
| £043 | 20037547 || 0088 | 00:09777 || 0133 | 20203693 
0044 | 00038854 || oobg | oor11651 | 0134 | 00205988 þ 
o045 | 02040195 |} oogo I 00113534 | 023 00208292 þ 


*—— 


CIRCULAR SEGMENTS. 667 


Verf. Seg. Lexſ. Seg. Verl. Seg. 

ſine —— hy —_ fine _ 1 4} 
0136 | 00210bo4g || 0181 | 00322912 [022600449919 2 
0137 | 00212925 If 0182 | 00325582 || 0227 | 00452895 f 1 
0138 | 00215254 || 0183. | 00325259 || 0228 | 00455877 1 
0139 | 00217541 || 0184 | 00330943 || 0229 | 00455866 I 
0140 | 00219937 || 0185 | 00333635 || 0230 | 00461861 14% 
0141 | 00222291 || 0186 | 00330333 || 0231 | 00464862 1 
0142 | 00224053 || 0187 | 00339039 || 0232 | 00467869 1 
0143 | 00225024 || 0158 | 00341752 || 0233 | 00470883 | 4. 
0144 | 00229402 || 0189 | 00344472 || 0234 | 00473904 } 
o145 | 00231789 || 0190 | 09347199 || 0235 | 00476930 14 
o146 | 00234184 |} 0191 | 00349933 || 0236 | 00479963 1 
0147 | 00236587 || 0192 | 00352674 || 0237 | 00483002 |] 78 
0148 | 00238998 || 9193 | 00355422 || 0238 | 00486047 4.8 
0149 | 00241417 || 0194 | 00358177 If 0239 | oo4Bgogg i 
orgo | 00243844 || 0195 | 00360939 || 0240 | 00492157 4 
org 40279 9% | 00363708 02410496221 Wit 
0152 | 00248722 o197 | 00366484 || 0242 | 00498291 | 1 
0153 | 00251173 || 0198 | 00369266 || 0243 | 00501 368 518 
O154 | 00253631 || 0199 | 00372056 || 0244 | 00504451 | +48 
o155 | 00256098 || 0200 | 00374853 || 0245 | 00507539 | 48 
o156 | 00258573 || 0201 | 09377656 || 0246 | 00510034 | i 
0157 00261055 0202 00380406 | 0247 00513730 10 
0158 | 00263545 l 0203 | 00353209 0248 | 00516843 | * | 
o159 | 00266043 || 0204 | 00386107 || 0249 | 00519956 1 
160 | 00268549 || 0205 | 90388938 || 0250 | 00523076 | 1 
161 | 00271962 || 0206 | 00391775 || 0251 | 00526201 | '" 
0162 | 00273583 || 0207 | 60394620 |} 0252 | 00529333 hi 
0163 | 00276112 || 0208 | 00397471 0253 | 00532470 | 9 
016400278648 || 0209 | 00400328 || 0254 | 00535014 | UE 
016g | 00281192 || 0210 | 00402193 || 0255, | 00538764 7 
0166 | 00283744 || 0211 | 00406064 || 0256 | £0541920 20G 
0167 | 00286303 || 0212 | 00408941 || 0257 00881 | 
0168 | 00288870 || 0213 | 00411826 || 0258 | 00648249 | 

0169 | 002914414 || 0214 | 00414717 |} 0259 | 00551423 

0170 | 00284025, || 0215 00417614 | 0260 | 00554603 

O171 | 00296614 || 0216 00420518 | 0261 | 00557788 

0172 | 00299211 || 0217 | 00423429 | 0262 00560980 

0173 | 00301815 j| 0218 | 00426346 || 0263 | 00564178 

0174 | 00304427 || 0219 | 00429270 || 0264 | 005H73BL 

O175 | 00307045 || 0220 | 05432201 || 0265 | 00570590 

0176 | 00309672 || 0221 | 004351379 || 0266 | 00573806 

0177 | 00312305 || 0222 | 00438081 | 0267 | 00577027 

0178 | 00314940 || 0223 | 00441031 || 0268 | 00580254 

0179 | 00317594 || 0224 | 00443987 || 0269 | 00583487 

0180 | 00320249 || 0225 | 00446950 || 0270 | 00586726 | 


CT TABLE OP? 


— 


Mike tl. Ate Amelie A Att 


— 


Seg. Verf. 
area fine 
005 89970 || 03106 
00593221 || 0317 
00596477 0318 
025997 39 || 2319 
00603907 || 2320 
02006280 || 0321 
00609350 |} 0322 
006 12845 i] 0323 
090510135 i} 0324 
00619432 [0325 
00522734 0326 
00626042 || 0327 
| 00629356 i} 0328 
006432676 |} 0329 
00636001 || 0330 
00639331 |} 0331 
00542068 [0332 
00645010 || 0333 
00649358 || 0334 
00652711 |} 0335 
00656970 |] 0336 
00659434 [0337 
00562804 \| 0338 
o0566180 |} 0339 
o0669561 |} 0340 
00672948 || 0341 
00576341 || 0342 
00079739 || 0343 
20653142 |} 0344 
| 00986551 |] 0345 
o0639966 i} 0346 
00693386 i 0347 
0069h811 |} 0348 
00700242 || 0349 
00703079 || 0350 
00707120 |} 0351 
007105638 || 0352 
007140210353 
00717479 354 
00720942 I| 0355 
00724411. |] 0356 
02727386 || 0357 
99731396 0338 
09734851 || 0359 
| 00” 2B342_J 0367 


— 


0 


00741838 


— 


— 


— 


—_ — 


deg. 
area, 


00745339 
00748846 
00752358 
00755875 
00759393 
00762926 
00766459 
00709997 
00773541 
00777090 
00750645 
00784204 
0087769 
00791339 
00794915 
00798495 


008072081 


0080567 2 
00809268 


00812809 


00816476 
00820088 
00823705 
00827327 
90830954 
008345 86 
008 38224 
008.41867 
20845314 
00849166 
00852824 
00856487 
00850155 
00363828 
00867506 


90871190 


00874878 
00878571 
003852269 
00885973 
025389681 
00593394 


Verſ, 
fine 


0361 
0362 
563 
0364 
0365 
0366 
0307 
0368 
0399 
2370 
0371 
0372 
2373 
0374 
8375 


0376 


8377 
8378 
0379 
0380 
0381 
0382 
038; 
0384 
0385 
0386 
038 


_—— 


— 


— 


Seg. 
area. 


| 00904564 


o0g08297 
009 12036 
00915779 
009919527 
02923280 
00927038 
009 30801 
00934569 
00938342 
00942119 
2094 5902 
02949086 
0095 3432 
09957279 
00961081 
0056 .,888 
00995700 
80972517 
00976338 


00980164 } 


00923996 
00987831 
00991672 
00995517 
00999368 
01003224 
01007083 
01010948 
01014818 
01018692 
01922571 
0102645 5 


01030343 | 


81034237 
01038135 
01942038 
01045945 
01049857 
01053174 
01057095 
01261622 
o1065553 
01069488 
010-2428 


0 


— —— — 
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1 Verl. Seg. Verſ. Seg. Verf. deg. 
ſine ares ſine area fine | area 
— — 


0406 | 01077373 || 9451 | 01259617 || 049% | 01450745 } 
0108323 || 0452 | 01263770 || 0497 | 01455090 }- 
0498 | 0108;277 || 0443 | 01261927 || 0498 | 01459438 } 
0409 | 01089236 || 0454 | 012752083 || 0499 | 01463791 | 
0410 | 01093199 || 0455 | 01276254 || o500 | 01468148 
0411 | 01097167 || 0456 | 01280424 || o5o1 | 01472509 
0412 | 01101140 || ©457 | 01284599 || 0502 | 01476874 | 
{ 0413 | 01105117 || 0458 | 01288778 || ogo3 | e1481243 | 
| 2414 | 01109099 | 0459 | £1292961 || 0504 | 01485615 |} 
j 241; | 01113086 || 0460 | 01297148 || ogog | 01489994 
| 0416 | 01117077 || 0461 | 01301340 || 0506 | 01494375 * 
0417 | 01121973 || 0462 4 01305536 [ 0507 f 01498761 | 
0418 | 01125073 | 0463 | 01309737 || ogo8 | 01503151 
| 2419 | 01129078 || 0454 | 01313942 || 0509 | 01507544 | 
4 0420 | 01133088 {|| 0465 } 01318151 [051001511942 
01137102 046601322364 0511 [01516344 
01141120 || 0467 } 01326582 || 0512 | 01520750 
0423 | 01145344 || 0468 | 01330804 || o513 | 91525161 } 
| 2424 | 01149171 | 0469 21335931 [051401529575 
0425 | 01153203 | 0479 | 01339261 5533993 
0426 | 01157240 || 0471 | 01343496 || 0516 | o1538415 | 
0427 | 01161282 || 0472 | 01347735 || 0517 | 0154842 
. ] 0428 | 01165328 || 0473 | 01351979 |} og18 | 01547272 } - 
0429 | 01169378 || 0474 | 91356226 || o519 | ot551707 
0430 | 01173433 || 9475 | 91360478 052001556145 
| 0431 | 01177492 || 0476 | 01364735 || 0521 | 01560588 | 
0432 | 21181556 || 0477 | 91368995 |} 0522 | c1555034 | 
| 
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SY 1 


943301185625 || 0478 þ 01373260 || 0523 2 
9434 | 01189697 || 9479 13775290524 


01572940 
©0435 | 01193775 || 0480 | 01351802 || o525 


01578398 | 


— 


# = _ — — 
- Lo SE 


_ 


0430 | 01195857 || 0481 | 013%6079 | 0526 | 01582861 | 
| 9437 | 01201943 || 0482 | 01390361 || 0527 | 01587325 
01200034 | 0483 01394947 || 0528 | 91591798 } 
0439 | 01210129 |} 0454 | 01398937 || 0529 | 01596273 | 
| 0440 | 01214229 0485 , 01403231 || 0530 91500752 


O 
+ 
— 


ä 


044101218333 || 0436 } 01407530 || 0531 | 01605234 | 
| 0442 01222441 || 0437 | 01411533 || 0532 þ 01609720 | 
| 9443 | 01226554 || 0483 | 01416149 || 0533 } 01614211 | 
0444 | 01230572 || 048g | 01420451 |} 0534 | 01618706 . 
, 0445 | 91234794 || 0490 | 01424766 || 0535 | 0162320; 


0446 | 01238920 || 0491 | 01429085 || 0536 | 01627757 
, 9447 | 91243050 || 0492 | 01433409 || 0537 | 91632214 
0448 012471806 [0493 | 01437737 || ©538 | 01635724 
0449 | 01251325 | 0006 01442069 || 0539 | 01641229 } 

| 01255469 || 0495 | 01445405 || 0540 | 01645757 


A ALLE OF 


Verf. | Seg. Verſ. | Seg. Verſ. Seg. 
ſine area ſine area ſine area 
ö — 1 
0541 | 01650279 || 0586 | 01857800 531 | 02073936 | 
0542 | 01654896 |} 0587 | 01862500 0632 020758801 | 
0543 | 01659336 |} 0588 | 01867203 || 0633 | 02083669 
| 0544 | 01663870 || 0589 | 01871910 || 0634 | 02088541 
0545 | 01668408 || 0590 | 01876621. || 0535 | 02093416 
0346 | 01672950 || £591 | 01881335 | 0636 | 02098295 | 
0547 | 01677496 || 9592 | 01886053 || 0637 | 02103178 
59 01682046 |} 0593 | 01890775 0638 oꝛ 108064 
0549 | 01686600 0594 | oi895500 || 0639 | 02112953 |} 
0550 | 01691157 |f 0595 | 01960230 || 0640 | 02114847 } 
o551 | 01695719 59601904963 [0641 02122744 
— | 01700284 0597 | o1909790 || 0642 | 02127544 | 
| 0553 | 01704854 || 05598 | 01914440 || 0643 | 02132548 | 
0554 | 91709427 |} 0599 | 01919184 |} 0644 | 02137455 
0555 | 01714004 }} 0600 | 01923932 || 0645 f 02142366 4 
| 0536 | 01716585 o601 1928684 [ 0646 | 02147281 | 
f 0557 | 91723170 |} 0602 | 01933439 || ©647 | 02152195 | 
| 0558 | 01727759 |} 0603 | 01938198 }| 0648 | c2157121 
0559 | ©£1732351 |} 0624 | 01942961 || 0549 | 02162046 
0560 | 01736948 || 0605 | 01947727 [650 | 02166975 | 
0561 | 01741548 (o | 01952497 if 0651 | 02171905 
o562 | 01746152 || 0607 [01957271 0652 02176842 | 
0563 | 01750760 || 0608 | 01962048 || 0653 | 02181781 | 
1 0504 | 01755372 || 050g | o1966829 l 0654 02186724 | 
0565 1 01759983 0610 | 01971614 [0655 | 02191671 
| 0566 | 01764608 || 0511 01976403 [0656 02196620 | 
0567 | 01769231 || 0612 | 01981195 |} 0657 | 02201574 
"0568 | 01773839 || 0613 | 01986990 |} 0658 | 02206531 | 
0569 | 01778490 || 0614 | 01991790 || 0659 | 02211491 
0570 | 01783125 6615 | 01996593 0660 | 02216455 
0571 | 01787763 || 0516 | 02001400 |} 0661 | 02220422 
0572 | 01792406 [0617 | 02006210 || 0662 | 02225393 | 
0373 | 21795052 |} 0618 | 02011024 |} 0653 | 02230368 | 
3574 | o1$91702 || 0619 | 02015842 0664 | 02235346 
0575 | 01806336 || 0620 | 02020663 || 0655 | 02240327 
0575 | 01811914 || 0621 | 02025488 i 0666 @2245312 | 
0577 | 01815976 || 0622 | 02030317 || 0667 | a2250300 
0578 | 01820341 | 0623 | 02035149 0668 | 02255292 | 
' 0579 | 01825010 || e624 | 02039985 |} a56g | 02260287 þ 
0580 | 01829683 !| 0625 | 02044824 || 0670 | 02265286 | 
o581 | 013834350 || 0626 | 02049667 || 0671 | 02270288 | 
o582 | 01839041 {| 0527 | 02054514 |} 0672 | 02275294 |} 
og83 | 0184372; || 0628 | 02059364 0673 | 92220303 
o;84 | 01848413 j| 0629 | 02054218 |} 0674 | 02285316 | 
2585 | ol85310; {| 0530 | 02069075 || 0675 | 02290332 


CIRCULAR SEGMENTS 


— 


Vert. 


Seg. Seg. Verſ. Seg. 
| area ſine area ſine area 
| 02295351 || 0721 | 02524745 || 0766 | 02760840 
| 02300374 || 0722 02529920 || 0767 | 02766161 * 
| 22305401 | 0723 | 02535098 || 0768 | 02771485 
| 02310431 |} 0724 | 02540279 || 9769 | 02976812 
02315484 || 0725 | 02545464 || 0770 | 02782142, 
02320500 || 0726 | 02550652 || 0771 | 02787475 
02425540 || 0727 | 02555843 || 0772 | 02792812 
02330584 || 0728 | 02561037 || 0773 | 02798152. 
02335631 {| 0729 | 02366235 || 0774 | 02803495 { 
| 02340681 0730 | 02571437 || 0775 | 02808841 F 
02345735 || 9731 | 02576641 || 0776 | 02814190 
02350792 || 0732 | 02581848 || 0577 | 02819543 | 
02355852 || 0733 | 02587059 || 0778 | 02824898 | 
02360916 Þ 0734 | 02592273 || 0779 | 22830257 | 
02365934 || 0735 | 92597491 || 0780 | 02335619] 
02371055 | 0736 | 02602712 |} 0581 | 02340984 | 
02376129 || 6737 | 02607936-}| 0782 | 02846352 } 
02381206 || 0738 | 02613163 || 0783 | 02851723 
02386287 || 0739 | 02618393 || 0784 |; 02857097 
02391372 || 0740 | 02623627 | 0785 | 02862475 
02396459 || 0741 | 02628864 || 0585 | 02867856 | 
02401550 Þ|} 0742 | 023634105 || 0787 } 02873240 
02 4060646 || 0743 | 02639348 || 0788 | 02878627 
02411743 || 0744 | 02644598 || 0789 } 02884017 | 
Q2410845 |} 0745 | 02649845 || 0798 | 02589410 
02421949 || 0746 | 92655098 || 0791 | 0289486 
02427057 || 0747 | 02660355 || 0792 | 02900206 | 
02432169 || 0748 | 0266;514 || 0793 | 0290 
02437283 || 0749 | 02670877 || 0794 } 02911014 | 
02442401 || 0750 | 02676144 || 0795 | 92915423" 
02447523 {| 0751 | 02681413 || 0796 | 02921835 : 
02452648 || 0752 | 02686686 f| 0797 | 02927250 | 
02457776 || 0753 | 02691962 || 0798 | 02932668 
02462908 || 0134 | 02597241 || 0799 | 02938089 [ 
02468042 || 0755 | 02702526 || 0800 | 02943513 
02473180 {| 0756 | 02707809 || o801 } 02948941 
02478322 || 0757 | 02713097 || 0802 | 02954371 þ 
02483467 || 0758 | 02718389 || 0803 | 02959805 
024886015 || 0759 | 02723684 || 0504 | 02965241 { 
2493766 || 0760 | 02528982 || o8o05 | 02970681 | 
02498921 || 0761 | 02534284 || 0806 | c2976124 
02504079 || 9762 | 02739589 || 0807 | 02981570 
02509241 || 6763 | 02744897 || 0808 | 02987019 
02514405 || 0764 | 02750208 || 080g | 02992471 
02519574 [| 0765 | 02755523 |} B10 | 02997926 
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& TaAaidbLE OF 


Verl, Seeg. Vert. Seg. | Verſ. Seg. 
ſine area ſine area ſine area 
0811 | 03003385 | o856 | 03252145 [901 | 03506905 
0812 | 03008845 || 0857 | 03257742 || 0302 | 03512633 
| 0813 | 04014310 || 0858 | 03263342 || 0303 | 03518364 
0814 | 03019778 || 0859 | 93268945 || 0504 3524098 
| 081; | 03025248 |||0860 | 03274550 || 0905 | 03529834 
10816 | 03030722 || 0851 | 03280159 || 0906 | 03535574 
0817 |. 03036198 || 0862 | 03255771 || 0g07 | 03541310 
0818 | 03041678 || 0863 | 03291386 || 0908 | 03547061 
o819 | 02047161 || 0864 | 03297003 || 990g. ©3552809 
0820 | 3052646 |} 0865 [03302624 910 | 03558560 
| 0821 | 03058135 || 0866 | 03303247 || 0911 | 3564313 
| 0822 | 03063627 || 0567 | 03313874 || 0912 | 03570070 
j 0523 | 03069122 | 0868 | 03319503. | 0913 | 23575829 
410824 | 03074620 | o869 | 03325135 | 0914 03581591 | 
o8z5 | 032801:1 | 0870 | 03330771 0915 | 03587356 
0826 | 03085625 | 0871 | 03330409 |! 0916 | 03593124 
0827 | 03291132 | 0872 | 03342050 || 9917 | 03598895 | 
0828 | 03096642 | 9873 | 03347094 || 0218 | 03604668 | 
082g | 03102155 | 9574 | 03353341 | 0919 [ 03010444 
0330 | 031075671 | 08575 | 03358991 || 0920 | 03016223 
o831 | 03113190 | 0876 | 03364643 || 0921 | 03622005 
| 0832 | 03118713 |! 0877 | 03370299 || 0922 | 03627750 
| 0833 | 03124235 || 0878 | 03375958 || 0923 | 03033575 
0834 | 04129766 | 0-79 | 0338619 || 0924 | 03639308 
10835 | 03135297 || 0850 | 03357284 || 0925 | 03645161 
| 0836 | 03140832 || 0881 | 04392951 j| 0926 | 03650957 
] 0837 | 03146369 || 0382 | 03398621 || 0927 | 03556756 
0838 | 03151909 | 0883 | 03404294. || 0928 | 03662558 
1 o839 | 03157452 || 084 | 03409970 || 0929 | 04968302 
0840 | 03162999 || 9885 | 03415649 || 0930 | 03674109 
j 0341 | 03168348 || 0586 | 03421331 || 0931 | 03679980 
| o842 | 03174100 [88703427016 || 0932 | 93685792 
0843 | 03179655 | 0888 | 03432704 || 9933 | 63691608 | 
| 0844 | 03185214 || 0389 | 03438394 || 9934 | 03697426 | 
| 984; | 03199775 || 9850 | 03444088 || 0935 | 03703248 | 
| 9846 | 03190339 0391 | 93449784 || 9936 | 03,09072 
o8B47 | 93201906 | 9892 | 03455483 || 9937 | 03714899 
0848 | 03207476 !| 0893 | 03461185 || 0938 | 03720728 
0349 | 03213550 || 0394 | 03466890 || 0939 | 03726561 
| o850 03218626 | o895 | 03452598 || 0940 | 03732390 
{ 0851 | 03224205 }| 0295 | 034783cg || 0941 | 03738234 
10852 | 03229787 }| 0897 | 03484022 | 0942 | 03744074 
| 0853 | 03235372 || 0898 | 03489739 || 9943 | 03749918 
0854 | 0324060 || 0899 | 03495458 || 2944 | 93755704 
o855 | 23246551 i| ogoo | 03501180 || 0945 | 03761613 | 
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CIRCULAR SEGMENTS, 673 4 
Verl. Seg. Verl, Seg. Veil. Seg. | 0 | 
1 fine area tine area | line area i. 


_ — 


03707405 }| 0991 | 04033039 l 1030 | 04305241 
9947 | 03773320 || 0992 | 04039613 || 1037 | 04311335 
0948 | 03779177 || 0993 | 04045593 || 1035 | 04317430 
0949 | 03783037 || 0994 | 04051576 || 1039 | 01323539 
0950 | 03790400 || 0395 | 04057561 || 1040 | 04329042 
0951 | 03796706 || 09906 | 04053549 || 1041 | 94335749 
0932 | 03802634 || 0997 | 04069540 || 1042 | 94341857 
0953 | 03503506 || 0,98 | 04075533 || 1943 | 94347909 
0754 | 03814350 || 0399 | a4081529 || 1044 | 94354083 | 
0955 _| 03820256 || 1000 | 04037528 [|| 1045 | 0430000 
0956 | 033826135 || 19001 | 04093529 || 1046 | 04366319 } 
0957 | 03932018 100 | 04039533 || 1047 | 94372442 | 
| 0958 | 03837993 || 1c03 | 04103540 1048 | 94378566 
0959 | 03543791 || 1094 | 04111549 || 1049 | 94384693 þ 
0960 | 03849651 || 1005 | 04117561 || 10;0 | 94390823 
0961 | 03855574 || 1096 | 04123576 || 1051 | 94399955 | 
0962 | 03891470 || 1007 04129593 || 1052 | 04403090 
0963 | 03857369 || 1005 | 04135613 || 1053 | 94409223 
0964 | 03873270 || 1009 | 04141635 || 1054 | 24415368 
| 0965 | 03579174 || 1010 | 04147661 I} 1055 | 04421511 
0966 | 03885081 || 1011 | 04153689 1056 | 04427655 
03399991 || 1012 | 04159719 || 1057 | 04433504 | 
0968 | 03890903 || 1013 | 04165752 || 1058 | 94439954 } 
o969 | 03902818 || 1014 |-04171758 || 1059 | 04446107 
0970 | 03908726 || 1015 | 04177827 || 1060 | 04452262 
03914057 || 1016 | 04183308 || 1061 | 04458420 
0972 | 03920580 || 1017 | 04189912 || 1062 | 04464587 
1 9973 03920505 || 1018 | 04195958 || 1063 044707 
0974 | 03932435 || 1019 | 04202007 || 1054 | 044769i0 
09-5 | 03938365 || 1020 | 04208059 {| 1oHg | 04483078 
0976 | 03944300 || 1021 | 04214113 || 1066 | 044589249 
0977 | 03950237 || 1022 | 04220170 j| 1967 | 04495422 
0978 | 039591706 1023 | 04225229 || 1008 | 04501598 | 
0979 | 03902119 j| 1024 | 04232291 || 106g | 04507777 
o95o | 03998064. || 1025 .| 04238356 If 1070 | 04513958 
10981 | 03974011 |j| 1026 | 04244424 || 1071 | 04520141 
0982 | 03979992 | 1027 | 94250494 || 1072 | 04526327 
0983 | 03935915 [1028 | 04255506 || 1073 | 94332516 
o984 |-03991870 j| 1029 | 04292042 }} 1074 | 04538507 
0385 | 03997829 j| 1030 | 04258719 || 1075 f 04544901 | 
0936 | 04003790 j| 1031 | 04274890 , 1956 | 04551097. 
04009754 | 1032 | 04230383 || 1077 | 045572959 
09883 | 04015720 j} 1033 ! 04286959 || 1078 | 04563497 
0989 | 04021689 || 1034 | 04293055 I| 1979 0456970 
| 0990 | 04027061 1035 | 04299143 |} 1089 | 04575907 | 
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Verf. Seg. Verf. Seg. | Verſ. Seg. | 

$ ſine area line Area | tine area | 
1081 | 24582116 | 1126 , 04804103 || 117 05151054 | 
1082 | 04588327 || 1127 | 04870426 | 1172 05157486 
1083 | 04594341 [1128045876752 || 1173 | 05163920 

| 1984 | 04600758 || 1129 | 04883080 | 1174 | o5170357 
1085 | 04609977 || 1130 | 048894111 || 1175 | 05176796 
1086 | 04613198 |] 1131 |. 04895744 || 1176 | 05183237 

| 1087 | 04619422 || 1132. | 04902079 || 1177 | 05189081 
1088 | 04625649 || 1133 | 04908417 ||, 11755 | 05196127 
1089 | 04631878 || 1134 | 04914738 || 1179 | 05202570 | 
1090 | 04638109 || 1135 | 04921100 || 1180 | 05209027 
1091 | 04644343 |} 1135 | 04927446 || 1181 | 05215480 } 

| 1092 | 94650580 || 1127 | 04933793 18205221936 
1093 | 046;6819 || 1138 | 04940144 || 1183 | 05228394 | 
1094 | 04663060 || 1139 } 04946496 || 1194 | 05234855 | 
1095 | 0466930. || 1140 | 049;52851 If 1185 | 05241317 | 
1096 | 04675551 || 1141 | 04959209 |} 1156 | 05247783 
1097 068 1800 | 1142 | 04965568 || 1157 | 05254250 | 
1098 | 04c830;2 |} 1143 | 04971931 || 1:88 | 05260720 | 
1099. 04694305 || 1144 } 04978295 1189 05207192 } 
1100 | 04700562 || 1145 | 04984663 || 1190 | 05273667 | 
1101 | 04706821 || 1140 | 04991032 |þ L191 | 05280144 
1102 | 04713083 || 1147 | 04997494 If 1192 | 052865923 | 
1103 | 04719347 || 1149 | 05903779 || 1193 4 05293105 } 
1104 | 047523013 |} 1149 | 05010155 I| 1194 þ 05299589 | 
1105 | ©4731582 || 1150 | 05015535 || I195 | 05306075 } 
1106 | 04738154 1151 [05022916 1196 | 05312504 
1197 | 04744428 | 1152 | 05029300 || 1:97 | 05319055 | 
1103 04750704 | 1153 | 05035687 || 1198 | 05325548 | 
1109 | 947560983 || 1154 | 05042076 1199 | 05332044 | 
1110 | 04763255 || 1155 | 05048467 || 1200 | 05338542 | 
111104769548 || 1156 | 05054561 U 1201 | 05345042 | 
1112 | 04775835 | 157 | ogoh1257 ff 1202 | 05351545 
1113 | 04782124 || 1138 | 05057655 12030535 8050 
1114 | 04788415 | 1159 } 05074056 || 1204 | 05394555 | 
1115 f.04794709 jf 116c | co80459 || 1205 | 05371067 
11160480106 | 1161 } o5o86865 || 1206 |} 03377579 
111704807304 j| 1162 0509327 1207 | 05334094 

} 1118 | 04814605 j| 1163 | 05094684 || 1208 | 05399610 
111g | 04819558 i 1164 | 05106097 If 1209 | 05397130 
112004826215 1165 05112512 1210 5403691 | 

112104832 55 | 1196 | 05118930 || 1211 | 05410175 
1122 [04838834 I} 1167 Pog12z5350 i| 1212 | 05416701 | 
1123 | 04845143 ||-1168 | 05131772 if 1213 | 05423229 
1124 | 04851464 I} 1169 | 05138197 || 1214 | 05429760 

| 1125 | 94857782 [170 | 05144624 || 1215 |} 05436203 


. oo een rome - 


CIRCULAR SEGMENTS». . 675 
Verf. Seg. |] Verſ. |. Seg. Verſ. Seg. 
fine ] area tine area fine area 
1210 | 05442928 || 1261 | 05739292 || 1306 | 06040315 
1217 | 05449366 || 1262 | 05745932 || 1307 | 06947055 
1218 | 03455906 || 1263 | 05752575 || 1308 | 06053801 } 
1219 | 05462448 || 1254 | 05759220 || 1309 060605 46 
1220 | 05468992 || 126; | 05765867 || 1310 | 06067293 
1221 | 05475539 || 1265 | 05772516 || 1311 | 06074042 
1222 | 05482088 || 1267 | 05779168 || 1312 | 06080793 
1223 | 05438640 || 1258 | 05785822 || 1313 | 06087545 | 
1224 | 05495194 || 1269 | 05792479 || 1314 | 06094302 
1229 | 05501750 || 1270 | 05799136 || 1315 [06101060 | 
1226 | 05508308 || 1271 | 05805797 || 1316 | 06107820 
1227 | 05514869 || 1272 | 05812460 || 1317 | 06114582 
1228 | 05521432 || 1273 | 05819125 || 1318 | 05121347 
1229 | 05527997 || 1274 | 05825792 || 1319 | 06128113 
1230 | 05534565 || 1275 | 05832461 || 1320 | 06134882 | 
I231 | 05541135 || 1276 | 05839133 || 1321 ii 
1232 | 05547707 || 1277 | 05845807 132206148426 
1233 | 05554281 || 1278 | 05852483 [132306155201 
1234 | 05560858 || 1279 | 05859162 || 1324 | 06161978 
1235 þ 05567437 || 1280 | 55865843 || 1325 | 06165758 
1235 | 05574019 || 1281 [05872525 [ 1326 \| 06175540 
1237 | 05580602 || 1282 | 05879211 || 13297 | 06182324 
1238 | 05587188 || 1283 | 05885898 |} 1328 86189110 
1239 | 05593776 || 1284 | 05892588 || 1329 | 06195898 I 
1240 | 05600357 || 1285 | 05899279 || 1330 | 06202688 
1241 | 05606960 || 1285 | 05905973 || 1331 | 05209481 | 
1242 | 05613555 || 1287 | 05912670 || 1332 | 06216276 | 
1243 | 05620152 || 1288 | 05919368 || 1333 | 06223073 | 
1244 | 05626752 || 1289 | 05926069 [ 1334 | 06229872 
1245 | 95633353 || 1290 | 05932772 || 1335 | 96236573 
1246 | 05639958 || 1291 | 05939477 || 1336 | 90243476 
1247 | 05646564 || 1292 | 05946184 || 1337 | 05250282 
1248 | 05653173 || 1293 | 05952894 || 1338 | 06257090 | 
1249 | 95659784 || 1294 | 05959605 || 1339 | 05203899 
1250 05566397 || 1295 | 05966319 If 1340 | 90270711 
1251 05673012 || 1295 | 05973035 || 1341 | 06277525 
1252 | 03679730 || 1297 | 05979754 |} 1342 | 09284342 
1253 | 05686250 || 1298 | 05985474 || 1343 | 06291165 
1254 | 25692873 || 1299 | 05993197 || 1344 | 96297981 | 
1255 | 956994997 |j. 1300 | 05999922 If 1345 | 06394803 | 
1256 | 05706124 || 1301 | 06006649 || 1345 | 06311628 I 
1257 | 95712753 ||-1302 Þ 06013379 || 1347 | 06313455 
1258 | 05719384 || 1303 | 06020110 || 1348 | c6325284 
1259 | 05726018 || 1304 | 06026844 || 1349 | 05332116 | 
1260 | 05732654 | 1305 | 06033589 || 1350 06338949 | 
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TABLE OF 
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F dog {. Seg. | 
Verl. Seg. |] Verl. Sg: | e — 
ſine are? ſine are: a 
655875 1441 | O0 577 
n 
3 — 02 3 86569442 1443 | 06983029 
— Wye Foy ho 06676378 144406990657 
4; ris = 95583310 1445 | 05997688 
1355 093 7 3L48 | . e 
1356 02379994 — 133 Fe e 
1350 3 | — 070145 144807018793 
1358 | 05393093 | 3 3 e eee 
2 — 06718042 | 1450 | 07032873 
. Om — 56724993 1451 2 
a 7 . 1452 07046961 
1362 [06421116 1407 58731940 OT CS 
1363 | 05427977 _ 1 my rim pon 
os M08 3 05752818 1455 | 07068108 
—_ * * 1 | 05759580 || 1456 | 07075162 
1376 0445573 * 5 1437 | 65082217 | 
1367 0045 5443 _ — 4 0274 
. 2 — 06780576 1459 | 07096333 
909 ED Mis 06787646 || 1460 | 07103394 | 
_ 2 bard 0679461 8 || 1401 | 07110457 
w_ ; 2 - | 05801592 || 1462 | 07117522 
=_ 2 fn | 1220 0680856 1453 | 07124539 | 
5 8878 700 05815545 || 1464 | 07131659 | 
— 6 | —— 96822525 1465 07138730 
— 3 — 06829507 || 1466 | 97145803 | 
_ l 22 o9836491 }| 1467 | 07152875 ] 
pan | 0526008 = 06843478 1468 | 07159955 | 
aa . 068 50466 || 1469 | 07167034 
1379 065 38042 424 ee, won tienes ane | 
$37 2877785 =I 06364 448 1471 | 07181198 | 
1237 264% 3 06871443 || 1472 | 67158284 | 
= 2 — 05878439 1473 | 07195371} 
14 3 . 06885437 || 1474 | 07202460 | 
$394 j O25” > Sores | ee 
1338 26508 | = —— * 07216644 | 
" 3 1435 06996445 |} 1477 | 97223739 
1d 8 — 1 06913451 || 1478 | 07230835 | 
— yas ons | 05920460 || 1479 | 07237935 | 
— Om mY o9927470 || 1480 | 07245036 þ 
_ 70 | | - & of + N 
4644 e | 1435 | 96934483 || 1481 07252139 | 
— 2527860 14375941498 || 1482 | 075259244 
— |66634 1436 069485 15 [148307266351 
— % ay 00955533 |} 1434 | 07273400 | 
1394 06641716 439 05962554 148; 07280571 g 
1305 | 05648644 ] 1440 | Of | '5 : 


CIRCULAR SEGMENTS. 


Verf. Seg. || Vell. Seg. Verſ. Seg. 
| tine ares | fine area fine area 
1436 | 07287 84 1531 f 07609792 157607035 802 
| 1457 | 07294798 |} 1532 | 07016994 || 1597 | 97943999 
| 1488 | 075301915 | 1533 | 07024199 || 1578 | 07950380 
1459 | 97399034 || 1534 | 07631406 N:1579 | 07957672 
I49c 07319155 | 1535 | 07638514 || 1550 | 07964966 
| 1491 | 07323278 || 1530 | 07043824 || 1581 | 07972262 
| 1492 | 97335492 |; 1537 j 07053037 If 1552 | 07979;60 
| 1493 | 07337529 || 1538 | 07659251 I|| 1583 | 07986859 
1494 | 97344653 1539 | 07697467 |} 1584 | 07994161 
| 1495 | 05351788 |! 1540 | OI 158; | 0001464 
| 1496 | 073535921 ' 154! | 07681905 1586 [83008769 
1497 | 07366056 ; 1:42 | 07689127 [1587 08016076 
| 1498 | 07373192 | 1543 | 07696350 1588 08023385 
1499 | 07380331 | 1544 ; 07703570 | 158, | 08930696 
1500 | 95387471 || 1545 | 077:0804 þ| 1599 | 05038003 
1501 | 07394013 || 1545 | 07718033 || 1591 | 08045323 
1502 | 07401758 j| 1547 | 97725265 1592 | 05052639 
1503 | 07408994 jj 1545 | 97732498 || 1593 | 9059957 
1504 | 07416052 || 1549 | 97139733 || 1594 | 98057277 
1505 | 97423203 || 1530 | 27749970 || 1595 | 98074599. 
| 1506 | 97430355 || 1551 | 97754209 || 1595 |} 08081923 
1507 | 27437509 || 1552 | 97761450 || 1597 | 93989248 
| 1508 | 0744455; || 1553 | 97768693 || 1598 | 08096576 
1509 07451823 1554 897775938 1599 8103905 
1510 | 07458933 j| 1555 | 07783185 | 1600 | 05111236 
1511 07406145 1556 07790433 | 1601 | 0811856g 
1512 | 07473309 || 1557 | 97797654 | 1602 | 08125904 
1513 | 0748047; || 15:8 | 07804930 || 1603 | 08133241 
1514 97487613 j| 1559 | 97512190 || 1604 [08 1405 80 
1515 | 07494812 || 1560 | 07819445 | 1605 | 08147920 
{ 1516 | 07501984 '| 1561 | 97826704 |; 1606 08155262 
1517 | 07509158 || 1562 | 07533964 | 1607 | 03162607 
| 1518 | 07516333 || 1553 [078412261608 | 0816995 3 
I519 | 97523511: |] 1564 | 05348490 | 1609 | 03177300 
1520 | 0530090 || 1555 | 07855756 || 1610 0818450 | 
1521 7537872 || 1566 | 079953023 16717 28192002 | 
1522 | 97545955 || 1557 | 07870292 | 1612 | 03199355 
1523 | 97552240 || 1568 | 07877564 || 1613 | 03206710 
1524 | 97539427 |} 1569.4 07884837 16146821405) 
1525 | 07366616 || 1570 | 07892112 | 1615 | 08221426 
1526 | 05573808 |} 1571 | 07899389 || 1616 08228789 
1527 | 07581001 (1572 07906668 |} 1617 | 08236150 
| 1528 | 07;388195 {| 1573 | 07913949 | 1618 | 03243514 
1529 | 97595392 || 1574 | 07921231 || 1619 | 0325-880 
1559 | 07H02591 i] 1575 1 07928516 [ 1620 | 08255248 


- -_ — — 3 7 
— 


— - Ms: — - 
- — — — — - - ww _— TT TER — ” 
4 - - : ah oY 


- retro — 


_ - F 
— — 


1 
i 


— 
— —„— 


*%. 
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P 
— —— 2 — 
_ i — — 


X X 3 
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E —— ey. 2 
— 3 8 . 
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— 


— — 


678 A F Ant r oF 


— 


——_ 


| Verf. | seg. Verl.] Seg. verſ. Seg. | 
fine area | fine area ſine area | 


N 1621 | 08265618 || 1666 | 58590148 [178936302 
q 1622 | 08272990 || 1667 | 08606601 || 1512 | 08943835 
1623 | 08280364 || 1668 | 08614056 || 1713 | 08951369 
1624 | 08287729 || 1669 | 08621513 || 1714 | 08958906 
$ 1625 | 08295116 || 1670 | 08628972 || 1715 | 08966444 
1626 | 03302495 || 1571 | 08636432 || 1716 | 039739833 
1627 | 08309876 || 1672 | 08643894 [1717 | 08981525 
1628 | 08317259 || 1673 | 08651358 [| 1718 | 08989068 
1629 | 08324644 || 1674 | 08652824 || 1719 | 08996613 | 
1530 | 08332030 75 | 98666292 || 1720 | 09904160 
| 1631 | 08339418 || 1676 | 95673761 || 1721 | 09011709 
1632 | 08346808 || 1677 | 05681232 || 1722 [09019259 
1633 | 08354200 || 1678 | 08688705 || 1723 | 09026811 
1634 | 98351594 || 1679 | 08696180 || 1724 | 09034394 
1635 | 98368959 || 1650 | 08703656 || 1725 | 09041920 
4 1536 [08376387 || 1681 | 05711134 || 1726 | 092949477 
11637 | 083837 86 || 1682 | 08718614 || 1727 | 09057036 
1638 | 08391187 (| 1683 | 08726096 || 1728 | 09064596 
1639 [8398590 || 1684 | 08733580 || 1729 | 09972159 
{ 1640 | 93405994 || 1585 | 08741065 |} 1730 | 09979723 
1641 | 08413401 1686 | 08748552 If 1731 | 09987289 
4 1542 | 038420809 || 1587 | 08755041 || 1732 | 09094356 
q 1643 [08428219 || 1688 | 08763532 If 1733 | 09102425 
1644 | 93435631 || 1559 | 08571024 || 1734 | 991099996 
1645 | 93443044 || 1690 | 03778518 || 1735 [9117569 
| 1646 | 08450460 || 1691 | 08786014 || 1736 | 09125143 
' | 93457877 1692 | 08793512 || 1737 | ©9132720 
| 1648 | 08465296 || 1693 | 08801011 || 1738 | 09140299 
08472717 || 1694 | 08808512 || 1739 09147877 
1650 | 08480140 || 1695 | 08816015, || 1740 | 09155458 
| 98487564 || 1696 | 08823520 || 1741 | 09163042 
| 1652 | 98494991 || 1697 | 08831027 || 1742 | 09170626 
1653 | 98502419 || 1698 | 08838535 || 1743 | 09178213 
7 1654 | 08509849 |} 1699 | 08846045 || 1744699185801 

1655 | 08517281 || 1700 | 08853557 {| 1745 | 09193391 
1656 | 08524714 || 1701 | 08861070 || 1746 | 29200983 
1657 | 08532149 || 1502 | 08868585 || 1747 | 29208576 
1658 | 08539587 || 1703 | 08876103 || 1748 | 09216171 
11659 | 08347025 || 1704 | 08883621 || 1749 | 9223768 
1660 085 54466 | 1705 | 08891142 || 1750 | 09231396 
1661 | 08561999 || 19506 | 08898664 1751 | 09235966 
1662 [0856935 3 1707 | 08906188 || 1752 | 09246568 | 
1663 5 , 1708 . 1753 | 09254172” 


— 
— 
wc 
— 


— — — 
O O wa) 
— — 


1664 [08584247 || 1729 | 08921242 j| 1754 | 09261777 | 
{ 1065 | 08591997 || 1770 | 08928771 ff 1755 | 09269384 } 


—_— —— 


CIRCULARS EGMENTS. 


679 


Verſ. Seg. Verſ. Seg. Verſ. Seg. 
ſine area ſine area ſine are! 
1756 | 09276993 || 1501 | 09621138 || 1846 | 09968554 
I757 | 09284603 || 1802 | 09628924 || 1847 | 09976414 
1758 | 09292216 || 1503 | 096355 12 || 1848 | 09984176 
759 | 09299829 -]| 1504 | 09644201 || 1849 | 09991939 
1760 | 0930; 145 || 1805 | 09631893 |} 1850 | 09999794 
1761 | 09315002 1806 | 09659555 || 1851 | 10007471 
1762 | 09322081 || 1807 | 09667280 || 1852 | 10015240 
1763 | 09330302 || i808. | 09574976 |} 1853 | 1002 3010 
1764 | 09337924 1809 09682674 || 1854 | 10930781 
1755 | 09345548 1810 | 09690374 || 1855 | 10038555 
1766 | 09353174 || 1311 | 0969807; || 1856 | 10046330 
1767 | 09360802 || 1812 | 095955778 || 1857] 10054106 
1758 | 09368431 || 1813 | 09713482 || 1858 | 10061834 
1769 | c9375062 || 1514 | 097211 | 1359 | 10069664 
1772 | 09383694 || 1815 | 09728896 [1860] 10077445 
1771 | 09391328 || 1816 | 097 36606 || 1861 | 10085228 
1772 [09398964 || 1817 | 09744317 || 1862. | 10093012 
177309406602 || 1818 | 09752029 186310100799 
1774 | 09414241 || 1819 | 09759744 [|| 1864 | 10108586 
1775 | 09421882 || 1820 | 09767490 |} 1855 | 10116376 
1776 | 09429525 || 1821 | 09775178 |} 1866 | 10124167 
1777 | 09437169 [ 1322 | 09782597 | 1897 | 10131959 
1778 | 09444815 || 1823 | 09796618 || 1863 | 19129754 
1779 | 09452463 || 1824 | 09798341 || 186g | 10147549 
1780 | 09460112 || 1825 | 09806065 jj 1870 | 10155347 
1781 | 09467704 || 1£26 | 09813791 || 1571 | 10163146 
1782 | 09475416 || 1827 | c9821519 || 1872 | 10170947 
1783 | 09433071 | 1828 | 09829248 || 1873 | 10178749 
1784 | 09490727 || 1829 | 09836979 || 1574 | 10186553 
1785 | 0949838; || 1830 | 09844711 || 1575 | 10194358 
1786 | 09506044 || 1831 | 09852445 || 1376 | 10202165 
1787 | 09513705 || 1832 | og860181 || 1875 | 16209974 
1788 | 09521368 || 1833 | 09867919 || 1878 | 10217784 
1789 | 09529933 || 1334 | 09875958 || 1579 | 10225596 
1799 | 09536699 || 1833 | 09833398 || 1550 | 10233409 
791 | 99544367 || 1836 | 09891141 || 1881 | 10241224 
1792 | 09552036 || 1837 | 0989838; || 1382 | 10249041 
1793 | 9559708 || 1838 | 03906630 || 1583 | 10256859 
1794 | 0936381 || 1839 | 09914377 || 2854 | 10264679 
1705 | 99575055 || 1840 | 99922126 || 1885 | 10272500 
796 | 09582731 || 1841 | 09929877 || 1886 | 10280323 
1997 | 09599409 || 1842 | 09937629 || 1387 ! 10288148, 
1793 | 09598089 || 1843 | 09945383 || 1558 | 10295974 
799 | 29605770 || 1844 | 09953138 || 188g | 10303802 
1859 | 09613453 || 1845 [09960895 || 1800 | 10311621 


* 3:4 


680 


* 


n err 


—— A. 


8 


ſine 


1891 
1892 
1893 
1894 
1895 
1895 
1897 
1898 
1899 
oo 
1901 
1902 
1903 
1904 
1905 
1906 
1907 
1903 
1909 
1910 
1911 
1912 
1913 
1914 
1915 
1916 
1917 
1918 
1919 
1920 
1921 


1922 


1923 
1924 
1925 
1926 
1927 
1928 
1929 
1930 
11931 


1932 


1933 
1934 
I 1935 


Sep. 
area 


10319462 


10327295 
10335129 
10342965 
10350802 
10358641 
10366481 
10374324 
10382157 
10390013 
10397859 
10405708 
10413555 
1942 1409 
10429262 
10437117 
8444973 
10452831 
10460691 
104685 52 
10476414 
10484278 
10492144 
1050001 1 
19;07880 
10515751 
19523923 
10531490 
10539371 
10547243 


10555125 


10563006 
10570887 
10578770 


1058665 5 


10594541 
1cH02428 
10610318 
10518208 
10526101 
10633994 
10641890 
10649787 
1065768; 


| Vetſ. 


fine 


1935 
1937 
1938 
1939 
1940 
1941 
1942 
1943 
1944 
1945 
1940 
1947 
1948 


1949. 


1950 
1951 
1952 
1953 
1954 
1955 
1956 
1957 
1958 
1359 
Iy 0 
1961 
1962 
1903 
1964 
1905 
1966 
1907 
1968 
1969 
1970 
1971 
1972 
1973 
1974 


wn 


— 2 — — ad. —_ 


——_ 


— 


—_ —— 


Seg. 


area 


10651390 
10589295 
10697201 
10705 109 
10713018 
10720929 
10728842 


10736756 


10744671 
to7 52588 
10760507 
10768427 
10770349 
10784272 
10792197 
10500123 


10808051 


10815980 
10823911 
10851844 
10839778 
0847713 
1085 560 
10863589 
10871529 
19879471 
10087414 
10895359 
10903305 
10911253 
10919202 
10927153 
10935 105 
10943959 
109591014 
10955971 
109569 30 
1997 4390 
10982851 
10990814 
10998779 
11006745 
11014713 
11022582 


— —ꝛ—œũ—b 


Verſ. 
ſine 


10673407, 1981 


1982 
1983 
1984 
1985 
1986 
1987 
1988 
1989 
1990 
1991 
1992 
1993 
1994 
1995 
1096 
1997 
1999 
2000 
2001 
2002 
2003 
2004 
2005 
2006 
200” 
2008 
2009 
2010 
2011 
2012 
2013 
2014 
2015 
2016 
2017 
2018 
2019 
2020 
2021 
2022 
2023 
202 

2025 


Seg. 


ö 


—— er en rn EI III OR | 


1103005 2 
11038624 
11046598 
11054573 
11002550 
11070528 
11078507 


11086489 


11094471 
1110245 

11110441 
11113429 
11126417 
11134497 
11142399 
11150392 
11158387 
11166383 
11174381 
11182380 
11190381 
11198383 
11206387 
11214392 


11222399 


11230407 
11228417 
11246428 
11254441 
11262455 
11270471 


11278488 | 
11286;07 | 


11297527 
11392549 
11310572 
11318597 
11326023 
11334650 
11342679 
11350710 
11355742 
11366776 
11374811 


J 


10665 585 


11382847 


CIRCULAR 


SEGMENTS, 


681 


— 
* 


Verf. Seg. Seg. verſ. Seg. 
tine area ſine area ſine area 
202611390885 j} 2071 | 11554115 211612. 20272 
2027 11398925 || 2072 | 11762220 || 2117 | 12128442 
2028 | 11406966 || 2073 | 11570327 || 2118 | 12130613 
202 11415008 [ 2074 | 11778435 || 2119 | 12144785 | 
2030 | 11423052 || 2075 | 11756545 || 2120 | 12152959 } 
2031 | 11431097 20% | 11794656 || 2121 | 12161134 
2032 | 11439144 || 2077 | 115802568 || 2122 | 12169311 
2033 | 11447193 l 2078 |. 11810852 || 2123 | 121% 489 
2034 | 11455242 || 2079 | 11513995 || 2124 | 12135668 | 
2035 | 11463294 ;|. 2080 | 118257114 || 2125 | 12193849 
2036 | 11451345 || 2081 | 11835233 |} 2125 | 12202031 | 
2037 | 11479401 [ 208211843352 | 2127 | 12210215 
2238 | 11487456 || 2083 | 11851474 | 2128 | 12218400 
2035 | 11495514 || 2084 | 11859596 || 2129 | 12226587 | 
2040 | 11503572 || 2585 | 118657720 | 2130 | 12234774 
2041 | 11511632 || 2086 11875846 2131 | 12242964 
2042 | 11519694 || 2087 | 11833972 J 2132 | 12251154 
2043 | 11527757 || 2082 [11892101 || 2133 | 12259346 
204, | 115582 2089 | 11999230 || 2134 | 12267540 | 
2045 | 11543587 || 2090 | 11995302 2135 | 12275735 
2046 | 11551955 I 2091 | 11916494 If 2136 | 12283931 
2047 | 11560824 || 2092 | 11924628 I} 2137 | 12292129 
2043 | 11568094 || 2093 | 11932794 || 2138 | 12300328 
20.19 | 11576165 | -094 | 11940901 || 2139 | 12308528 
2050 | 11584239 | 2095 | 11949039 || 2140 | 12316730 
2051 | 11592314 || 2096 | 11957179 || 2141 | 12324933 
2052 | 11600390 IN| 2097, | 11965320 [|| 2142 | 12333138 
| 2053 | 11005468 |} 2098 | 11973492 |} 2143 | 12341344 
205.4 | 11616547 2099 {| 11981606 || 2144 | 12349551 | 
2055 | 11524625 || 2100 | 11989732 |} 2145 | 12357760 
2055 | 11632710 || 2101 | 11997899 || 2146 | 12355970 
2057 | 11640793 || 2102 | 12000047 || 2147 | 12374132 
2058 | 11645855 || 2103 | 12014197 || 2148 | 12382395 
20,9 | 11656965 || 2104 | 12022348 || 2149 | 12300609 
2000 | 11665053 |} 2105 | 12030501 | 2150 | 12398825 
2051. | 11673142 || 2105 | 12038655 [2151 12407042 
2062 | 11681233 || 2107 | 12040810 f| 2152 | 12415261 
2063 | 11689325 || 2108 | 12054967 || 2153 | 12423481 
2054 | 11697419 || 210g | 12963125 | 2154 12431702 
2065 11795514 || 2110 | 12071285 2155 | 12439924 
2066 [11713610 || 2111 | 12079440 || 2156 | 12448149 
206711721708 [2112] 12087608 || 2157 | 12456374 
2068 | 11729808 || 2113 | 12095772 || 2158 | 12464601 
206g | 11537909 || 2114 | 12103938 210 12472829 
207 | 11746011 || 2115 | 12112104 || 2160 | 12481059 


A TALE OP 


"IF 


— — 


— OE 3 nn * 


Verſ. Seg. Verſ. Seg. | Verl. Seg. 
ſine area ſine area ſine area 

| 2161 | 12489290 || 2206 | 12861101 || 2251 | 13235641 
2162 | 12497522 |} 2207 12369394 f 2252 13243994 

| 2163 | 12505756 || 2208 | 12875689 [ 2253 | 13252349 
2164 | 12513991 |} 2209 | 12885986 2254 | 13260705 
2165 | 12522227 || 2210 | 12894283 || 22535 | 13269063 
2166 | 12530465 || 2211 | 12902583 || 2256 | 132717422 

' 2157 | 12538704 || 2212 | 12910883 || 2257 | 13285792 
2168 | 12546945 || 2213 | 12919185 || 2258 | 13294143 
2169 | 12555187 || 2214 | 12927488 || 2259 | 13302506 
2150 | 12563439 ||-2215 | 12935792 || 2260 | 13310870 

| 2171 | 12571675 2216 | 12944098 || 2261 | 13319236 
2172 | 12579921 || 2217 | 12952405 || 2262 | 13327603 
2173 | 12588169 || 2218 | 12960714 || 2263 | 13335971 
2174 | 12596418 || 2219 | 12969024 || 2264 | 13344340 
2175 | 12604558 2220 | 12977335 || 2265 | 13352711 
2176 | 12612919 [[ 2221 | 12985647 |} 2266 | 13361083 
2177 12621172 |} 2222 | 12993961 || 2267 | 132694506 | 
2178 | 12629427 || 2223 | 13002276 || 2265 | 13377831 
2179 | 12635682 [ 2224 | 13010593 [ 220g | 13385206 

| 2180 | 12645939 || 2225 | 13018911 [[ 2270 | 13394584 | 
2181 | 126c4198 || 2226 | 13027230 j| 2271 | 13402962 | 
2182 | 12662458 [ 2227 | 13035550 || 2272 13411342 

12183 | 12670719 || 2228 | 13043872 || 2273 | 13419723 
2184 | 12658981 || 2229 | 13052195 || 2274 | 13428105 

| 2185: | 1263724; [ 2230 13060520 || 2275 | 13436489 | 
218512595511 || 2231 | 13068846 || 2276 | 13444874 | 
| 2187 } 12703777 || 2232 | 13077173 j| 2277 | 13453260 
2188 | 12712045 || 2233 | 13085501 || 2278 | 13461648 
2189 | 12720314 || 2234 | 13093831 || 2279 | 13470937 | 

4 2190 | 12728585 || 2235 | 13102162 || 2280 | 13478427 
2191, | 12736857 || 2236 | 13110495 || 2281 | 13486819 
2192 | 12735131 || 2237 | 13138828 || 2282 | 13495212 

| 2193 | 12753425" ( 2238 | 13127164 || 2283 | 13503606 
2194 | 12761682 || 2239 | 13135500 || 2284 | 13512001 |} 
2195 | #2769939 || 2240 | 13143838 || 2285 | 13520398 
2196 [12778238 || 2241 13152177 228613528796 
2197 | 12786518 || 2242 | 13160517 || 228713537195 
2195 | 12794802 || 2243 | 13168859 || 2288 | 13545595 
2199 | 12803082 || 2244 | 13177202 || 2289 | 13553997 
2200 | 12811367 j| 2245 | 13185540 || 2290 | 13562400 
2201 | 1281965:< || 2246 | 13193892 || 2291 | 13570805 
2202 12827939 || 2247 | 13202239 || 2292 | 13579211 | 

| 2203 | 12836228 [ 2248 | 13210588 || 2293 | 13587518 
2204 | 128445 17 || 2249 | 13218937 || 2294 | 13596026 

| 2205 13227288 || 2295 | 136504435 


12852808 || 2250 


_—— 


CIRCULAR SEGMENTS 


683 


13012840 


Seg. | 
Area 


13621259 
13629672 
13638087 
13646503 
13754920 
13093339 
13671758 
13680180 
13688602 


Verl. 
tine 


13697026 
13705451 
13713877 
13722304 
13730733 
13739103 
13747595 
137560027 
13764461 
13772896 
13751333 
13789771 
I3798210 
138065650 
13515091 
13823534 
13831978 
13840424 
13848870 
13957318 
13565797 
13874218 
13882669 
13891123 
13899577 
13908032 
13916489 
13924947 
13933496 
13941807 


13950328 


13958791 
13967256 


13975721 


13984188 || 2385 


— — 


2341 
2342 

2343 
2344 
2345 

2340 
234 

2348 
2349 
2350 
2351 

2352 
2353 
2354 
2355 

2356 
2357 
2358 
2359 
2360 
2361 
2362 
2363 
2364 
2365 
2366 
2367 
2368 
2369 
2370 
2371 
2372 
2373 
2374 
2375 
2376 
2377 


2378 


2379 
2380 
2381 
2382 
2383 
2384 


Seg. 
area 


13992650 


14001126 
1400G590 
14018068 
14026541 
14035015 
14043491 
1405 1968 
14060446 
14068925 
14077406 
14085888 
14094371 
14102855 
I4111341 
14119828 
14128310 
14136805 
14145295 
14153787 
14162281 
14170775 
14179270 
14187767 
14196265 
14204764 
14213265 


| 14221767 


14230270 
14238774 
14247279 
14255786 
14264294 
14272803 
14281314 
14289825 
14298338 
14300852 
14315305 
14323584 
14332402 
14340921 
14349441 
14357903 
14366485 


Verſ. 
fine 


2386 
2387 
2388 
2389 
2390 
2391 
2392 
2393 
2394 
2395 
2396 
2397 
2398 
2399 
2400 
2401 
2402 
2403 
2404 
2405 
2406 
240) 
2408 
2409 
2410 
2411 
2412 
2413 
2414 
2415 


2416 


2417 
2418 
2419 
2420 
2421 
2422 
2423 
2424 
2425 
2420 
2427 
2428 
2429 
2430 


14375009 


14383535 
14392061 
144005 89 
14409117 
14417647 
4426179 
14434711 
14443245 
14451750 
14460316 
14468854 
14477392 


14485932 | 
14494473 | 
14503015 


14511559 
14520103 
14528649 
14537197 
14545745 
14554294 
14562845 
14571397 
14579950 
1458850; 
14597050 
14605617 
14614175 
14022735 
14631295 
14639857 
14648419 
14656984 
14665 549 
14674115 
14682683 
14691252 
14699822 
14708393 
14716966 
14725540 


| 


„ 
— 6— EEE 


mn... — 


Eo EE = WES, 


| Verſ. 


2 


Seg. Verſ. Seg. Seg. 
area ſine area line area 
1459840 [ 2456 | 15147109 [252115536740 
14705420 247% | 15155742 || 2522 | 15545425 
14777907 || 2478 | 15164376 || 2523 | 15554111 
14785589 || 2479 | 15173011 || 2524 | 15562798 
14794172 || 2480 | 15181648 || 2525 | 15571487 
| 14502757 || 2481 | 15190285 || 2526 | 15580176 
| 14811342 || 2482 | 15198924 || 2827 | 15585867 
143819929 2483 | 15207564 || 2528 | 15397559 
| 14328517 || 2434 1821620; || 2529 | 15606252 
| 14537107 | 2485 | 15224848 || 2530 | 15614946 
| 14845697 2486 15233491 ||. 2531 | 15523641 
14854289 || 2487 | 15242136. || 2532 | 15632337 
148592852 || 2488 | 15250781 |; 2533 | 15641035 
14871476 || 2489 15259428 2534 | 1564933 
| 14880071 || 2490 | 152608077 |{ 2535 | 15653433 
14838667 || 2491 | 15276726 2536 | 15667134 
| 114897265 || 2492 | 15285376 | 2537 | 15675536 
14005 864 2493 | 15294028 || 2538 | 15684; 39 
| 14914464 || 2494 | 15302681 i 2539 | 15693243 
| 14923095 || 2495 þ 15311334 || 2540.] 15701949 
| 14931657 }| 2496 | 15319989 || 2541 | 15710655 
14940271 j} 2497 | 15325646 þ 2542 | 15719363 
14945875 | 2498 | 15337303 || 2543 | 15728971 
14957451 || 2499 | 15345961 || 2544 | 15730781 
514966088 250 | 15354621 || 2545 | 15745492 
| | 14974999 |} 2501 | 15303282 || 2546 | 15754205 
| 14983306 || 2502 | 15371944 || 2547 | 15762918 
| 14991917 || 2503 | 15380607 || 2548 | 15771632 
| 15c00528 || 2524 | 15389271 || 2549 | 15730348 
| | 15099141 | 2505 | 15397937 || 2550 | 15759064 | 
| 15017755 || 2506 | 15426603 Þ} 2551 | 15797782 
15026371 || 2507 | 15415271 || 2552 | 15306501 | 
15034937 || 2508 | 15423940 || 2553 | 15815221 
15943605 Þ} 2509 | 15432610 || 2554 | 15323942 
15952224 || 2510 | I5441281 |} 2555 | 15832065 
15060844 |} 2511 | 15449954 |} 25356 | 15841388 
1506945, || 2512 | 15458627 If 2557 | 15850113 | 
18078088 || 2513 | 15467302 || 2558 [15858838 
15056711 || 2514 | 15475978 I 2559 | 15867565 
152995336 || 2515 | 15484655 [ 2560 | 158-6293 
15193962 || 2516 | 15493333 || 2561 | 15885022 
15112589 [251715502012 [2562 | 15893752 
15121217 [2518 | 15510692 || 2553 | 15902483 
1512934, | 2519 | 15519374 || 2564 | 15911215 
15138477 | 2520} 15528056 | 2555 | 15919949. 


CIRCULAR SEGMENTS. 


Verſ. | Seg. Verf. Seg. Verſ. Seg. | 
line arca ſi ne area line arca 
ee — 0 en_—_ —„-„VHt . — | — ⁹‚ 
2566 | 15928684 || 2611 | 16322884 [ 2656 | 1719287 
2567 | 1593741y || 2612 | 16331659 || 2657 | 16728121 
2505 } 15946157 || :613 | 10340456 2658 | 16736956 
2500 | 159+4594 || :014 | 16349243 || 26;9 | 10745791 
2370 | 15993633 26 | 16358032 || 2660 | 16754628 
257 | 15972373 || 2615 | 16356821 || 2661 | 16763466 
2572 | 15981114 || 2617 | 16375612 [ 2662 | 16572305 
2573 | 15989856 || 2618 [16384404 [ 2653 | 16781145 
2574 | 15998600 [619 | 15293196 i] 2664 | 16789986 
2575 | 16007345 || 26:0 | 16401990 || 2665 | 16798828 
2576 | 16016091 || 2621 | 16410785 || 2696 | 165575671 
2577 | 16024837 || 2622 | 16419581 || 2665 [16816515 
2578 | 1603358; || 2623 | 16428379 || 2668 | 16825360 
2579 | 16042334 || 2024 | 16437177 || 2659 | 16834207 
e580 | 16051084 || 2625 | 164459750 || 2670 6943054 
2581 | 16059835 || 2626 | 16454777 || 2671 | 185 1902 
2582 [16668588 || 2627 | 16463575 [ 2672 | 16860752 
2583 | 16077341 || 2028 | 16472381 || 2673 | 16869602 
2584 | 16086095 || 2629 | 164851184 || 2674 | 16873454 
2585 | 16094852 || 2630 16489989 || 2675 | 16881306 
2586 | 16103698 || 2631 | 16498795 || 2676 | 16899160 
2557 | 16112366 || 2632 | 16507602 | 2677 | I6q05015 
2588 15121125 || 2633 | 15516410 |} 2678 | 16913870 
2589 | 1612988; || 2034 | 16525219 | 2679 | 169:2727 
2590 | 16138646 || 2635 | 19534029 || 2680 | 16931585 
2591 | 19147409 || 2636 [16542840 || 2681 | 16940444 
2592 | 16156172 || 2637 | 16551652 | 2682 | 19949304 
2593 | :6164937 || 2038 | 16560465 || 2083 | 19958165 
2594 | 16173702 2639 | 16569280 || 2634 | 16967027 
2595 | 16182469 || 2640 | 16578095 ff 26%5 | 1697 5890 
2596 | 16191237 {| 2641 | 16586912 2586 | 16984754 
2597 | 1620000; || 2642 | 16595729 || 2657 | 16993619 
2598 | 16208775 || 2543 þ 16604548 || 2658 | 17002485 
2599 | 1621-546 || 2644 | 16613368 || 2689 | 17011352 
2600 | 16226319 || 2645 | 10622188 |} 2690 | 157020221 
2601 | 16235092 || 2640 | 16531010 [2591 | 17029090 
2602 | 16243866 }| 2647 | 16639833 || 2642 | 17037960 
2603 | 16252641 20481654865 || 2693 | 15046832 
2604 | 15261418 || 2549 | 155575482 || 2694 | 17055704 
2605, ] 15270196 | 2632 | 16655308 || 2695 [1706457 
2605 | 16278974 2651 16675136 i} 2696 | 19073452 
2607 16287754 || 2652 166836064 I} 2097 | 17082328 
2605 16296535 2053 | 16692793 2698 | 157291204 
2609 | 16305317 || 2654 | 16701624 || 2699 | 17102092 
2310 | 10314100 2655 | 16710455 || 2502 | 17108961 


::; ½ͤ 


A TABLE or 


— 


3 


1 


** 


| Sex. 


area 


17117840 
17126721 
17135603 
17144486 
17153370 
17162254 
17171140 


17180027 


17188915 
17197804 
17206694 
17215585 
17224477 
17233371 
17242265 
17251160 
17260056 
17268953 
17277852 
17286751 
17295651 
17304553 
17313455 
17322358 
17331203 
17340168 
17349075 
17357982 
17366891 
17375809 
17394711 
17393022 
17402535 


17411448 
17420303 


17429248 
17435195 
17447113 
I7456031 
17404951 
17473872 
17482793 
17491716 
17500640 


17509565 


Verſ. 
ſine 


| 2740 

2747 
2748 
2749 
2750 
2751 
2752 
2753 
2754 
2755 
2756 
2157 
2758 


— — 


to 
—1 

S 

O 


Seg. 


area 


7515490 


17527417 
17530345 
17545274 


117554203 


17563134 
17572066 
17580999 
17589933 
17598867 
17607803 
170616740 
17625678 
17634617 
176043550 
17952497 
17H51439 
17670382 
17679326 
17688271 
17697217 

7706163 
17715111 
17724060 
17733010 
17741961 
17759913 
17759865 

7768819 
17777774 
17786730 
17795987 


17804644 


17813603 
17822503 
17831524 
17840486 
17849448 
17858412 
17867377 
17876342 
17885309 
17894277 
7993245 
791221 5 


| 


Verl. 


ſine 


2791 
2792 


2793 
2794 
2795 
2796 
2797 
das 

199 
2 800 
2801 
2802 
2803 
2804 
2805 
2806 
2807 
2808 
2809 
2810 
2811 
2812 
2813 
2814 
2815 
2816 
2817 
2818 
2819 
2820 
2821 
2822 
2823 
2824 
2825 
2826 


2827 


2828 
2829 
2830 
2831 
2832 
2833 
2834 
2035 


Seg. 


Arca 


17921180 


17930157 
17939130 
17948104 


17957079 


17966054 


7975930 
17984008 


17992996. | 


18001966 
180 10946 
18019928 
18028910 
1803) 894 
18046878 
18051 5863 
18064850 
18073837 
18082825 
18091815 
18100805 
138109790 
18118788 
18127781 
18136775 
18145771 
19154567 
18163764 
18172762 
18181761 
18190761 
18199762 


18208763 


18217766 
18226770 
18235775 
18244781 
18253787 
18262795 
18271804 
18280813 
18289824 


13298835 | 


18307848 


18316861 | 


| 


CIRCULAR SEGMENTS 


* RY 


687 


| 


| 
| 
| 
| 


Verſ. Seg. | Verſ. Seg. Verſ. Seg. 
ſine area ſine [area. fine area. 
2836 | 18325876 || 2881 | 18732510 || 2926 | 19141040 
2837 | 18334891 || 2882 | 18741568 || 2927 | 19150139 
2838 | 18343907 || 23883 | 18750027 || 2928 | 19159240 
2339 | 18352925 | 2884 | 13759687 || 2929 | 19163341 
2840 | 18361943 || 2885 | 18768748 || 2930 | 19177443 } 
+2841 | 18370902 | 2886 | 18577810 || 2931 | 19186547 
2842 | 18379982 || 2887 | 18786872 || 2932 | 19195651 
2843 | 18389004 || 2588 | 15795936 || 2933 | 19204756 
2844 | 18398026 || 2889 | 18805001 || 2934 | 19213362 
2845 | 18407049 || 2890 | 12814066 || 2935 | 19222969 
2346 | 18416073 || 2891 | 18823132 || 2935 | 19232076 | 
2847 | 18425098 || 2892 | 18832200 || 2937 | 19241185 
2848 | 18434124 || 2893 | 18841268 || 2935 | 19250295 
| 2349 | 18443150 || 2894 | 18350337 || 2939 f 19259405 
2850 | 18452178 || 2895 [18859407 || 2949 | 19268517 
| 2851 | 18461207 || 2895 | 18868479 |} 2941 | 19277629 
2852 | 18470237 || 2897 | 18877531 || 2942 | 19286742 
2853 | 18479267 || 2898 | 18885623 || 2943 | 19295856 
2854 | 18488299 || 2899 | 18895697 || 2944 | 19304971 
| 2355 | 18497332 || 2900 18994772 | 2945 | 19314987 
2856 | 18505305 |} 2901 18913848 | 2949 19323204 
2857 | 18515400 || 2902 | 18922924 || 2947 | 19332321 
2858 | 18524435 || 2903 | 18932092 || 2948 | 19341440 | 
12859 | 18533471 |} 2904 | 18941080 || 2949 19350560 | 
| 2560 | 18542509 || 2995 | 18950160 2950 | 19359630 
2861 | 18551547 || 2906 | 18959240 || 2951 | 19368801 
| 2862 | 18560586 || 2907 | 18968321 [ 2952 | 19377924 
| 2863 | 18569626 || 2908 | 18977404 || 2953 | 19387047 
| 2864 | 18578667 || 290g | 18986487 || 2954 | 19396171 
2865>] 18587709 || 2910 | 18995571 || 2955 | 19405296 
2866 | 18596752 || 2911 | 19004656 || 2950 } 19414421 
{ 2867 | 1860579 j| 2912 | 19013741 || 2957 | 19423545 
2868 | 18514841 || 2913 |] 19922828 || 2958 | 19432676 
2859 | 18623887 || 2914 | 19231916 || 2959 | 19441804 
2870 | 18632934 || 2915 | 19041005 || 2909 | 19450933 
2871 | 18641981 j| 29165 | 19959094 2961 |} 19460064 
2872 | 18651030 || 2917 | 19959184 || 2992 | 19469195 
| 28 13660080 || 2918 | 19068276 || 2963 | 1947832 
SEXY 9 9 327 
2874 | 18569130 || 2919 | 19977378 296419487460 
2855 | 18678182 2920 | 19986461 | 2995 | 19496594 
| 2876 | 18687234 || 2921 | 19095555 2960 | 19505728 
287 | 18695287 || 2922 | 19194650 || 2967 | 19514964 
' 2878 | 18705342 || 2923 19113745 [ 2908 | 19524001 
( 2579 | 18714397 || 2924 | 19122843 || 2969 | 19533139 
2880 | 18723453 || 2925 9131941 2970 | 19542276 


Lead 


688 in of 
Verſ. seg. ñ Seg. | Verf. Seg. 
tine area ſine area | tine arca 
297119551415] 3016 | 19963589 3051 | 20377514 
2972 | 19560539 | 3917 | 19972769 || 3062 | 20386732 
2973 | 19569690 | 3018 |} 16981949 | 3063 | 20395951 
2974 | 19575838 | 3019 | 19991130 || 3264 | 20405 170 
2975 | 19587981 || 3020 | 20000313 3065 | 20414391 
2976 | 19597125 [ 3021 | 20029495 | 3046 | 20423612 
2977 | 19606269 j| 3022 | 2001807 | 3967 20432834 
2978 | 19615415 [l 3023. | 20027864 || 2063 | 20442057 
2979 | 19624561 || 3024 | 20037049 3069 | 20451281 
2980 | 19633708 || 3925 | 20046230 fl 3050 | 20460505 
2981 | 19642856 || 3026 | 20055423 || 3071 | 20469731 
2982 | 19652005 [302720064611 3072 | 29478957 
| 2983 | 19661155 || 3928 | 20072800 |! 3073 | 20488184 
2984 | 199570305 || 3929 | 20082999 3074 | 20497412 
2985 | 19679457 || 3030 | 20092181 | 3075 | 20500641 
2980'| 19588609 || 3031 | 20101372 | 3076 | 20515370 
2987 | 19697763 || 2032 | 20110565 || 3077 | 29525101 
| 2988 | 19706917 || 3033 | 20119735 [3078 | 20534332 
2989 | 19716072 || 3034 | 20128952 || 3079 | 20543364 
2990 | 19725228 [ 3035 | 20138147 3080 | 20552797 
2991 | 19734385 {| 3036 | 20147343 3081 20592031 
| 2992 | 19743542 || 303720156539 || 3082 | 20571265 
2993 | 19752701 || 3038 | 20165737 || 3083 205 80 501 
2994 | 19701861 || 2039 | 20174935 [ 3954 | 225897 37 
2995 | 19771021 || 3040 | 20184134 || 3055 | 20598974 
2996 | 19780182 || 2041 | 20193335 || 3086 | 20608212 
2997 | 19789344 | 3942 | 20202535 || 3087 | 206174;1 
2998 19798 50 || 3043 | 20211737 || 3053 | 20626690 
2999 | 19807671 || 3944 | 20220940 || 3089 20035930 
3000 | 19816836 || 3545 | 20230143 (305020545172 
3001 | 19826001 || 3946 | 20239348 || 3091 | 20534414 
3002 | 19835168 |} 2047 | 20248553 || 32992 | 20053657 
300319844335 [ 3248 | 20257759 || 3093 | 20672900 
300419853503 3049 20266966 || 3994 | 20682145 
3005 | 19862672 3050 | 20279173 || 30G5 | 20091390 
3000 | 19371842 | 3051 | 20235382 || 3096 | 20700630 
3097 | 19881013 |} 3052 | 20294591 [ 3097 | 20709383 
3008 | 1989018; [ 305320303802 || 309820719131 
3009 | 19899357 l 3054 | 29313013 {| 3099 | 20728380 
| 3910 | 19908;31 [ 3055 | 20322225 310020737629 
| Zo11 | 15917705 || 3956 | 20331438 || 3101 | 20746579 
3012 | 19926880 | 3057 | 20340651 || 3102 | 29755131 
3013 | 19936056 || 3058 | 20349866 || 3103 | 20765382 | 
| 3214 | 19945233 |} 3959 | 29359051 |} 3104 | 20774635 
{ 3015 | 19954411 || 3% | 20368297 || 3105 | 29783859 


—-— 


r 


CYRCULAR SEGMENTS, 639 
Verſ. Seg. Verf, | Seg. Verf. 1 
fine | area tine area ſine area 
3106 | 20793143 || 3151 | 21210430 fl 3196 | 21629328 
3107 | 20802398 || 3152 | 21219721 || 3197 | 21633655 | 
3108 20811654 || 3153 | 21229013 || 3198 | 21647983 
3109 | 20820911 || 3154 | 21238307 || 3199 | 21657311 
311020830169 13155 21247600 || 3200 | 21666640 
3111 | 20839427 | 3156 | 21256395 || 3201 | 21675970 
3112 | 20848687 || 3157 | 21266191 || 3202 | 21685301 | 
3113 | 29857947 || 3158 | 21275487 || 3203 | 21694632 
3114 | 20867208 || 3159 | 21284784 || 3204 | 21703964 
3115 | 20876469 {| 3160 | 21294082 || 3205 | 21713297 
3116 | 20885732 || 3161 | 21303980 [[ 3206 | 21722631 
3117 | 20894995 {| 3162 | 21312680 || 3207 | 217531966 
3118209042 59 | 3163 | 21321380 || 3208 | 21741301 
3119 | 20913524 || 3164 | 21331281 || 3209 | 21750637 
3120 | 20922790 || 3165 | 21340583 || 3210 | 21759974 
3121 | 20932057 || 3166 | 21349885 || 3211 | 21769311 | 
3122 | 20941324 3167 21359109 3212 | 21778650 
eng 20950592 || 3168 | 21368493 || 3213 | 21787989 : 
3124. | 20959861 || 3169 | 21377798 || 3214 | 21797329 
3125 | 20969131 || 3170 | 21387104 {| 3215 2 1896609 | | 
3126 | 20978402 | 3171 | 21396410 || 3216 | 21816011 
3127 | 20987673 || 3172 [21405718 || 3217 | 21825353 
3128 | 20990946 || 3173 | 21415026 || 3218 | 21834696 | 
3129 | 21000219 || 3174 | 21424335 || 3219 | 21844040 
3130 | 21015493 || 3175 | 21433044 || 3220 | 21853384 
3131 | 21024767 || 3176 | 21442955 l 3221 | 21862729 
3132 | 21034043 || 3177 | 21452266 || 3222 | 21872076 
3133 | 21043319 || 3178 | 21461578 || 3223 | 21381422 | 
3134 | 21052596 || 3179 | 21470891 || 3224 | 21890770 
3135 | 21061874 || 3180 | 21480205 || 3225 | 21900118 
3136 } 21071153 || 3181 | 21489519 || 3226 | 21909467 
3137 | 21080432 || 3182 | 21498834 || 3227 | 21918817 
3138 | 21989713 || 3183 | 21508150 || 3228 | 21928168 
3139 | 21098994 || 3184 | 21517467 || 3229 | 21937519 
3140 | 21198276 || 3185 | 21526784 || 3230 | 21946871 | 
3141 | 21117558 || 3136 | 21536103 || 3231 | 21956224 
$142 21126342 || 3187 | 21545422 || 3232 | 21965577 
3143 | 21136126 || 3188 | 21554742 || 3233 21974932 
3144 | 21145411 || 3189 | 21564062 || 3234 | 21984287 
3145 | 21154697 || 3190 | 21573384 || 3235 | 21993043 
3146 | 21163984 || 3191 | 21582706 || 3236 | 22002999 
3147 | 21173272 || 3192 | 21592029 || 3237 | 22012357 
3148 | 21182560 || 3193 | 21601352 || 3238 | 22021715 
3149 | 21191849 21610977 || 3239 22031074 | 
I;o | 21201139 21620002 || 3240 | 2204043 


Rl 


A TABLE OF 


Verſ. 


Seg. | | Seg. Verſ. | Seg. 
area fine. | - area fine area 
22049794 || 3286 | 22471781 || 3331 | 22895246 
22059155 | 3287 | 22481175 |} 3332 | 22904073 
22098517 || 3288 | 22490571 || 3333 | 22914101 
22077879 || 3289 | 22499906 || 3334 | 22923529 
22087243 [3290 | 22509363 || 3335 | 22932958 
22096607 3291 | 22518761 || 3336 | 22942388 
22105972 || 3292 | 22528159 |} 3337 | 22951818 
22115337 || 3293 | 22537557 [ 3339 | 22961249 
22124704 || 3294 | 22549957 [ 3339 | 22970681 
22134071 || 3295 | 22556357 || 3340 | 22980113 
22143439 || 3296 | 22565758 || 3341 | 22989546 
22152807 || 3297 | 22575160 || 3342 | 22998980 
22162177 || 3298 | 22584502 || 3343 | 23008415 
22171547 3299 | 22593990 || 3344 n 
22180918 || 3300 | 22603370 (| 3345 | 23027286 
22190289 || 3301 | 22612774 || 3346 | 23030722 
22199661 [[ 3302 | 22622179 l 3347 | 23046160 
22209035 || 3303 | 22631586 l 3348 | 23055598 
22218408 || 3304 | 22640992 l 3349 | 23065037 
22227783 || 3305 | 22650400 f 3350 | 23074470 
22237158 || 3306 | 22659808 l 3351 | 23083916 
22240534 |} 3307 | 22669217 |þ 3352 | 23093357 
22255911 || 3308 22678527 3353 | 23102799 
22265289 || 3309 | 22688037 3354 23112241 
22274667 || 3310 22697448 || 3355 | 23121684 
22284046 |} 3311 | 22506860 || 3356 | 23131128 
22293420 || 3312 | 22716273 |} 3357 | 23140572 
22302805 || 3313 | 22725086 || 3358 | 23150017 
22312187 |} 3314 | 22735100 || 3359 | 23159463 
| 22321569 || 3315 | 22744514 3360 | 23168909 
22330952 |} 3310 | 22753930 [ 3361 | 23178356 
22340339 || 3317 22763346 3362 | 23187804 
22349720 | 3318 | 22772763 || 3363 | 23197253 
22359105 3319 | 22782180 [ 3364 | 23206702 
22368490 || 3320 | 22791599 l 3365 | 23216152 
22377877 | 3321 ; 22801018 || 3366 | 23225602 
22387264 3322 | 22810437 |} 3367 | 23235054 
22396652 [ 3323 | 22819858 |} 3368 | 23244505 
224060409 || 3324 | 22829279 || 3369 | 23253958 
22415439 l 3325 | 22836701 l 3370 | 23263411 
22424820 || 3320 | 22848123 || 3371 | 23272866 
22434211 3327 | 22857546 || 3372 | 23282320 
22443602 || 3323 | 22866950 | 3373 | 23291776 
22452994 3329 | 22570395 337423301232 
| 22462387 U. 3330 | 22885820 |} 3375 | 23310589 


CIRCULAR SEGMENTS. 691 


* 2 


; Seg. [Verſ. Seg. Veil. Seg. 
ſine area ſine area ſine area 


| 
| 
| 3370 | 23320146 || 3421 | 23746437 34% | 24174075 þ 
3377 | 23329994 || 3422 | 23755925 || 3467 | 24183593 þ 
3378 | 23339063 || 3423 | 23765414 || 3463 | 24193112 | 
3379 | 23348523 || 3424 | 23774904 || 3469 | 24202631 | 
3380 | 23357983 || 3425 | 23784395 || 3470 2 
3381 23367444 || 3426 | 23793886 || 3471 | 24221672 | 
3352 | 2337690; || 3427 | 23803378 || 3472 | 24231193 f 
3333 | 23336368 |} 3428 | 23812871 3473 | 24240715, 
3394 | 23395831 [ 3429 | 23822364 || 3474 | 24250238 þ 
3385 | 23405294 || 3430 | 23831858 3475 | 24259761 
| 3386 | 23414759 || 3431 | 23841352 || 3476 | 24269285 
3357 | 23424224 || 3432 | 23850848 || 3477 | 24278809 
23433689 || 3433 | 23860343 || 3478 | 24258334 
3389 | 23443156 || 3434 | 23869849 || 3479 | 24297860 
3390 | 23452623 || 3435 | 23879337 3430 | 24307386 
3391 | 23462090 || 3439 | 23888835 }} 3481 | 24316913 
3392 | 23471559 || 3437 | 23899334 3482 | 24326441 


< 
2 
wy 
* ) 


* 


Us 

UL 
0 
WO 


| 3393 | 23481028 || 3435 | 23907833 || 3483 | 24335999 
3394 | 23490498 || 3439 | 23917333 [ 3494 | 24345498 
23499968 || 3449 | 23920833 || 3485 | 24355028 
| 23599439 24304558 
3397 | 23518911 || 3442 | 23945836 |} 3487 24374089 
| 3393 | 23528384 || 3443 | 23955339 |} 3488 | 24383621 
23537857 || 3444 | 23904542 || 3439 | 24593153 
| 3490 | 23547331 || 3445 | 23974345 || 3499 | 24402685 
| 3491 | 23556805 || 3440 | 23983850 || 3491 | 24412219 
3492 | 23566280 || 3447 | 23993355 || 3492 | 24421753 } 
| 3493 | 23575756 || 3448 | 24002861 [ 3493 | 24431288 f 
3494 | 23585233 || 3449 | 24912367 || 3494 24440823 
3495 | 23594710 || 3450 | 24021874 || 3495. | 24450359 
| 3496 | 23604188 || 3451 | 24031382 || 349 | 24455895 F 
3497 | 23613666 || 3452 | 24040890 || 3497 24469432 | 
| 
| 
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3408 | 23623146 || 3453 | 24959399 || 3498 | 24478979 
3489 | 23632626 || 3454 | 24059909 || 3499 | 24488509 
3410 | 23042105 || 3455 | 24069419 || 3500 | 24498045 
3411 | 23651587 f 3455 | 24078930 || 3501 | 24507588 
| 3412 | 23661069 || 3457 | 24088442 || 3592 | 24517128 
3413 | 23670532 || 3458 | 24997954 || 3503 | 24526669 | 

| 


3414 | 23680035 || 3459 | 24197467 || 3504 | 24536210 | 


| 3415 | 23689519 || 3460 | 24116980 || 3505 24545753 
| 3416 | 23699004 || 3461 | 24120494 
3417 | 23708489 || 3462 | 24136009 || 3507 | 24564839 


3508 | 24574383 
3509 | 24583928 
3510 | 24593473 


j 345 | 23717975 || 3463 | 24145525 
3419 | 23727461 || 3464 | 2415504! 
3420 | 23730949 }| 3465 | 24164558 


| 
| 
3506 | 24555295 | 
| 


1 


A ALS OF 


. 
. 


Verl. Seg. Verf. Seg. Verf. Seg. 
ſine area fine area fine area 
3511 | 24603019 | 3556 | 25033227 || 3601 | 25494656 
3512 | 2461256b | 3557 | 25042801 || 3602 | 25474257 
3513 | 24622113 || 3558 | 25052376 || 3603 | 25483858 
3514 | 24531661 | 3559 | 25061951 || 3604 | 25493460 
3515 | 24641209 | 3560 | 25071527 || 3605 | 25503063 
3516 | 246507;8 || 3561 | 25081104 || 3606 | 25512666 
3517 | 24660308 || 3562 | 25090681 || 3607 | 25522279 
| 3518 | 24669858 || 3563 | 25100259 || 3608 | 25531874 
3519 | 24679409 || 3564 | 25109537 || 3909 | 25541479 
3520 | 24688961 || 3565 | 25119416 || 3610 | 2555108; 
3521 | 24698513 || 3566 25128996 | 3611 | 25560691 
3522 | 247508066 || 3567 | 25138576 || 3612 | 25570297 
3523 | 24717619 || 3568 | 25148157 || 3613 | 25579905 
3524 | 24727173 || 3569 | 25157738 || 3914 | 25589512 
| 3525 | 24736728 || 3570 | 25167320 || 3615 | 25599121 
3526 | 247459283 || 3571 | 25176903 3616 | 25608730 
3527 | 24755839 || 3572 | 25186486 361725618339 
3528 | 24765396 || 3573 | 25196070 || 3618 25627950 
3529 | 24774953 || 3574 | 25205654 || 3619 | 25637560 
3530 | 24784511 || 3575 | 25215239 || 3620 | 25047172 
3531 | 24794269 || 3576 | 25224824 || 3621 | 25656783 
3532 | 24803628 || 3577 | 25234411 || 3022 | 25666396 | 
3533 | 24813187 || 3578 | 25243997 || 3623 | 25676009 
2534 | 24822748 || 3579 | 25253585 || 3924 | 25685622 
| 3535 | 24532308 || 3580 | 25263173 3625 | 25695237 
3530 | 24841870 || 3581 | 25272761 || 362625704851 
3537 | 24851432 || 3582 | 25282350 || 3027 | 25714467 
3538 | 24860995 || 3583 | 25291940 || 3628 | 25724082 
| 3539 | 24870558 || 3584 | 25301530 || 3029 | 25733099 
3540 | 24880122 || 3585 | 25311121 || 3930 | 25743310 
3541 | 24889686 || 3586 | 25320713 || 3031 | 25752933 | 
3542 | 24899251 || 3587 | 25330305 3632 | 25702552 
3543 | 24908817 3588 | 25339895 || 3633 | 25772170 
3544 | 24918333 || 3589 | 25349491 ||- 3034 | 25781790 
3545 | 24927950 || 3590 | 25359085 || 3035 | 25791410 
3546 | 24937518 || 3591 | 25368679 || 3636 | 25801030 
3547 | 24947086 || 3592 | 25378274 || 3637 25810651 
3348 | 24956655 || 3593 | 25385870 || 3638 25820272 
3549 | 24966224 |} 3594 | 25397466 || 3639 25829895 
3550 | 24975794 | 3595 | 25407063 || 3640 | 25839517 
3551 | 24985305 [ 3596 | 25416660 || 3041 | 25849141 
| 3:52 | 24994936 || 3597 [ 25426258 | 3642 | 25858764 þ 
3553 | 25004508 || 3598 | 25435857 || 3543 | 258683894 
- | 3554 | 25014980 || 3599 | 25445456 || 3644 | 25818014 
{ 3555 | 25023653 || 3600 | 25455055 || 3645 | 25887639 | 


CIRCULAR 


SEGMENTS, 693 
Verſ. Seg. Verſ.] - Seg. Verſ. | * Sep. 
ſine area fine arca fine area 
3640 | 25897265 || 3691 | 26341014 || 3535 1 26765851 
3047 | 25906892 || 3692 | 26340666 | 3737 | 26775536 
3648 | 25916519 || 3693 | 26350318 || 3938 | 26785212 
3649 | 25926147 || 3694 | 26359979 || 3739 | 26794389 
3650 | 25935775 [ 3695 | 26369623 || 3740 | 26804566 
3651 | 25945494 || 3999 | 26379277 || 3741 | 26814243. 
3952 | 25935034 || 3597 | 26385931 || 3742 | 26823521 
3653 | 25964654 || 3598 | 26398,86 || 3743 | 26833601 
3654 | 25974294 || 3699 | 26458241 || 3744 | 26843280 
3655 | 25983925 || 3700 | 26417897 || 3745 | 26852960 
| 3050 | 25993557 || 3721 | 26427553 || 3746 | 26862640 
3557 | 26203189 || 3702 | 26437210 3747 | 26872320 
3058 | 26012822 || 3793 | 26440868 || 3748 | 25582001 
3659 | 26022455 || 3704 | 26456526 || 3749 | 26891683 
3660 | 26932089 || 3705 | 20466184 || 3750 | 26901365 
3661 | 26041724 || 3705 26475843 || 3751 | 26911048 
3692 | 26051359 || 3707 | 26485503 || 3752 | 26920731 
3663 | 26060994 || 3708 | 26495163 || 3753 | 26930415 
3064 | 26070630. || 3709 | 26594824 j| 3754 | 26942099 
3605 | 26080267 || 3710 | 2651448; || 3755 | 26949784 
3966 | 26089904 || 3711 | 26524147 || 3756 | 26959469 
3967 | 26099542 || 3712 | 26533809 || 3757 | 26959155 
3668 | 26109180 || 3713 | 26543472 || 3758 | 26978841 
366g | 26118819 || 3714 | 26553135 || 3759 | 26988528 
3570 | 26128459 || 3715 | 26562799 || 3760 | 26998216 
3671 | 26138099 || 3716 | 26572463 || 3761 27007923 
( 3972 | 26147739 || 3717 | 26582128 || 3762 | 25017592 
3073 | 26157381 || 3718 | 26591793 || 3763 | 27027281 
3674 | 26157022 || 3719 | 26601459 || 3764 | 27039970 
3075 | 26176664 || 3720 | 26611125 || 3755 | 27046660 
3676 | 26186307 || 37241 | 26620792 | 3766 | 25056350 
3977 | 26195950 || 3722 | 26630460 || 3767 | 27966041 
3578 | 26205394 || 3723 | 25640128 || 3768 | 25035733 
3079 | 26215239 || 3724 | 26649796 || 3769 | 25085425 
36bo | 26224884 |} 3725 | 26659465 || 3770 | 21095137 
3681 | 26234529 || 3726 | 26669135 || 3771 | 27104310 
, 3682 | 26244175 || 3727 | 2667880; || 3772 | 27114503 
3683 26253822 || 3728 | 26688476 || 3773 | 27124198 
3684 | 26263469 || 3729 | 25698147 || 3774 | 27133892 
3685 | 26273117 || 3739 | 26707818 || 3775 | 27143587 
3686 | 26282765 || 3731 | 26717491 || 3776 | 27153282 
3687 | 26292414 || 3732 þ 26727164 || 3777 | 24162978 
3688 | 26302063 || 3733 | 26736838 || 3778 | 271752575 
3689 | 26311713 || 3734 | 26746511 || 3779 | 27182372 
| 3699 20321303 || 3735 26756186 | 3789 {| 27192059 
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27201767 


27211466 


27221165 


27230864 
27240565 
27250265 
27259906 
27269668 
27279370 
27289072 
27299775 


27308479 


27318183 
27327887 
27337592 
27347298 
£35 1994 
27366710 
27370417 
27386125 


27395833 


27405541 
27415259 
27424959 
27434009 
27444350 
27454091 
27463802 
27473514 
27483226 
27492939 
27502053 
27512367 
27522081 
27531796 
27541511 
27551227 
27560943 
275706060 
27680377 
27590095 
27599813 
27609532 
27619251 
27628071 


— 


Verſ. 


f 


Seg. 
ſine area 
3826 | 27038691 
3827 | 27048412 
3828 | 27658133 
3329 | 27667855 
3830 | 27677577 
3831 | 27687300 
3832 | 27697023 
3833 | 27706740 
3834 | 27716470 
3835 | 27726195 
3836 | 27735920 
3837 | 27745045 
3538 | 27755371 
3839 | 2776509 
3840 | 27774025 
3541 | 27784352 
3342 | 27794280 
3843 27804008 
3944 | 27813737 
3845 | 27823466 
3846 | 27833196, 
3847 | 27842926 
3848 | 27852657 
3849 | 27862388 
3850 | 27872120 
3351 | 278818;2 
3852 | 2789158; 
3353 | 27901318 
3854 | 27911051 
3855 | 27920785 
3856 | 27930520 
3857 | 27940255 
3858 | 27949999 
3859 | 27959726 
3800 | 27999463 
3861 | 27979199 
3562 | 27988937 
3863 | 27998675 
3564 | 28008413 
3865 [28018152 
3896 | 28027891 
386728037630 
3868 | 28047370 
386g | 28957111 


28066852 : 


— 


Seg. 


area 


280-6594” 


| 


| 


— 


q 


28086336 
28096078 
28105821 
28115564 
28125308 
28135052 
28144797 
28154542 
28164288 


28174034 


28183781 


28193528 
28203275 
28213023 
28222772 
28232520 
28242270 
28252019 
28261770 
28271520 
28281272 
28291023 
23300775 
28310528 
28320281 
25330034 
28339788 
29349342 
28359297 
2836905 2 
28378808 
28388564 
28398321 
28408075 
28417835 
28427593 
28437351 
28447110 
28456870 
28466629 
28476389 
28486150 
23495911 


28808072 


695 


CIRCULAR SEGMENTS, 


Verſ.] - Seg. Verſ, Seg. Vert. Seg. 
fine | area fine area fine area 
3916 | 28515435 396128955175 40 | 29395770 
3917 | 28525197 [ 3962 | 23964957 || 4997 | 29493576 
3918 | 28534960 || 3963 | 28974739 | 4995 | 29415378 
| 3919 | 25544723 I} 3994 | 28984522 || 4999 | 29425179 
3920 | 28554487 || 3965 | 28994395 || 4910 | 29434981 
3921 [28564251 (| 3966 | 29004039 || 4oll | 294447833 
| 3922 | 28574015 || 3967 | 29913573 | 4912 | 29454585 
3923 | 28583781 || 3958 | 29023057 || 4013 | 29494388 
3924 | 28593546 || 3969 | 29933442 || 4914 | 29474192 
3925 | 28603312 || 3970 | 29043228 || 4015 f 29483996 
3926 | 28613078 |} 3971 | 29053213 || 4016 | 29493800 
3927 | 28622845 [ 3972 | 29062799 || 4017 | 29503605 
| 3928 | 28632612 || 2973 | 29972586 || 4018 | 29513410 
| 3929 | 28642380 || 3974 | 29032373 || 4919 | 29523215 
3930 | 28652148 || 3975 | 29092160 || 4020 | 29533021 | 
3931 | 28661917 || 3976 | 29101948 || 4021 | 29542927 
3932 | 28671686 || 3977 | 29111739 || 4022 | 29552634 
3933 | 28681455 || 3978 | 29121525 || 4923 | 29562441 
| 3934 | 28691225 || 3979 | 29131314 || 4024 | 29572248 | 
3935 | 28700995 || 3980 | 29141104 || 4025 | 29582056 
3936 | 28710766 |} 3981 | 29159894 || 4026 | 29591864 
{ 3937 | 28720537 || 3932 | 29160684 || 4027 | 29601673 
59358 28730309 || 3983 | 29178475 402829611482 
1 3939 | 28740081 || 3954 | 29180266 || 4029 | 29621291 
3940 | 28749853 || 3985 | 29190057 [ 4030 | 29631101 
| 3941 | 28759626 || 3986 | 29199349 || 4031 | 29940911 
( 3942 | 28769400 || 3987 | 29259642 || 4932 | 29550722 
| 3943 | 28779173 [ 3988 | 29219435 || 4033 | 29960533} 
3944 | 238788948 || 3989 | 29229228 || 4034 | 29970344 
3945 | 28798722 || 3990 | 29239022 |} 4035 | 29680156 
3946 | 28808497 | 3991 | 29248816 || 4036 | 29989968 | ; 
| 3947 | 28818273 || 3992 [29258610 || 4037 | 29699781 | 
3948 | 28828949 || 3993 29268405 || 4935 | 29799594 
3940 | 28837825 |} 3994 | 29278200 4039 29719407 } | 
3950 | 28845602 || 3995 | 29287996 || 4949 | 29729221 | | 
3951 | 28857379 || 2999 | 29297792 || 4941 | 29739035 f q 
3952 | 23867157 || 3997 | 29397589 || 4942 | 29745850 | # 
3953 | 28876935 || 3998 | 29317386 || 4943 | 29755565 | | 
3954 | 28886713 || 3999 | 29327183 || 4944 | 29708480 | 
3955 | 28895492 || 4000 | 29336981 || 4045 29778296 | 
3956 | 28906272 || 4001 | 29346779 || 4946 | 29788112 | 
3957 | 28916051 || 4002 | 29356577 || 4947 | 29797928 
3958 | 28925832 || 4003 | 29366375 [| 4048 | 29807745 | 
3959 | 28935612 || 4004 | 29376176 || 4049 | 29817562 
3960 | 28945 393.1] 4005 { 29355976 || 4050 20827380 | | 


A TABLE OF 


Verf. 


* 


Seg. Verf. Seg. Seg. 
area ſine area ſine area 

29837198 4096 30279403 | 4141 | 30722353 

29847017 |f 4997 | 39289239 || 4142 | 3032205 

29856835 || 4999 | 30299075 || 4143 | 39742057 

29866655 || 4099 | 30308911 | 4144 | 3075 1909 

29876474 || 4100 | 30318747 || 4145 | 39701701 

29886294 || 4101 | 30328584 | 4146 | 30771614 

29896114 || 4102 | 30338421 || 4147 | 30781467 

29995935 || 4193 | 39348259 || 4148 | 30791321 

29915750 || 4104 | 39358097 || 4149 | 30801175 

| 29925578 || 4195 | 39367935 || 4150 | 30311029 

29935400 [| 4109 | 30377774 || 4151 | 30820834 

29945222 || 4107 | 30387613 || 4152 | 30830739 
4063 | 29955045 || 4198 | 30397452 || 4153 | 39840594 
4064 29964868 || 4109 | 30407292 || 4154 | 30850450 
4055 | 29974691 || 4110 | 30417132 || 4155 | 30860306 
4066 [299845 15 411 30429973 || 4156 | 30870152 
4067 | 29994339 || 4112 | 30436813 4157 3083oolg 
4068 | 30004154 || 4113 | 30446555 || 4158 | 30889876 
4069 | 30013988 || 4114 | 30456496 || 4159 | 30899733 
4070 | 30023814 || 4115 | 30466338 || 4160 | 30909591 
4071 | 39033639 || 4116 | 30476180 || 4161 | 30919449 
| 4072 | 30043466 |} 4117 | 30486023 || 4162 | 30929307 
4073 | 30053292 || 4118 39495366 | 4163 | 30939166 
4074 | 30053119 || 4119 | 30505709 |} 4164 | 30949025 
4075 | 30072946 || 4120 | 30515553 || 4165 | 30958884 
4076 | 30082774 || 4121 | 30525397 || 4166 | 30963744 
4077 | 30092602 || 4122 | 30535242 || 4167. | 30978604 
4078 30102430 | 4123 39545086 | 4168 | 30935465 
4979 | 30112259 || 4124 | 30554932 || 4169 | 30995325 
4080 30122088 || 4125 | 30564777 || 4170 | 31008186 
4081 | 30131917 || 4126 | 30574623 [4171 | 31018048 
4082 | 30141747 || 4127 | 39584469 || 4172 | 31027910 
4083 3018157 126 309594316 || 4173 | 31037772 
4084 30161408 | 4129 | 39604163 || 4174 | 31047634 
4085 50121239 | 4139 39614910 || 4175 | 31057497 
4985 | 30181070 || 4131 | 30623858 || 4176 | 31067360 | 
4087 30190902 || 4132 | 30633706 || 4177 | 31077223 
4088 | 30200734 |} 4133 | 39943554 || 4175 | 31037087 
4089 | 20210566 || 4134 | 30053493 || 4179 | 31096951 
4099 | 30220399 4135 | 30563252 j| 4180 | 31106816 
4091 | 30230232 | 4136 | 30673101 || 4181 | 31116681 | 
| 4092 | 30240066 || 4137 | 30582951 || 4182 | 31126546 | 
4093 | 30249859 4138 39692801 || 4183 | 31136411 | 
| 4094 | 30259734 || 4139 | 30702651 | 4184 31146277 
4095 30269 68 || 4140 | 30712502 Þ 4185 | 31156143 


CIRCULARSEGUMENTS. 
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Verſ. 
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4186 


4187 


4189 
4190 
4191 
4192 
4193 
4194 
4195 
4196 
4197 
4198 
4199 
4200 
4201 
4202 
42203 
4204 
1205 
4206 

207 
4200 
4209 
4210 
4211 
4212 
4213 
4214 
4215 
4210 
4217 
4218 
4219 
4220 
4221 
4222 
4223 
1224 
4225 
4226 
4227 
4228 


4229 


4230 


4188 


31166009 


31175876 


31185743 


31195011 
31205478 
31215346 
31225215 
31235084 
31244053 
31254522 
31264692 
31274562 
31284482 
31294303 
31304174 
31314045 
31323917 
31333789 
31343661 
31353534 
31303497 
31373280 
31383153 
31393027 
31402992 
31412770 
31422551 
31432520 
31442402 
31452278 
31462154 
314720380 
31481907 
31491784 
31501661 
31511539 
31521417 
31531296 
31541174 
31551053 
31560933 
31570812 
31580692 
31399572 
31600453 


Verſ. 
ſine 


— —— 


4231 
4232 
4233 
4234 
4235 
4239 
4237 
4238 
4239 
4240 
4241 
4242 
4243 
4244 
4245 
4246 
4247 
4248 


4249 


| 4250 


4251 
4252 
4253 
4254 
4255 
4256 
4257 
4258 
4259 
4260 
4261 


4262 


4263 
4264 
4265 
4260 
4267 


4268 


4269 
4270 
4271 
4272 
4273 
4274 


4275 


Seg. 


area 


316010334 


31620215 
31630096 
31639978 
31649860 
31059743 
31669625 
31679509 
31689392 
31699276 
31709159 

1719044 
2 
31738813 
31745693 
31758584 
31768470 
31778356 
31788242 
31798129 
31808016 
31817903 
31827791 
31837679 
31847567 
31957455 
31507344 
31877233 
31857123 
31897013 
31906903 
31916793 
31926684 
31939574 
31946466 
31950357 
31966249 
319760141 
31936033 
31995920 
32005819 
32015712 
32025606 
32035500 


32045394 | 


Verſ. 
ſine 


4256 | 
4277 
4278 
14279 
4280 
4281 
4282 
4283 
4284 
4285 
4286 
4287 
4288 


Seg. 


area 


32055289 
32065 183 
32075078 
32084974 
32094869 
32104765 
32114661 
32124558 
32134455 
32144352 
32154249 
32104147 
32174045 
32183943 
32193842 
32203740 


32213040 | 


32223539 
32233439 
32243339 
32253239 
32263139 
32273940 


32282941 


32292843 
32302744 
32312646 
32322545 
32332451 
32342354 
32352257 
32362 160 
32372064 
32381968 
32391872 
32401776 


32411681 


32421585 
32431491 
32441397 
32451393 
32461209 
32471115 
32481022 


32490929 
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1 


* 


— 


| 


! 
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Seg. 


| area 


32500836 


32510744 
32520051 
32539559 
32540468 

32550376 
32560285 

32570194 

32580104 

32590013 
| 32599925 
32609834 

32619744 

32629655 

32639566 
32649477 

32659389 

32669301 
| 32679213 
32689125 

32699038 
32708951 
32718864 
32728777 
32738691 
32748605 
32758529 
32768434 
32778348 
32788263 
32798179 
32808094 
32818010 
32827925 
32837842 
32847759 
3285 7670 
32807593 
32577510 
32887428 
32897346 
32907264 


— — 


—_— 


32917182 
32927101 
305 32937020 


Seg. 
area 


33995757 
33105680 
33115603 
33125527 


33135451 


33145375 
33155299 
33165224 
33175149 
33185074 
33195090 
33204925 
33214851 
3322477 
33234704 
33244630 


33254587 


33264484 
33274412 
33284339 
33294207 
33304195 
53314124 
33324032 
33333981 
33343910 
33353549 
33303769 
3337 3099 


33382629 


4411 


4412 
4413 
4414 
4415 


| 4416 


4417 
4418 
4419 
44420 
4421 


| 4422 


4423 
4424 
4425 


4420 


4427 
4428 


4429 | 


4430 
4431 
4432 


4433 | 


— 


Seg. 
area 


33393559 | 
33493490 

33413420 
3342335! 
33433282 
33443214 
33453140 
33493078 | 
33473010 

33492942 | 


33492875 


33502807 
33512741 
33522074 
33532607 | 
33542541 
33552475 
33562409 
33572344 
33552279 
33592213 
33602149 
33612084 
33622020 
33631955 
33641892 
33651828 
33661704 
33671701 
33681638 
33691575 
33701513 
33711459 | 
33721388 
33731326 
33741205 
33751203 
33761142 


33771081 | 


33781020 
33790959 
33800899 
33810839 


33820770 


33830719 | 


—— 


„ — 


_—_— 


— 


CIRCULAR SEGMENTS. 


Seg. 
area 


3 3840060 


33850601 
33860542 
33870483 
33880424 
33890366 
33900308 
33910250 
33920192 
33930134 
33940077 
33950020 
33959963 
33969907 
33979850 


33989794 || 


33999738 
34009682 
34019626 
34029571 
34939510 
34949401 
34059400 
34069352 
34079297 
34059243 
34099189 
34109136 
34119082 
34129029 
34138976 
34148923 
34158870 
34168818 
34178765 
34188713 
34198662 
34208610 


34218558 


34228507 
34238450 


34248405 


34258355 


Verl. 


ſine 


4501 
4502 
4503 
4504 
4593 
4506 
4507 
4508 
4509 
$550 
4511 
5 
4513 


** 


Seg. 
area 


34288204 


34298154 


34308105 
34315055. 


34328006 


34337957 
34347908 
34357859 
34367811 
34377763 
34387715 
34397607 
34407619 
34417572 
34427525 
34437479 
34447431 


34457384 


34467338 
34477291 
34487245 
34497199 
34507154 
34517108 
34527063 
34537018 
34549973 
345 56928 
34566883 


34576829 


34586795 
34596751 
34606707 
34616063 
34626620 
34030577 
34046534 


| 34256491 


34666448 
34676406 
34686353 

4696321 
34700279 
34716237 
34726196 


Verl. 
fine 


4540 


4547 


4548 
4549 
4550 
4551 
4552 
4553 


4554 


4555 
6 


45 90 


— 


Seg. 
area 


34730154 


34746113 
34750072 
34766031 
34775991 
34785950 
34795910 
34805870 
34815830 
34825790 
34835750 
34845711 
34855672 


34865633 


34875594 
34885555 
34895516 
34905478 
34915440 
34925402 
34935364 
34945 226 
34955289 
34905252 
34975215 
34985178 
34995141 | 
35005 104 

35015068 
35025031 
35934995 
35944959 
35954924 
35064888 
35974853 
35084817 
35094782 
35104747 
35114713 
35124678 
35134044 
35144609 
35154575 


| 35164541 


35174528 þ 


— 


— << 


! 
1 
| 
| 
1 
1 


2 


— 


_ 


1 0 


Seg. Verſ Seg. Verſ. Seg. 
area ſine area ſine area 
35154474 j} 4030 | 35933126 || 4681 | 36082074 | 
35194441 || 4037 | 35643099 || 4682 | 36092053 |} 
35204407 || 4035 | 35653073 || 4683 | 36102033 
35214374 || 4039 | 35663047 || 4684 30112013 | 
35224341 || 4640 | 35673021 || 4685 | 36121993 
35234308 || 4641 | 35682995 || 4686 | 36131973 
35244276. 4642 | 35692909 |f 4587 | 36141954 
35254243 || 4943 | 35792944 || 4688 | 36151934 | 
35204211 || 4644 | 35712918 |f 468g | 35161915 

600 | 35274179 || 4545 | 35722893 || 4690 36171895 
35284147 || 4646 | 35732868 | 4691 | 35181856 
35294115 || 4647 | 35742843 || 4692 | 36191857 
35304084 [ 4648 | 35752815 || 4693 36201838 

| 35314052 || 4649 | 35762793 || 4694 | 36211820 | 
35324021 4650 35772769 || 4693 | 36221801 
| 35333999 || 4651 | 35782744 |} 4696 | 36231783 
35343955 || 4652 | 35792720 || 4697 | 36241764 | 
35353928 || 4653 | 35822696 || 4698 | 36251746 | 
35393897 || 4954 | 35812672 || 4699 | 36261728 | 
353739 4055 | 35822648 4700 36271710 
35383836 || 4556 | 33832624 || 4701 | 35281691 
35393800 || 4657 | 35842600 |} 4702 } 36291673 | 
35403776 4658 | 35852577 |} 4703 35301656 
35413740 || 4659 | 35802553 |} 4704 36311638 
| 35423716 || 4650 | 35872530 || 4705 | 36321621 
35433086 || 4661 | 35882507 |} 4706 | 36331603 |} 
| 35443057 | 4962 | 35892484 |} 4707 | 36341586 
35453928 || 4563 | 35902451 4708 | 36351569 | 
33403598 || 4564 | 35912439 || 4709 36361552 | 
35473509 || 4665 | 35922416 || 4510 | 36371535 
35453541 |} 4566 | 35932394 || 4511 |} 36381518. | 
33493512 4657 35942372 [ 4712 | 36391501 | 
35503483 |} 4998 | 35952349 || 4713 36401485 
35513455 4669 | 35992327 || 4714 | 36411469 | 
35523427 || 4970 | 35972306 (f 4715 | 36421452 | 
35533399 || 4071 359822844716 36431436 | 
| 35543371 Þ} 4072 | 35992262 |} 4527 | 36441420 
35553343 || 4073 | 36002241 4718 | 36451494 | 
33504315 |} 4674 | 36012219 i} 4719 | 35461383 
35573288 || 4675 | 36022198 4720 36471372 
| 35553260 || 4676 | 36032177 if. 4721 | 36481357 | 
35593233 || 4677 | 36942156 |} 4722 | 36491341 | 
35903206 |}. 4678 | 360;2135 || 4723 | 36501326 | 
4634 | 35913179 || 4679 | 56062115 If 4724 | 36511310 | 
5 | 35923153 j| 4680 | 36052094 || 4725 | 36521295 | 


SEGMENTS, 


„ * * het. Ai . 


CIRCULAR 701 
Veil. Seg. Verl.] Seg. Verf. Seg. 
ſine area ſine area ſine a2 

| 47-0 | 30531280 || 4572 | 30990699 || 4818 | 37450310 
4727 36541265 || 4773 | 37000688 ||, 4819 | 37460304 

{ 4728 | 36551250 || 4774 | 37910678 || 4820 | 3747029; 

{ 4729 | 30501236 || 4775 | 37020668 || 4821 | 37480291 
4739 | 30571221 || 4776 | 37039658 || 4822 | 37490284 
4731 | 36581206 || 4777 | 37040648 || 4823 37500278 | 
473236591192 [4778 37050638 || 4824 | 37510272 
4733 | 30601178 || 4779 | 37060628 || 4825 | 37520266 
4734 | 3661116; 4780 | 37079618 || 4826 | 37530259 
4735 | 30621149 || 4781 | 37080609 || 4827 | 37540255 
473 36631135 || 4782 | 35090599 || 4828 37559247 | 
4737 | 36641121 || 4783 | 37100590 || 4829 | 37550242 
4738 | 35651108 || 4784 | 37110580 || 4830 | 37570236 | 
4739 | 36601094 || 4785 | 37120571 | 4831 | 37580230 | 
4749 | 36671080 || 4786 | 37130562 | 4832 | 37590224 | 
4741 | 36681067 || 4787 | 37149553 | 4833 | 37600219 1 
4742 | 36691953 [4788 37159544 | 4834 | 37010213 | 

| 4743 | 36701040 || 4789 | 37160535 || 4835 | 37620208, 
4744 | 367511027 || 4790 | 37170526 | 4836 | 37630202 | 

| 4745 | 36721014 || 4791 | 37189517 || 4837 | 37640197 | 
4740 | 36731001 || 47592 | 37190508 | 4838 | 37650192 | 
4147 | 357492985 4793] 37200500 || 4839 | 37660186 

| 4748 | 36759976 || 4794 | 37210491 | 4840 | 3767018 

| 4749 | 36760963 || 4795 37220453 || 4841 | 37680176 

| 4752 | 36779950 || 4790 | 37239474 | 4842 | 37690171 
4751 | 36780938 j| 4797 | 37249466 | 4843 | 37700166 

| 4752 | 39799925 || 4798 | 37250458 | 4844 | 37710161 

| 4753 | 36800913 || 4799 | 37260450 || 4945 | 37720156 

| 4754 | 36810901 || 4800 | 37270442 || 4345 | 37730152 
4755 | 36520859 || 4801 | 37280434 || 4847 | 37740147 
4756 | 36830877 || 4802 | 37290426 || 4848 | 37750142 

| 4757 | 35840865 || 4803 | 37300418 || 4849 | 37760138 
4758 | 36830853 || 4804 | 37310410 || 4850 | 37550133 

14759] 36850842 |} 4805 | 37329493 || 4351 | 37780129 
4790 | 36870830 || 4806 | 37330395 || 4852 | 37790124 | 

| 4761 | 36880819 || 4807 | 37340387 || 4853 | 37800120 
4762 | 36890807 || 4808 | 37350380 || 4854 | 35810116 | 
4763 | 36900796. || 4809 | 37369373 || 4355 | 37820111 | 
4764 | 36910785 || 4810 | 31370365 |} 485% | 37830107 
4765 | 36920774 || 4811 | 37380358 || 4857 | 37840103 
4766 | 36930763 || 4812 | 37390351 || 4858 | 37850099 | 
+107 36949752 || 4813 | 37499344 || 4859 | 37850095 
4765 | 36950741 || 4814 | 37410337 || 4860 | 37870091 
4769 | 36960730 || 4815 | 37420330 [ 486137880087 
4770 | 36970720 || 4816 | 37430324 || 4862 | 37890583 
4771 | 36980709 [| 4817 | 37442317 || 4863 | 37y00080 


' 
! 
; 
' 


— — —„-: — —¼ — — w' y —ů— — 
» 


rn of 


Vert Seg. | Vert. | deg. Vert. deg. 
ſine area ſine area ſine area | 
4864 | 37919976 || 4910 | 35369950 |} 4950 | 38529914 | 
4865 | 37920072 || 4911 | 38379955 || 4957 | 38839913 | 
4366 | 3793006g || 4912 | 38359953 |} 4958 | 38849913 
4867 | 37949965 || 4913 | 38399952 || 4959 | 38559913 
4868 | 37950062 || 4914 | 38409950 || 4969 | 35869912 
4869 | 37960058 || 4913 | 38419949 || 4961 | 33379912 
4370 | 37979055 || 4916 | 38429947 [ 4962 | 38839912 
48751 | 37980051 || 4917 | 38439946 |} 4963 | 33899912. 
4672 | 37990048 || 4913 | 39449945 4994 | 38909911 
4873 | 38000045 || 4919 | 38459943 || 4965 | 38919911 
4874 | 38010042 |} 4920 | 38469942 || 4956 | 38929911 
4875 | 38020038 || 4921 | 33479941 || 4957 | 39939911 | 
4876 | 38030935 || 4922 | 33489939 \| 4995 | 33949919 
4377 | 38040032 || 4923 | 33499938 || 4969 | 33959910 
4878 } 38550029 || 4924 | 38509937 || 4979 | 38909910 
4879 | 38060225 || 4925 | 3851993 || 4971 | 38979910 
4880 | 33070023 || 4926 | 38529935 || 4972 | 339389910 
4881 | 38080020 || 4927 | 38539934 |} 4973 | 35999999 
4882 | 38090018 || 4928 | 38549933 || 4974 | 39209909 | 
4883 | 38100015 || 4929 | 38559932 || 4975 | 39919909 
4884 | 33110912 || 4939 | 33529931 || 4970 | 39029909 | 
4885 | 38120019 || 4931 | 35579930 || 4977 | 392939909 
4886 | 38130007 || 4932 | 38539929 4978 39949909 | 
4887 | 33140904 || 4933 | 38599928 |} 4979 | 39959909 
4888 | 38150002 || 4934 | 38609927 || 49$0 | 39909909 þ 
4389 | 38159999 || 4935 | 38619926 || 49$1 | 39979909 | 
4890 | 38169997 || 4936 | 38629926 |} 4982 | 39089903 
4891 | 39179994 || 4937 | 38639925 || 4583 | 39099908 | 
4892 | 38189992 || 4938 | 38649924 [ 4984 | 39109908 | 
4893 | 38199990 || 4939 | 39659923 |} 4985 | 39419908 | 
4394 | 38209988 || 4940 | 338659923 || 4386 | 39129908 | 
4895 | 38219985 || 4941 38679922 [ 4987 P 39139908 
4896 | 38229983 || 4942 | 32659921 |} 4938 | 39149903 
4897 | 38239981 || 4943 | 38599920 || 4989 | 39159998 | 
489838249979 || 4944 | 38799920 |} 4999 39169908 
4399 | 38259977 || 4945 | 38719919 || 4991 | 39179905 | 
4900 | 38269975 || 4946 | 38729919 || 4992 |- 39189908 | 
4991 } 338279973 || 4947 | 38739918 || 4993 | 39199908 |} 
4902 | 38289971 || 4948 | 38749918 || 4994 | 39209908 þ 
4903 | 38299969 || 4949 | 38759917 || 4995 | 39219908 | 
4904 | 33309967 || 4950 | 38769917 [ 4996 | 39229908 | 
490; | 38319965 || 4951 | 38779916 | 4997 | 39239905 | 
4905 38329963 þ 4952 | 38789916 || 4998 | 39249908 | 
| 4507 | 38339961 4953 38799915 |} 4999 | 39259903 | 
4508 | 33349960 || 4954 | 38899915 50 | 39209998 | 
400% ] 38359958 |} 4955 | 38819914 | | 
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„ CIRCULAR SEGMENTS, 703 


* 


. * * c 1 , * 5 4 * = 
II. the preceding table, each number in the column 


of ſegments is the area of the circular legment, 
Whoſe” height, of' veiſed ſhe of its half arc, is the 
number immediately on the left of it, the diamie- 

ter of the circle being 1, and the whole area 78539816 

and therefore all the numbers in the table are to be 
- accounted decimals. 


_ * 


.* This table is here extended to ten times the length 


which it had uſually been, the diameter being divided 


antogen thouſand equal parts, inſtead of one thouſand : 
And this ſize of it alſo allowed me to carry each 
number out to eight places of figures, inſtead of fix ; 
for when the diameter is divided only into one thou- 
ſand parts, the proportional part for the figures in the 
«erſed fine, beyond the third, will not give the area 
true beyond the 6th figure; but in this table it is 


always found true in the 8th place. 


Rule the ch to the circular ſegment in page 143 
explains the uſe of it; to which it may be only neceſ- 
ſary to add there, when a ſegment greater than a 
ſemicircle is to be found, ſubtract the quotient of its 
verſed ſine, divided by its diameter, from 1; then 
ſubtract the tabular ſegment which correſponds to the 
remainder, from 785398 16, the whole tabular circle, 
and the remainder will be the tabular circle cor- 
reſponding to the ſegment required ; and which muſt 
then be multiplied by the ſquare of the diameter. 
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Tt» MATHEMATICAL TABLES, containing the Common, Lot 
giſtic, and Hyperbolic Logarithms. Alto Sines, En 
Secants, and Verſed Sines, &c. 8 vo. Price 148 in Boards. 


2. A SYSTEM OF PRACTICAL ARITHMETIC, AND BOOK+ 
KEEPING, both by Single and Double Entry, for the Uſe 'of 
Schools, 28 bd, 

* 4 N. 


3. A KEY TO. THE ARITHMETIC, containing the PRE us, N 0 
at full Length, of all the Queſtions propoſed in the 1 oY 
For the Uſe of Preceptors and others. NV DJ 


4. THE MATHEMATICAL PARTS oF THE LADIES * 


3 vols. 158. 
3 


98. 
6. MATHEMATICAL MISCELLANY. 5s. 


7. TRACTS, MATHEMATICAL AND PHILOSOPHICAL, 4t&s 
158. half bound. 


8. Tus comPENDIOUS MEASURER, being a brief, yet cd 
prehenſive Treatiſe on Menſuration and Practical Geomexry tg 


tor the Uſe of Schools. 3s 6d. A IJ 
9. THE PRINCIPLES OF BRIDGES: 28 6d. Wh 
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